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1. feladat (17 pont)

f(x) =

8>>>><
>>>>:

�
sinx2

�x
; ha x 2 (0; 1)

c ; ha x = 0

sin 3x

arcsin
x

2

; ha x 2 (�1; 0)

a) Megv�alaszthat�o-e c �ert�eke �ugy, hogy f folytonos legyen x = 0 -ban?

b) �Irja fel f 0(x) -et, ahol az l�etezik!

Megold�as:

a)

lim
x!+0

(sin x2)x = lim
x!+0

ex ln sinx2 = e0 = 1

lim
x!+0

ln sin x2

1

x

L'H
= lim

x!+0

1

sinx2
cos x2 � 2x
� 1

x2

= lim
x!+0

� x2

sinx2| {z }
#
1

cos x2

#
1

� 2x
#
0

= 0

lim
x!�0

sin 3x

arcsin x
2

L'H
= lim

x!�0

3 cos 3x
1q

1�(x2 )
2
� 1
2

= 6

lim
x!0

f(x) = @ =) nincs megfelel}o c

b)

f 0(x) =

8>>>>><
>>>>>:

(sinx2)x
�
ln sin x2 + x

1

sinx2
� cos x2 � 2x

�
; ha x 2 (0; 1)

3 cos 3x � arcsin x
2
� sin 3x � 1q

1�( x2 )
2
� 1
2

arcsin2 x
2

; ha x 2 (�1; 0)



2. feladat (16 pont)

f(x) =
3� x

(x+ 2)2

V�egezzen f�uggv�enyvizsg�alatot �es v�azlatosan �abr�azolja a f�uggv�enyt!

Megold�as:

lim
x!�2�

f(x) = +1

f 0(x) =
�1(x + 2)2 � (3� x) � 2(x + 2)

(x + 2)4
=

(x + 2)(�x� 2� 6 + 2x)

(x+ 2)4
=

=
(x+ 2)(x� 8)

(x+ 2)4
=

x� 8

(x+ 2)3

x (�1;�2) �2 (�2; 8) 8 (8;1)

f 0 + @ � 0 +

f % & lok. min. %
f(8) =

�5
100

f 00(x) =
(x+ 2)3 � (x� 8) � 3(x+ 2)2

(x+ 2)6
=
x+ 2� (x� 8) � 3

(x + 2)4
=
�2x+ 26

(x + 2)4
=

2(13� x)

(x + 2)4

x (�1;�2) �2 (�2; 13) 13 (13;1)

f 00 + @ + 0 �
f [ [ in
. pont \

Rf =
�� 5

100
;1� ; Df = Rnf�2g



3. feladat (13 pont)

f(x) = � + arcsin
9

x2

a) Df =? ; Rf =?

f 0(x) = ?

b) Adja meg azt az x = 5 pontot tartalmaz�o legb}ovebb intervallumot, melyen f in-

vert�alhat�o! (Indokoljon !)
�Irja fel itt az inverz f�uggv�enyt �es adja meg annak �ertelmez�esi tartom�any�at!

Megold�as:���� 9x2
���� � 1 jxj � 3 Df = (�1;�3] [ [3;1)

Mivel 0 <
9

x2
� 1; arcsin

9

x2
2 �0; �

2

�
=) Rf =

�
�; 3�

2

�
f 0(x) =

1q
1� � 9

x2

�2 � �18x3 ha jxj > 3

x 2 [3;1)-ben f 0 < 0 =) f szig. mon. cs�okken =) 9f�1.

y = � + arcsin
9

x2
=) sin (y � �) =

9

x2
=) x2 =

9

sin (y � �)

=) x2 =
9

� sin y
=) x =

r
� 9

sin y

f�1(x) =

r
� 9

sin x
Df�1 =

�
�;

3�

2

�

4. feladat (8 pont)

f(x) =

8<
: arctg

1

x2
; ha x 6= 0

� ; ha x = 0

Hat�arozza meg � �ert�ek�et �ugy, hogy f folytonos legyen x = 0 -ban!

f 0(0) =?



