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@�A�BDC�E�FHG�BJILK�MONOFHG�PJQ�ILRTS!G,K�SVU&K�FWBXG�BXY[Z\B^]�Q[BX_`KaMJbVFTKac!KaY\Q\EaMOK�QdIeKaMONOFTG!PJQfYgBJG7hiY\K�ZfIeEaQ\A�KjY[KaQ\K�S
k PJZ\ILK�Flb�IePJQ3mfnoIeKaMONOFHG�PJQfY8RTQpK�FlU&NOM�BJG!q,S!_/r�stBoc!R k PXY�YuBJFTPJFHY\NO_wvXBJFWBJc,NOFxhJBJAaYp_XE�Z\FHK�_ymfKaFTK�AaA�EjY[K�_S,K�_JKaI
K�IeBJRTF k KaS{z,|~}OQ\Aa}OS!}OIgz

� ]uc!FHNJY\Y\K�Z���FTG,R

</��@�MJb
2k
]�Qf�!]�Qf�

G
KaMJb�Q\AaK�Z\�MJZ[PXU k BXS�ILRTS!G!KaS�C�NOS�Y�U&NO_�B

k−1 � BJc!NJF k > 1
K�MJE�Q\A��jrJ��RTAaNOS�b��lY[Qfq!_ k KXh

c!NOMJb
G � c!K�Awc,NOA�A�P�FHK�c!KjY�vOKaS!S!R k G�BJZ\B k ��m�EaFTKjY��!MJbJh�c!NOMJb=B�_XBXC3NJYfY�MOZ\PXU$YuBJZ�YuBJFHI�BJAaA�NOS=stBJILRTFlY[NOS �_J}OZ�Y�z

���21/-��;+$���J�
�JKaFT}OF�mfK

G
_JNOILC!FTKaIeKaS�Y[K�ZfEaY

G
r3�dRlvOKaF�KaMJb

2k
C3NOS�Y\��MOZ[P�U k BJSgK�MJbgC�NOS�Y k nOF$FTK�MXU&K�F�mfK k!k

2k − 1
E�F

RTS!G!q,FTc�BXY�_2Rxh!KaA�E�Z�Y
G � k K�S�IeRHS!G!KaS�C3NOS�Y�U&NO_�B (2k− 1)− (k − 1) = k

r!@�AoE�C!CgBC�NOS�Y[NO_eQ\A�PXI�PJS!BJ_
U&K�FTKXhO�TMXb

G � k K�SLBo�tRHZ[BJ] � Y[EjY[KaF!IeRTBXY\Y�vJBXSesyBJILRTFHY\NOS � _J}OZar � �*Y\YpU&K�FHc�BJQfA�S�PJFlY[q!_�BJAjY)RHQ�hOc,NOMJb G K�MJb�Q\AaK�Zf�
MOZ[PXU�r��:�dRHvJK�F

G
C�NOS�Y�m\BJRHS�BJ_oBtQfA�PJIeBtC�PJZfNOQ�h�K�AaE�Z�Y�B stBJILRTFlY[NOS � _J}JZ?IeRHS!G!K�S�I�PJQfN�G,RT_wE�FHEaY�vOEavJK�E�C!C�K�SK�MJb=Y\K�F�mfK�Q�C�PJZfNOQ\�lYuPJQ�Yi_�BJC!q!S!_

G � k KaS{r/�JK�FH}OF�mf¡,_eKaAaY M � ILK�F;r
M

Y[Kac�PXY
k
G�BJZ\B k U&¡!MOMOKjY[FTKaS¢E�FTKjYwYuBJZ�YuBJFHI�BXA

G � k K�S{r:�dRlvOKaF�K�A�KaS�EaFTK�_dK�MJb�RH_JKLQ\K�I£Q\A�KaZ\KaC3KaF
G �k KaS{h8K�AaE�Z�Y

M � KjY G � c!KaA�c!NOA�A�P�vOEavJK¤B�_�BJC�NJYfY G′ MJZ[PXUiKaMJb�Q\A�KaZ\�0I�BJZ\BJG{h:E�QILRTS!G,K�S�U&NO_2QfA�PJI¥E�C!C
K�MOMJbJK�F?S!¦ILK�M,r!@�IeRTBXY\Y

