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�|¢��I�*¢I���*´I´��*¢í���5¯º�*�=�j�g�j�¦�¦¢)�5�x���*�|�Õ���*¢I¢I���X�¦���"�9�"¤)�j�¦���¦�|�9���&�®�j�|£=�5���5���j�¡9�|�v�5 =�5Ê)�5¢,{
2435243 687:9<;49<=:>?7
@
E [.]

¡A�5�¦¤t�5�"�
�*�¦�"�*�¾�j´t�*���5�"�j�
mξ(t0) = E [ξ(t0)]

�
ξ
�®�j�|£=�5���5�

t0
´��Æ�|�v�5¢)�5�¦Êt�5¢X¡��*�¦��¡A�5�¦¤t�5�"�
�*�¦�"�*�=�

Rξ(t1, t2)
�

ξ
�®�j�|£=�5���5���5�I�"�j�=�j�¦�"�*�v�j�*���A�����I A A¡=�*¢=£=�.�5�|���5�v�5¢��A�#���"�*�¦Ê��*¢

Rξ(τ)
�

ξ
�®�j�|£=�5���5���5�I�"�j�=�j�¦�"�*�v�j�*�|�A�-���I A A¡=�*¢=£=���¦���j�*���j¢��*���®�j�|£9�5���5�-���"�*�"�*¢

sξ(f)
�

ξ
�®�j�|£=�5���5�#�¦´t�*�9�¦���5�|���#�¦µI�¦µ��"�* j���I A A¡��*¢9£��

243BA!3 C.D�9<=
@47:E�FG7HFGI
JLK�M
K�JLKONQPGR�S?TUPGRWV�XGPLVZY[S]\�S_^]S]R�`?a
ç��*�-¡A�5���A�¦��É|¢��A�"�* A�,¡A�5�|�"�j�g�Xü

ξ1
���

ξ2
ýÕ�¦�g�j�¦�n�5���5¢)�5�¶¡A�5�¦¤)�5�"���³�"�"�*���&�5�

fξ1,ξ2 (x1, x2)
�,{ ¢,{�* A£9�I�¦�"���-�¦µI�"µ��"�* j�3�� A A¡��*¢9£¥���¦� �*�"�*�"�*Êt�*¢;�¦�n�5�
É|�¦¤)�5�"� �9�ß�

E [ξ1ξ2] =

∞∫

−∞

∞∫

−∞

x1x2f1,2 (x1, x2)dx1dx2
üºzA{|zný

Ü(�����=�*��¡A�5�|�A�¦��É|¢9µ��"�* A��¡A�5�|�"�j�g�4b<c�dedgfih�jkf�l?�9�5�9�=�j�+�5�-�* A£9�I�¦�"���+�*���A�¦���v�j�+��´��*�"�*� �*���A�¦���v�j�"�j��¦�g�j�¦�n�5���G�
fξ1,ξ2 (x1, x2) = fξ1 (x1) fξ2 (x2)

üºzA{ ��ý
�



õ��±}��ÕÇt� á zA{Ú¹IÇ á ä!mÕÜ�Ä�¹IÇ á[n ç!o�¹¶õ�ä�ã�åÕÄ�Ö;Ä á ä�ç �
����É| A£

E [ξ1ξ2] =

∞∫

−∞

∞∫

−∞

x1x2f1 (x1) f2 (x2)dx1dx2 =

=

∞∫

−∞

x1f1 (x1)dx1

∞∫

−∞

x2f2 (x2)dx2 =

= E [ξ1] E [ξ2]

JLK�M
K�M
KOpqar^sR�t:ugvwPLar^sRWV�X:xya�z{t�|~}�PLTUPGR$�wS]���y��u]V����eP
� l?h�����h������gf��:l_�~�i�~�I� n �I�j�"�j�����I A ��7¡��*���*�¦���*¢x¯º�*���*�_ü3´I�ß{ÈÊt���¦�g���7¯º�*�����j���5���Õ¡9���I��� {�{�{¦�¦�¦Ê,{ ý�W����f��:l_�~�i�~���(Ä