Megold�as:

lim
x!0

arctg
1

x2
=
�

2
; f(0) :=

�

2

Teh�at � = �
2
eset�en f folytonos x = 0-ban.

f 0(0) = lim
x!0

f(x)� f(0)

x
= lim

x!0

arctg 1

x2
� �

2

x

L'H
= lim

x!0

1

1+( 1

x
2 )

2

�2

x3

1
= lim

x!0

�2x
x4 + 1

= 0

Vagy:

x 6= 0 : f 0(x) =
1

1 + 1

x4

�2
x3

=
�2x
x4 + 1

lim
x!0

f 0(x) = 0 �es f folytonos x = 0-ban =) f 0(0) = 0

5. feladat (10 pont)
�Irja fel az (e; 1) ponton �atmen}o, a pont egy k�ornyezet�eben di�erenci�alhat�o y = y(x)

f�uggv�eny �erint}o egyenes�enek egyenlet�et, ha a f�uggv�eny kiel�eg��ti az al�abbi implicit kapcso-

latot!

x ln y + y lnx = 1

Megold�as:

e � ln 1 + 1 � ln e = 1 (val�oban)

x szerint deriv�alva az egyenlet mindk�et oldal�at:

1 � ln y + x � 1
y
� y0 + y0 � lnx + y � 1

x
= 0

Behelyettes��tve (x = e; y = 1):

ln 1 + e � y0(e) + y0(e) ln e +
1

e
= 0

y0(e) = � 1

e(e + 1)



y�e = 1� 1

e(e + 1)
(x� e)

6. feladat (8 pont)

a)

Z
1p

x2 + 2x
dx =?

b)

Z
x+ 1p
x2 + 2x

dx =?

Megold�as:

a) Z
1p

x2 + 2x
dx =

Z
1p

(x+ 1)2 � 1
dx = arch(x + 1) + C

b) Z
x + 1p
x2 + 2x

dx =
1

2

Z
(2x+ 2)(x2 + 2x)�

1

2 dx =
1

2

p
x2 + 2x

1

2

+ C

7. feladat (12 pont)
1Z
2

5� 9x

x2 (x + 5)
dx =?

Megold�as:

5� 9x

x2(x+ 5)
=

A

x2
+
B

x
+

C

x + 5

5� 9x = A(x + 5) +Bx(x + 5) + Cx2

x = 0 : 5 = 5A =) A = 1

x = �5 : 50 = 25C =) C = 2

x = 1 : �4 = 6A+ 6B + C =) B = �2



1Z
2

5� 9x

x2(x + 5)
dx = lim

!!1

!Z
2

�
1

x2
� 2

x
+

2

x+ 5

�
dx = lim

!!1

��1
x
� 2 lnx+ 2 ln (x+ 5)

�����!
2

=

= lim
!!1

 
� 1

!
� 2 ln! + 2 ln (! + 5)| {z }

=2 ln
!+5

!
!0

�
�
�1

2
� 2 ln 2 + 2 ln 7

�!
=

=
1

2
+ 2 ln 2� 2 ln 7

8. feladat (16 pont)

a)

Z
(2x+ 1) sin 3x dx =?

b)

6Z
1

3x+
p
x + 3

2x+ 6
dx =? t =

p
x + 3 helyettes��t�essel dolgozzon!

Megold�as:

a) Z
(2x+ 1)

u = 2x+ 1

u
0 = 2

sin 3x

v
0 = sin 3x

v = � cos 3x

3

dx = (2x+ 1)
� cos 3x

3
+

2

3

Z
cos 3x dx =

= �1

3
(2x+ 1) cos 3x+

2

3

sin 3x

3
+ C

b) t =
p
x + 3 x = 1 : t = 2; x = 6 : t = 3

x = t2 � 3

dx = 2t dt

6Z
1

3x+
p
x + 3

2x + 6
dx =

3Z
2

3t2 � 9 + t

2t2
2t dt =



=

3Z
2

�
3t� 9

t
+ 1

�
dt =

�
3
t2

2
� 9 ln t+ t

�����3
2

=

=
27

2
� 9 ln 3 + 3� (6� 9 ln 2 + 2)

P�otk�erd�es (csak a 40 pont el�er�es�ehez jav��tjuk ki):

9. feladat (10 pont)

a) lim
x!1

sh 2x

ch 3x
=? b) lim

x!0+
x2 ln 3x =?

Megold�as:

a)

lim
x!1

e2x � e�2x

e3x + e�3x
= lim

x!1

e�x � e�5x

1 + e�6x
= 0

b)

lim
x!+0

ln 3x
1

x2

L'H
= lim

x!+0

1

3x
� 3

�2

x3

= lim
x!+0

�x
2

2
= 0