G′ � Z\KtI�PJZ§BJFT_�BJFHI�BJAac�BXY\n�B��tRHZ[BJ] � Y[EjY[KaFxh��TMJb�BJAaYi_�BJC2mfq!_/h!c!NOMJb G′ � k K�S�vXBJSstBJILRTFlY[NOS � _J}OZar,@�AoRTMOBJA�NOF�m\B�BJAoPJFHFT�lYuPJQ�Y�r�gK�M�mfK�MJb�A�EaQ�¨:U&NOS�Y[NOQ�IeKaMOI�q,Y[BXY[S!R;h{c!NOMXb
G � k KaS�vXBJS�Y\K�F�mfKaQ�C!PJZ\NOQf�HY[PJQ�h$ILK�ZfY©KaA=Q\A�B
vXBXY\NOF�m\B�Q\A�P �I�q!S!_2Z[B�h�c!NOMJb=B k K�c2�!AaNJY\Y

k
��m�E�F?S!KaIªc!NOAoFTEjY[ZfK Y[} k!k Q\A�}JZ\}OQiE�FHK�_XKaYtB�MJZ[PXU k BXS{z

4 ��«
G
K�MXb�QfA�KaZ\��MOZ\PXU{_2Z\NJI�BXY\RT_2q!QpQ\A�PJIeB

χ(G) = 2007
r2|wEaQ\A��lY[Qf¡!_�K�F3B

G′
MJZ[PXU&NJY�B©_J}
vOKjY[_XK�A�¦J_JE�C �C3KaS{¨

G′ � k KivOKaMJb�¡!_�U&K�F G IeRHS!G!KaSe]aQ\�!]aQ[PXY�EaQ�EaFTEaY�h�Y[N
vXP k!k P
G
ILRTS,G!K�S

v
]�Qf�!]�Q\B�K�QfKaY[EaS�vOKaMJb�¡!S!_LU&K�F

K�MJb���m
v′
]�Q\�,]�Q\NXY�h�BJILK�FlbOKjY�_J}OQfQ\¡!S,_=}OQ\QfA�K

v � vJK�F;¬�vOEaMO¡!F G ILRTS!G!KaS {u, v} EaFTE�ZfK G′ � k KaS�B�IeKaMJU&K�FHK�FH¦
u′
EaQ
v′
]aQ\�!]aQ\NO_�BXY~RHQ�_J}OQfQ\¡!_�}OQfQ\AaKJr�stBXY[PJZ\NJA�A�q,_�ILK�MLB_XBXC3NJYfY

G′
MOZ[PXU

χ(G′)
_2Z\NJI�BXY\RT_2q!Q§QfA�PJIePXY�z

���21/-��;+$���J�
�gRHvOKaF

G′ � S!Ka_^Z\E�QfA�MOZ\PXU�m\B G hpKaA�E�Z�Y�S�b�RTFlvXPJS χ(G′) ≥ χ(G) = 2007
r��gK�MOI�q�YuBXY&mfq!_/h�c!NOMJb

G′_�RHQ\Aa�TS!KaA�c!KjY[¦�J®O®�¯�Q\Aa�TS!S,K�Fxr
°?KaMJbOKaS

G′ � k K�S�B G � k K�S¢RTQwQfA�K�ZfK�C!FH¦dC�NOS�Y[NJ_�c�BJFHI�BJA�B V h$B=vOKaQ\QfA�¦OQ�C3NOS�Y\NO_�c�BJFHI�BXA�B � BXA�BJA�BI�BJZ\BJG!Ea_eC�NOS�Y[c�BXFTIeBJA
��C3KaG!RTM
V ′
r!°?KaMJbOKaS¤BJG,NJY\Y

G � S!K�_eK�MJb�c!K�FlbOKaQ�Q\A��HS!K�AaE�QfK�J®J®�¯�Q\Aa�TS!S,K�Fxr G′ � k K�SB
V � k KaFTR$]�Qf�!]�QfNO_�BXYwQ\Aa�TS!KaA�Aa¡!_¤_2R�KaS!S!Ka_dILK�MJU&KaFTKaFT¦�K�S{h V ′ Q\Aa�TS!KaA�E�QfE�c!KaA�C3KaG!RTM�±�C�K�Z\I�q,YuPJF�mfq!_O²©K�AjYwBQ\A��HS!K�AaE�Q�Y�h!BXA�BJAyQ\A��HS!K�AaA�¡!S,_�B©_J}
vOKjY[_JKaA�¦LQfY\Z[BXY\E�MORTB©QfA�K�ZfRTS�Y�¨�c�B