ξ (t)
�¦���"�9�"¤)�j�¦���¦�|�9�����®�j�|£=�5���5�.�j�|£9�5¢7¡A�5���A�¦��É|¢9µ��"�* A��¡A�5�|�"�j�g�X�5� �*�|£9¢��*�

�*���*� �*�
���"�*� �*¢=£9�����I A A¡=�*¢=£=�*��{���*�ö���j¢��¦�¦�¦�I�9�¦É|¡ �I����¢I�����]�9¤I���¦�g�*¢����I A A¡��*¢9£��*�=�*¢�¢��*�ö�¦���G�I¢��
� �*�¦�"�*�=�*�Õ�I����¢I�v�5�|¢I�±ü3� �³×�|£9�|�X���I A A¡=�*¢=£ ¢)�5 A£=�jÊIÊP�* A£7���j�¦�|�9¢)�5���nýi�,É| A£x�¶¡A�5���A�¦��É|¢9µ��"�* ��¦�n�5�
É|���j�&� �*�¦�"�*���*�|� �*���*�"���¢��*� �"���G¢)�5¢I�¶¤)�j�¦��¢)�5�|¢I�ß{±��¤��*�|£��*�¦�(���=�g¡=�*�¦���*�g�
�I����¢�É|�*���j�#¤)�j�¦��¢)�5� ¯¼�I����s�w��f��:l_�~�i�~�I�,Ä
ξ (t)

�¦���"�9�"¤)�j�¦���¦�|�9�����®�j�|£=�5���5�,¡A�5���A�¦��É|¢=µ��"�* A��¡A�5�|�"�j�g�j���A�"�¦�g���"�"�* �� {ξt
�
a ≤ t ≤ b} {Ü(�¶�"�*�"�¦�g�j���* ����

N
�¦�n�5��óx���I�j´��j¢9�"�j�&�9�|¡A�5�v�j�¦���¦�I¢I���Ñ���5�¥�5�g�j�9Ê)�5¢í�5� ���I�j´I�|�|�v�5¢)�5�"�j�9Ê)�j¢� �* ��� A£��*�|¤��*�"��¡A�5���A�¦��É|¢9µ��"�* A�9¡A�5�|�"�j�g�j�A�5���* A£�¡=�*�9�"�j�¦Ê)���"�*¢��I�*�����I���=�5�9���j�Ñ�*������¡A�5���A�¦��É|¢9µG×�"�* A��¡=�*�9�"�j�¦¡A�5�|�"�j�g�j���5���j�I�j�¦�#�¦���"�9�"¤)�j�¦���¦�|�9�����®�j�|£9�5���5�����~dgf5��������f�ls�i�~�r���? <¡£¢¤f5¥��i�~�£¢i¦�lG§e¥¢��*¡��*�����I����� �*�|£9¢��*� �"�*�¦� ���¦�g�*�"���"�*¢����*�"�*���|�

N
�G�|� �*¢I�����A�¾�* A£9�I�¦�"���¶�*���A�¦�*�v�j�º���I A A¡=�*¢9£�����5� �*�|£¾�©���* A� �*�|£��*ÊIÊ;�¦���5�¦���¦���¦�|�A�5�����¦� �*�"�*���5���j�I�j�¦�-¡��*�9�"�j�¦¡A�5�|�"�j�g�j�"�j�ß�

Ft1,t2,...,tN (x1, x2, ..., xN ) = P (ξt1 < x1, ξt2 < x2, ..., ξtN < xN )ÄÞ¡��* ����-�G�|� �*¢I�����A�-´I���j¯º�³�=�*��� �¦µI�¦µ��"�* j���I A A¡��*¢9£���´t���G�| ��
ft1,t2,...,tN (x1, x2, ..., xN ) =

