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1. Műveletek komplex számokkal

Komplex szám ábrázolása

• Algebrai, trigonometrikus, exponenciális (Euler) alak, átváltások

c = a+ jb︸ ︷︷ ︸
algebrai

= A(cos(ϕ) + j sin(ϕ))︸ ︷︷ ︸
trigonometrikus

= Aejϕ︸︷︷︸
exponenciális

j =
√
−1; j2 = −1; jc = −b+ ja

A = |c| =
√
a2 + b2
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ϕ = arg(c) = arctan

(
b

a

)
a = <(c) = A cos(ϕ), b = =(c) = A sin(ϕ)

Konjugált:
c∗ = conj(c) = a− jb

|c|2 = c · c∗ = (a+ jb) · (a− jb) = a2 + b2

• Euler azonosságok

cos(ϕ) =
ejϕ + e−jϕ

2

sin(ϕ) =
ejϕ − e−jϕ

2j

• Komplex számok összeadása, kivonása (algebrai alak)

c1 = a1 + jb1 = A1e
jϕ1 ; c2 = a2 + jb2 = A2e

jϕ2

c3 = c1 + c2 = (a1 + a2) + j(b1 + b2)

• Komplex számok szorzása (exponenciális alak)

c4 = c1 · c2 = (a1 + jb1) · (a2 + jb2) = (a1a2 − b1b2) + j(a1b2 + a2b1)

c4 = c1 · c2 = A1e
jϕ1 · A2e

jϕ2 = A1A2e
j(ϕ1+ϕ2)

• Komplex számok osztása (exponenciális alak)

c5 =
c1

c2

=
(a1 + jb1)

(a2 + jb2)
=

(a1 + jb1)(a2 − jb2)

(a2 + jb2)(a2 − jb2)
=

(a1 + jb1)(a2 − jb2)

(a2
2 + b2

2)

=
(a1a2 + b1b2)

(a2
2 + b2

2)
+ j

(−a1b2 + a2b1)

(a2
2 + b2

2)

Példák

A következőkben legyen c1 = 2 + j1, c2 = 5 + j3.

1.1. feladat

c3 = c1 + c2

c3 = (2 + j1) + (5 + j3) = 7 + j4
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1.2. feladat

c4 = c1 · c2

A1 =
√

22 + 12 =
√

5 ≈ 2.24; ϕ1 = arctan

(
1

2

)
≈ 0.46 rad

A2 =
√

52 + 32 =
√

34 ≈ 5.83; ϕ2 = arctan

(
3

5

)
≈ 0.54 rad

c1 = (2 + j1) = 2.24ej0.46

c2 = (5 + j3) = 5.83ej0.54

c4 = 2.24ej0.46 · 5.83ej0.54 = 2.24 · 5.83 · ej(0.46+0.54) = 13.04ej1.0

Másik (kevésbé praktikus) módon ugyanarra az eredményre jutunk:

c4 = (2 · 5− 1 · 3) + j(2 · 3 + 1 · 5) = 7 + j11 = 13.04ej1.0

1.3. feladat

c5 =
c1

c2

c5 =
2 + j1

5 + j3
=

2.24ej0.46

5.83ej0.54
=

2.24

5.83
ej(0.46−0.54) = 0.383e−j0.077

Másik (kevésbé praktikus) módon ugyanarra az eredményre jutunk:

c5 =
10 + 3

25 + 9
+ j
−6 + 5

25 + 9
=

13

34
− j 1

34
(0.382− j0.029) = 0.383e−j0.077

2. Mértani sor összegzése

Ha q 6= 1
N∑
k=0

aqk = a

(
1− qN+1

1− q

)
Ha |q| < 1, akkor

∞∑
k=0

aqk = a

(
1

1− q

)

2.1. feladat

Határozzuk meg a
4∑

k=0

0, 5k eredményét.

0, 50 + 0.51 + ... = 1 + 0.5 + 0.25 + 0.125 + 0.0625 =
1− 0, 54+1

1− 0, 5
= 1.9375

Látható hogy N →∞ esetén 2-höz tart.
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2.2. feladat

Határozzuk meg a
7∑

k=0

(−2)k eredményét.

−20 +−21 + ... = 1− 2 + 4− 8± ... =
1− (−2)7+1

1− (−2)
=
−255

3
= −85

Látható hogy N →∞ esetén nem konvergál.