v
QfA��HS!K B

k � BXG!RT_�QfA��HS{h,BX_�_XNOZ v′ QfA��HS!KFTK�MXbOK�SgB
(k + 1) � K�G!RH_eQfA��HS{h�BJc!NJF{BLJ®O®O³�r,Q\Aa�TS�FHK�MJbJK�SgBJA�NJS!NOQiBJA´Or,Q\A��HS!S!KaFxr!@�Ao_J}JS!S�bOK�SdFWPXY\c�BXY\n�BJSK�MJb�mfn�QfA��TS,K�A�EaQyFHK�QfAJh�ILE�MOC�K�G!RHMLJ®O®�¯�QfA��TS,S!K�F;r!«tA�BJA

χ(G) = 2007
r

µ �{�t}OS�Y[Qf¡!_�K�F;h!c!NOMJb�BJAoBJFWP k!k R{MOZ\PXU�RTS�Y[KaZfvXBJFTFHq!ILMOZ[PXU � KJz

C D

EB

A F

���21/-��;+$���J�
«yAaY�h�c!NOMXb�BdIeKaM�BJG!NJYfY�MOZ\PXU�RHS2Y\K�Z�vJBXFTFTq,IeMOZ\PXU�h{_X}OS!S�bOKaS0RHM�BJA�NJFTc�BXY&mfq!_��!MXbOh�c,NOMJb¶IeRHS!G!KaS�]�Qf� �]�Q[PXS�BJ_^ILK�MJU&KaFTK�FlY[KjY[¡!S!_�K�MJb � K�MJb^RHS�Y[K�Z�vXBJFTFHq!IeNXY�NOFlb�ILn�G!NJS{h8c!NOMXb^C3NJS2Y\NOQ[BXS·BJAaNOSDRTS�Y[KaZfvXBJFTFHq!ILNO_

´



IeKaQ\Q\Ea_=K�MXb�IePJQ�Y�h!ILK�FlbOK�_2ZfK�BILK�MJU&KaFTKaFT¦�]aQ\�!]aQ\NO_�}OQfQ\AaKovXBJS,S�BJ_=_X}JY\vJK�BMOZ\PXU k BJS7r�¸�EaFTG�PJq,F?B_J}
vOKjY �_JK�Aa¦�c!NJA�A�PXZ\K�S,G!K�FHE�QiIeKaMJU&K�FHK�FH¦!¨
A
]aQ\�!]aQ −→ [1, 2]

RTS�Y\K�ZfvXBJFHFTq!Igh
B
]�Qf�!]�Q −→ [1, 4]

RTS�Y[KaZfvXBJFHFTq!Igh
C
]aQ\�!]aQ −→ [1, 6]

RHS2Y\K�Z�vJBXFTFTq,Idh
D
]aQ\�!]aQ −→ [3, 8]

RTS�Y\K�ZfvXBJFHFTq!Igh
E
]aQ\�!]aQ −→ [5, 8]

RTS�Y\K�ZfvXBJFHFTq!Igh
F
]�Q\�,]�Q −→ [7, 8]

RHS�Y[K�Z�vXBJFTFHq!Idr
¹ �t«

G
MOZ[PXU�]�Qf�!]�Qfc�BJFHI�BJA�BDFHK�MJbJK�S

V (G) = {1, 2, . . . , 100} r§«yA x, y ∈ V (G)
]aQ\�!]aQ\NO_`BJ_2_JNJZ

FTK�MXbOK�S,K�_¶Q\A�NJIeQfA�E�G,NOQ[BJ_
G � k K�S{h$c�B |x − y| = 1

vXBJMJb |x − y| = 50
r�syBXYuPXZ\NOAaA�q!_¢ILK�M�B

G
MJZ[PXU

χe(G)
EaFT_2Z\NOIeBXY\RT_2q!Q�Q\A�PJIePXY�z

���21/-��;+$���J�
�JKaFT}OF�mf¡!_ MOZ\PXU k BJS

E1 � K�F�BJAaNOS�EaFTKa_JKaY�hXILK�FlbOKa_ vOE�MJC3NOS�Y&m\BJRTS�BX_w_�¡,FT}OS k QfE�MOKy´Oh#RTFTFHKaYfvOK E2 � vOKaF�BXA�NO_�BXY�hIeKaFHbOKa_�vOEaMOC3NJS2Y&m\BJRTS!BJ__2¡!FT}OS k QfE�MOKtºJ®,r�»pKaMJb�¡!_E�QfA�Z\KXh,c!NJMJb
E1