∂NFt1,t2,...,tN (x1, x2, ..., xN )

∂x1∂x2...∂xN¨ �|�|É|���j�g��¤)� ���¦� �*�®¯¼�I�X� ¡=�* ��*�(�G�|� �*¢I�����A���*���A�¦���v�j�"�j�A�5� ∀N
×ß�"����� ∀t1, t2...tN

×ß�"�����5�9���j����¦���"�=��¤)�j�¦���¦�|�9���&�®�j�|£9�5���5�"�j�
�¦���5�¦���¦���¦�|�A�5�|�v�5  �"�j���*���*�"���"�*¢ ¯º�*�|���*� �*��¢I���¦���j¯¼�I��{x¹G�5¯¼¢��A�©�*¤G×¤��*�
����¡��* A�"�*���*¢x�¦�����j�¦� �*¢I¢9£9���"�* X�¦���I�G�"�* ������,�*�g�*�¦�&�*����¯º�*�|���*�
�g�����¥ A£=�5�=�j�¦�v�5�¦Ê)�5¢x¢��*�¤)�j�¦��¢)�5�|¤)�5�"�I{+Ä_��µ��¦�n�5�9�|�v�5  ���5�¦���5�|���j�-�=�*�"�I���"�*���
�
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• © ¦� 5ªs§�h��e�� ih��5¥r«��~�W¬"b5c�d�d�����l_­g®

mξ (t) = E [ξ (t)] =

∞∫

−∞

xfξ (x) dx
üºzA{ ��ý

• ¯ ¡� � 5f�j°¦W�i�~�r�yb5c�d�d�����l_­g®

Rξ (t, u) = E [ξ (t) ξ (u)] =

∞∫

−∞

∫ ∞

−∞
xyfξtξu (x, y) dxdy

üºzA{ ¨9ý

JLK�M
K�±
K³²HR�PLu]V�t��wP�´gV~R�µLa
·±�*�¦Ê)�5�|�����5¢Ø� �* j�®�j =�5�|���5��¡A���©�¦���j�*���j¢)�5�¦�|���j�(�©�¦���5�¦���¦���¦�|�A�5��¯º�³�|���*�
�g�j�¶���I�jÊ��*�|�,�|¢9¡A�5�¦�v�5¢��*�Æ×�5¯¦�5��¯º�*���*¢=�¦�ß{±Ä��"�"�j�t���I A ��9�*¢��I¤��j A£¥�
�|�|£��*¢¾� �*�|£G�"�* AµX�¦���5�¦���¦���¦�|�A�5�I¯º�*�|���*�
���j�¶���I�j�|¢=¡A�5�¦�v�5¢G×�*�v�5¯¦�5���=�n¡��*�"�*� ¯¼�I�¥� �* _�IÊt���¦�g�*�|�I¢I�¾�*�"�A�-�Æ�|���*�¦¡=�� A£��*¢I ��.�¦���j�*���j¢)�5�¦�|���j�¦�"�j�ß{
¶ Ár·)l
l�egkIh=m3ftÎ
kIÁjmvegÏIl
Ù��5�¦� �*�|£¶�"�*�"�¦�g�j���* ����-¡��* ����-�G�|� �*¢I�����A�#´I�"�j¯º�*���*��� �* A£9�I�¦�"���-�*���A�¦���v�j���©���I�j�|¢9¡A�5�¦�v�5¢����)�5�n�5�

Ft1t2...tN (x1, x2, ..., xN ) = Ft1+τ,t2+τ,...,tN+τ (x1, x2, ..., xN ) ∀N
üºzA{ «�ý

�5�n�5�
P (ξt1 < x1, ξt2 < x2, ..., ξtN < xN ) = P (ξt1+τ < x1, ξt2+τ < x2, ..., ξtN+τ < xN )