2.3. feladat

Határozzuk meg a
∞∑
k=0

5 · (0, 3)k eredményét.

5 · 1

1− 0, 3
=

5

0, 7
= 7, 143

3. Függvények deriváltja

f(t) d
dt
f(t) = f ′(t)

c 0

t 1

tk ktk−1

sin(t) cos(t)

cos(t) − sin(t)

et et

Láncszabály:

d

dt
f(g(t)) = f ′(g(t)) · g′(t)

Linearitás:
d

dt
(F · f(t) +G · g(t)) = F · f ′(t) +G · g′(t)

3.1. feladat
d

dt
3t2 = 3 · 2t = 6t

3.2. feladat
d

dt
2e−6t = 2 · (−6)e−6t = −12e−6t

3.3. feladat
d

dt
(4e5t + 3t2) = 20e5t + 6t
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4. Függvények integrálja

Newton-Leibnitz formula: ∫ b

a

f ′(t) dt = [f(t)]ba = f(b)− f(a)

Linearitás ∫ b

a

F · f(t) +G · g(t) dt = F ·
∫ b

a

f(t) dt+G ·
∫ b

a

g(t) dt

4.1. feladat

Határozzuk meg a

∫ π

0

sin(t) dt integrál értékét.

∫ π

0

sin (t) dt = [− cos(t)]π0 = − cos(π)− (− cos(0)) = 1 + 1 = 2

4.2. feladat

Legyen α < 0. Határozzuk meg a

∫ ∞
0

eαt dt integrál értékét.

∫ ∞
0

eαt dt =

[
eαt

α

]∞
0

=
eα·∞ − eα·0

α
=

0− 1

α
= − 1

α

4.3. feladat

Határozzuk meg a

∫ π

0

e
t
π + sin(t) dt integrál értékét.

Használjuk az előző feladatok eredményét úgy, hogy α = 1
π∫ π

0

e
t
π + sin(t) dt =

∫ π

0

e
t
π dt+

∫ π

0

sin(t) dt =[
e
t
π

1
π

]π
0

+ [− cos(t)]π0 = [π(e1 − 1)] + [(1 + 1)] ≈ 5, 4 + 2 = 7, 4
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5. Mátrixok sajátértékének kiszámı́tása

Az AAA mátrix sajátértéke általánosan az alábbi módon számı́tható:

det (AAA− λIII) = |AAA− λIII| = 0,

ahol III egységmátrix. Az egyenlet megoldása(i) λ-ra adják a mátrix sajátértékeit.

5.1. Példa

Határozzuk meg az AAA =

[
2 −1

11 −4

]
mátrix sajátértékeit.

∣∣∣∣∣
[

2 −1

11 −4

]
− λ

[
1 0

0 1

]∣∣∣∣∣ =

∣∣∣∣∣2− λ −1

11 −4− λ

∣∣∣∣∣ = (2− λ)(−4− λ)− (−1) · 11 =

λ2 + 2λ+ 3︸ ︷︷ ︸
karakterisztikus polinom

→ λ1,2 =
−2±

√
22 − 4 · 1 · 3

2
=
−2±

√
−8

2
= −1± j

√
2

5.2. Példa

Általánosan nem elvárt, de lássuk hogy nem lehetetlen 3 × 3-as mátrix sajátértékeinek meg-

határozása Határozzuk meg az AAA =


2 0 0

0 3 4

0 4 9

 mátrix sajátértékeit.

∣∣∣∣∣∣∣∣
2− λ 0 0

0 3− λ 4

0 4 9− λ

∣∣∣∣∣∣∣∣ = (2− λ)[(3− λ)− (9− λ)− 4 · 4] =

(2− λ)[(λ2 − 12λ+ 27)− 16] = (2− λ)︸ ︷︷ ︸
λ1=2

(λ2 − 12λ+ 11)︸ ︷︷ ︸
λ2,3=?

λ2,3 =
12±

√
144− 4 · 11

2
= 6± 5→ λ2 = 11; λ3 = 1

Ezek alapján a karakterisztikus polinom gyöktényezős felbontása:

(λ1 − λ)(λ2 − λ)(λ3 − λ) = (2− λ)(11− λ)(1− λ)
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