E�FHK�R�K�MXb�syBJILRTFHY\NOS � q,YuBXY8BJFT_XNJY[S!BJ_BMOZ[PXU k BJS{h
E2

E�FHK�ROC�K�G!RHM§U&¡!MOMOKjY[FHK�SwE�FHK�_/h�c!RHQ\AaK�S©S!RTS!]aQ?NOFHbOBJSwC�NOS�Y�h�ILK�Flb�ZfK8_JEjY
E2 � k KaFTR�E�FORHQ?RTFTFHK�QfA�_JKaG!S!KXr� @�AaY©_J}JS!S�bOK�S�FWPXY\c�BXY�mfq,_�h3c�B�IeKaMOMONOS,G!NOF�mfq,_�h7c!NOMJb¤S!RTS!]aQoNOFHbOBJS¼´LEaQ�´
®O®�_J}OAa}JY\Y\R x QfA�PJIgh?ILK�FHb�ZfK

x− 50
E�Q
x + 50

RTQw´oE�Q©´
®O®_X}OA�EoK�QfS!KJr��
G � k KaS0Y[Kac�PXY�B�IeB�½�RTIePJFTRHQ�U&NO_2QfA�PJI ¾,hpK�AaE�Z�Y

χe(G) ≥ 3
r)�dNOQfY�IeKaMOI�q,Y[BXY�mfq,_�h�c,NOMJb

G
E�FHK�R

_�RHQ\Aa�TS!KaA�c!KjY[¦O_�¾oQfA��HS!S!K�F;r � Aa�TS!KaA�Aa¡!_
E1

EaFTKaRHY�U&KaFHvXPJFlY\vXB BJA ´ � K�Q�EaQ� � KaQ�Q\Aa�TS!Ka_�_XK�F;hOI�B
mfGQ\A��HS!K�AaA�¡!_ E2E�FTKaRHY�K�MXb�c�BJZ\IeBJG!RH_�Q\Aa�TS!S,K�Fxr��dRlvOKaF
E2

U&¡!MJMOKaY\FTK�S7h�KaA�EaZfY§KaAyKaMJb mfn�QfA��TS,K�A�EaQ�FHK�Q\AXr,@�ILRWBXYfY
χe(G) = 3

r
¿ �i�)NOS�Y[Q\q,_DKaIeKaFTKjY[K�_2ZfK¤B¶¸p@�À�ÁÂG!RWBJMJZ[BJI¥RTZ[PXS2b��lY[NJYfY�MOZ[PXU�m\P�Y�h8IeB#mfGDc�BXYuPXZ\NOAaA�q!_¼ILK�M�B¢U&KaFWBJG�B�Y
K�FHvJE�MOAaE�QfE�c!KaA�Q\Aa¡!_2Q\EaMOK�QyIeRHS!RTIePJFTRHQpRTG!¦JYiEaQ~B�_2ZfRHY[RH_2q!Q�Z\EaQ\AaU&KaFWBJG!BXY[NO_�BXY�z

4 4

35
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95
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���21/-��;+$���J�
@�MJb�FHK�c!KjY[QfE�MOKaQ�K�ILK�FHKaY\K�_2Z\K k NJS2Y[PJQ�¨

C |A G B
D F

H |E rO��S!S!KaS=K�MJb�FHK�c!KjY[QfE�MOKaQ)Y[NJC3NOFHNOMORH_2q!Q8Q\NJZ �Z\K�S,G^Bd_X}#vJKaY\_JK�Aa¦!¨
C,A,G,B,D, F,H,E

r{«tAeK�MJbJK�Q�]aQ\�!]aQ\NO_2c!NOA=Y[BJZfY\NOA�ngU&K�FTBJG�BXY\NO_�K�FlvOEaMOA�EaQ\E�c,K�A
Q\A�¡,_�QfE�MOKaQtRHG!¦O_/¨

t(C) = 0
t(A) = t(C) + 4 = 4

h!E�Q
CA

BJG�m\B�BI�B#½,RHI�q!ILNJY�h
t(G) = t(C) + 5 = 5

h!EaQ
CG

BJG#m\BLBIeB�½�RTI�q,IeNJY�h
t(B) = max{t(C) + 5, t(A) + 2} = 6

h!E�Q
AB

BXG�m\B�BLIeB�½�RTI�q,IeNJY�h
t(D) = max{t(C) + 10, t(A) + 6, t(G) + 4, t(B) + 5} = 11

h!E�Q
BD

BJG�m\B�BIeB�½�RTI�q!ILNJY�h
t(F ) = t(B) + 4 = 10

h!E�Q
BF

BJG�m\B�B�I�B�½�RHI�q!ILNJY�h
t(H) = max{t(G) + 8, t(D) + 3, t(F ) + 3} = 14

h,E�Q
DH

BJG�m\B�B�I�B�½�RHI�q!ILNJY�h
t(E) = max{t(B) + 9, t(D) + 4, t(F ) + 4, t(H) + 2} = 16

h!EaQ
HE

BXG�m\B�B�IeB�½�RTI�q!IeNXY�r
»�BXMJb�RTQ�B�Y\KavOEa_JKaS2b�QfE�MOKa_dKaFHvOEaMOA�EaQ\Eac!K�AoQ\Aa¡!_2Q\EaMOK�Q~}OQ\QfA�RHG!¦�´
Ã�K�MXb�QfE�M!r!@pMXb=_2Z\RlY[RT_2q!Q��,Y§YuBXFWPJFHc�BXY[n

B�MJZ[PXU k BXS{¨
C − A− B −D −H − E r�Á:K�c�P�YtB_2Z\RlY[RH_�q,Q~ZfE�QfAaU&K�FTBJG�BXY\NO_/¨ C,A,B,D,H E�Q

E
r

>?��«�G#mfq!S!_¢IeKaM�BJAeBJFTP k!k R�c�PXFTnOA�BXY k BXS�KaMJb¶IeRHS!RTIePJFTRHQ
ST � vXPJMOPJQfY � EaQ k RTA�NJS2b��lY[Q\q,_ k KLZ\nOFTB,h?c!NOMJbIeRHS!RTIePJFTRHQu�Äz





A B
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(2)

(4) (4)

(3)

S

C
E

(2)(9)

(5)

(6)
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(3) (3)
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(4)

���21/-��;+$���J�
« ILRTS!RHI�PXFTRTQ

ST � vXPJM�PJQ�Y G � k K�S BÅC�NOS�Y[NO_Æ_J}
vOKjY[_JKaA�¦ÇU&KaFTNOQfAaYuPXQ[BÅBJG�m\B,r¼°?K�MXbOK�S
X =

{S,B, C,D, F} E�Q X = {A,E, T} h~Ka_2_JNOZÈB¼vXPJM�PJQ k BJSÉQfA�K�ZfK�C!FH¦ � X � k ¦OF X � k K�I�q,YuBXY\n2��E�FTKa_/¨
SA,DE,BT, FT

r,��S,S!K�S¤BvXPJMOPJQ�E�Z�Y[E�_XK
3 + 4 + 3 + 7 = 17

r
@�S!S,K�_¼BÈvJPXM�PJQ\S!BJ_^BÈIeRHS!RTIeBJFHRHYuPXQ[PXYoRHM�BJA�NJFTc�BXY&mfq!_¶K�MJbÊ´
¯ÈEaZfY\E�_2�0U&NOFlb�BJI¥IeKaM�BJG�PXQ[P�vXBJFxr�@pMXb

IeKaMJU&K�FHK�FT¦~U&NOFHbOBJILNJY k K�Z\B#mfA�NJFHYuBXIËBJA§P k Z[PXS � BJAaNOS�BJA§EaFTK�S7hOBJc!NJF,]�Q\BJ_�B _�BJC!BJ]�RlYuPJQ8QfA�KaZ\K�C�K�F;h�BtU&NOFlb�BJI®�EaZfY\E�_JKjYyvJK�QfA�U&K�FW�j¨

A B

F

T

(2)
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S
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(2)(9)

(5)
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(5)

(9)

(3) (3)
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3

3
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6 �$°?KaMJbOKaS
G
K�MXb�´�®O®L]aQ\�!]aQ\��KaMJb�Q\AaK�Z\�ÈMJZ[PXU�E�Q~FTK�MXbOK�S

X ⊆ V (G)
K�MJb¤ºO]�Qf�!]�Q k nJF�PJFHFTnU&¡!MOMJKaY[FHK�S

]�Q\�,]�Q\c!BJFTIeBJA
G � k KaS{r�°?K�MJbJK�S u, v, w ∈ X c�PJZfNOIÌY[KjY[QfA�¦OFHK�MOKaQ

X � k KaFTR�]�Qf�!]�Qar,«�G�mfq,_Lc,NOA�A�P G � c!KaA BJA
{u, v} h!BJA {u, w} E�QyB {v, w} EaFTK�_XKaY�r!»�BJS � K©B_�BJC�NJY\YiMOZ\PXU k BJS�Y\K�F�mfKaQ�C�PJZfNOQ\�lYuPJQ[ÍÎw�;�aÏ����21/-��;+$���J�

syByB�_�BJC�NJY\Y$MJZ[PXU k nOFJKaFTc�BXMJb�mfq!_wBJA
X = V (G)−X c�BJFHI�BJA k BJSoFTEjvO¦iÐ�³�]�Qf�!]�QfNJY�h�BJ_2_XNOZ�_XK�FHKaY[_XK�AaRT_

Ð�Ñ�RTAaNOFWPXFHYLC3NJS2Y=E�Q�K�MXb·c�PXZ\NOILQ\Aa}OM!r)@pAÈ}JQ\Q\AaK�QfK�SÒºJ®�G�BJZ\B k C�PJZ\BXY[FTBJSÓ_XNOIeC�NOS!KaS!Q�r�»�BJMJb�RTQ
X � KjYK�FTc!BJMJb2vXB�Y[} k!k h,ILRTS�Y |X| G�BXZ[B k C�PXZ[BXY\FWBJS=_XNOILC3NOS,K�S!Q�_XK�FTKjY[_XK�A�KjY\Y�h��HMJbLÁ�q�Y\Y[K Y\EaY\K�FTKtIeRTBXY\Y�S!RTS!]aQ�BMOZ[PXU k BJS�Y[K�F�mfK�Q�C�PXZ\NOQf�HYuPXQ�r
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U&¡!MOMOKjY[FTKaS!Q\EaMOK§ILRWBXYfY

α(G) ≥ 52
hX�HMJb�BtILK�MJU&KaFTK�FH¦ ÔoBJFHFWBJR � Y[EjY[KaF�BJFWBXC�m\PJS τ(G) = 100−α(G) ≤

48
h�c!RHQ\AaK�S

G � k KaSdS,RTS!]aQyc2q!ZfNO_JEaFxr/@�A�EaZfY ν(G) ≤ τ(G)
IeRTBXY\Y�B�U&¡!MJMOKaY\FTK�S�EaFTK�_�I�B�½�RHI�PJFHRTQ)Q\A�PXI�BJZ\B

BJAaYi_�BJC�mfq,_�h/c!NJMJb
ν(G) ≤ 48

r
«Õ_2RHK�MOEaQ\A��lY[KjY\YoMOZ\PXU�K�MJbdY[KaY\Q\Aa¦OFTKaMOK�QoC�PJZfNOQ\�lYuPJQ\P k B=B�c�PXZ\NOIÖc!NOAaA�P�vOKjY\Y�E�F8_X}OA�¡!F�FHK�MJU&KaF�mfK k!k K�MXb

_JK�Zf¡!FTc,KaY k KJh3IeKaZfY KaA�Ka_¤c�PJZfNOILQ\A�}JMOKaY BJFT_XNJY[S�BX_�r�×�MJb¤B�_2RTKaMOE�QfA��HY\KaYfYwMOZ[P�U k BJSÈBeU&¡,MOMOKaY\FTKaS�E�FHK�_�I�B �½,RHI�PXFTRTQwQfA�PJIeB¤FHK�MJU&KaF�mfK k,k Ð�Ñ,r?» RHQ\AaNOS�YK�MJb¶Y[KaF�mfKaQ�C�PJZfNOQ\�lYuPJQfc!NOAeFTK�MOBJFWP k,k ºJ®gU&¡!MOMOKjY[FTKaS�E�FHZ\KeFTK�S,S!K
Q\A�¡,_�QfE�M!h/vXBJMJb�RTQiB_�BJC�NJY\YiMJZ[PXU k BXSgS,K�IªFHK�c!KjY�Y[K�F�mfK�QiC�PJZfNOQ\�lYuPJQar
Ø �8��RTAaNOS�b��lY[Qfq!_ k KJh?c!NOMXb k PJZfIeKaFHb

k ≥ 1
K�Q\KjY[EaS�ILRTS!G!KaS

k � QfA�NOZfNOQ[BJS¶E�FH}OQ\QfA�KjU&¡!MOMO¦gMOZ[P�U k BJS¢IeKaM �BJG!c�BXY\n
k − 1

G�BXZ[B k _J}JZ©�,MJbOh?c!NJMJb¢B�_J}OZf}O_�_X}OA�¡!F k PXZ\ILK�FHb�RH_d_XKaY\Y\¦OS!Ka_¶FHK�MJU&}JF�mfK k,k K�MJb¢_X}OA�}JQ©EaFTK
vJBXS{z
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syBJMJb�mfq!S!_�K�F!KaMJb�Y\KaY[QfA�¦OFHK�MOKaQ
e
EaFTKjY�rJ«Ê_�BJC�NJYfY

G′
MJZ[PXU�K�_2_XNOZpIeEaM

(k−1) � QfA�NOZfNOQ[BJS�EaFT}OQfQ\A�KjU&¡!MOMO¦FTK�QfAJhpILK�ZfY k K�FT¦JFTK
(k − 1) � S!EaFi_JKavJK�QfK k!k E�FHKaYeK�FHc�BJMJb2vXB�}OQfQ\AaKaU&¡!MOMJ¦�MOZ[P�U&NJYL_XBXC!q!S!_/r)@pAjY=RHS!G!RTZfK�_�YIen�G!NOS�FWP�Y[c�BXY&mfq!_ k KJ¨2c�BwvXBJFWBXIeKaFHb�_JKavJK�QfK k!k h,IeRHS2Y

k−1
E�F k ¦OF!PJFTFHn

F
E�FTc!BJFTIeBJAaY8K�FTc!BJMJb2vXB

G′
Y\} k!k

_JNOILC3NJS!K�S!QfZ\K~K�QfS!KyQfA�EjY�h�BJ_2_JNOZ�K�AyBJAjY)RHQ3mfK�FHK�S�Y[KaS!EJh2c!NOMXb
F � KaY�E�Q e � YpK�FTc!BJMJb2vXB G � k ¦OF � K�A~_JKavJK�QfK k!k hIeRHS2Y

k
E�F���Y\} k!k _JNOILC�NOS!K�S,Q\Z\KiKaQ\S!K~Q\AaEaY)BwMOZ[PXU�rO@pA�v�RTQfA�NOS�Y�K�FHFTKaS2Y\IeNJS!G�BJS!S�BX_�h�c,NOMJb

G k � QfA�NOZfNOQ[BJSE�FT}JQ\Q\AaKaU&¡!MJMO¦!r
¾



×�MXb
G′ � k K�S¶K�FHc�BJMJbJNJY\YwEaF8vOEaMOC3NJS2Y&m\BJRHY � FTKaMJbOKaS!K�_ a E�Q b �t}OQ\QfA�K�_X}JYÄÍ=q,Y[BJ_¤FHKaU&NOMOPJQ[PJc,NOAFTKaM�BJFWP k!k

k− 1
E�F7_XK�FHFxh�K�A�EaZfY~�gK�S!MOKaZ�IeKaMJU&K�FHK�FH¦©Y\EaY[KaFTK ILRWB�Y\Y

a
EaQ
b
_J}OAa}JY\Y§vXBJS

k− 1
C!PJZ\NOS,_JE�S�YiEaFTG!RHQ\A�mfq,S!_�Y

�,Y�rX@�A�K�_�IeRHS!G!KaMJb�RT_JEac!K�A)c!NOAaA�P�vOEjvOK~BJA§KaFTc�BJMXbONJYfY�EaFTKaY�E�C!C�K�S�B~U&K�FWBXG�BXY:U&K�FHY\EaY\K�FTKaRTS!Ka_oIeKaMJU&K�FHK�FT¦
k−1G�BJZ[B k _X}OZfY~_�BJC!q,S!_/h�c,RTQ\AaK�SdBJAwK�MXbOK�Q~_J}JZ\}O_2S!Ka_g]aQ[BJ_

e
FTKac!KaYi_X}OA�}JQyEaFTKJr

Ð