¨
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�¦µI�¦µ��"�* j���I A A¡��*¢9£��*�9�"�������®�*¢)�5�|�
�5�.���I�j�|¢=¡A�5�¦�v�5¢��*�v�G�

ft1,t2...tN (x1, x2, ..., xN ) = ft1+τ,t2+τ,...,tN+τ (x1, x2, ..., xN )

¸ utÀ9Î
ú)ÀØl�egkIh=m3ftÎ
kIÁjmvegÏIl
Ä[ A£��*¢I ��¾�¦���j�*���j¢)�5�¦�|���j� ���"�*�"�*Ê��*¢ �����5�í�5�Ø�*���"� ���©���j�"�9�G�"�*¢��Gµ �¦�³�5�¦���¦�*�"�Æ�A�5��¯º�*�|���*�
�g�j����I�j�|¢=¡A�5�¦�v�5¢��*�v�5¯¦�5�#�=�g¡=�*�"�*� ¯¼�I�¥� �* ��
zA{

mξ (t) = mξ (t + T ) ⇒ E [ξ (t)] = E [ξ (t + T )] ∀T

�5�n�5����¡A�5�¦¤)�5�"�9�*�¦�"�*�¥���I A A¡=�*¢=£¥���I�j�"�j�����I A ��*�¦���*¢9�I�Ñ�5�|�v�5¢��I�I{
�G{

Rξ (t, u) = Rξ (t + T, u + T ) ∀T

ç#�n¡��*�¦�=�*��� �*¢=£��±¤)�
T = −u

¡A�5�v�j�¦�����j�"���5�,�*�|�I¢I���I�v�5�"�¦���|���G¤��j A£

Rξ (t, u) = Rξ



t − u
︸ ︷︷ ︸

τ

, 0



 = Rξ (τ)

¡A�5 A£9���
�X���j�¦�"�*�v�j�*���A�©�3�� A A¡��*¢9£P�����5�9���
�
t − u

���I�j´��j¢=�"�j�~�=�j���j�"�¦���9�I���j¢=Ê��"�* ��*�"�j����I A _���5�n�5���5�.���I�j¢��*�¾�����5�¥�* A£9¡A�5�|�"�j�g�A�����I A A¡=�*¢=£=�A{
JLK�M
Kk¹wK»º�´W¼�t:�yV�u]V~R�µLa
Ä#�.�*�¦ ��=�G���*�|���j���5���±¯º�*���*¢=�¦���I¤��j A£¾�5�.���I�jÊt�*�|���5�¦�v�5 
� �* ��* A£=�*���|�Ø�©�"�j�A�j���5 =�5�¦�v�5 A =�5�ß{#ü n �I�5×Êt�*�|���5�¦�v�5 ��j¢Ø�5�(�* A£=�*�¦���*¢¶� �* ��� A£��*�|���"�g�5�|�|�n�j�*�������I�jÊ��*�|�,�5�¦�v�5 ��j�v�j���5���9�
É| 
�"�j�A�j���5 =�5�¦�v�5 ��j¢�5���j�I�j�¦�����I�j´I�|�|�v�5¢)�5�¦Ê)�j¢~�¥�"�g�5�|�|�n�j�*���j�7�"�j�A�j���5 =�5Ê��j���=���¦��É|�"�*�¦�&�5�¦�v�5 ��j�&�*�¦�®¯¼�I��{ ýPõ��j�¦���G×�v�5�9�A�5�
���=�g¡=�*�¦���*�g�©�=�*´I´t�*¢¾�®�º¯º�*��¤��*�®¯¼�I�¶�*���-�9�ß{������A�¦�g�j�#�* A£¶´t�*�����G�

lim
T→∞

1

T

∫ T/2

−T/2
x (t) dt = E [ξ (t)]

¨ �|���5�v�5Ê)�5¢ØÊ)�5�¦�
�|�|£=�³¢
g(·) ü�Ù��j�"�*�,� �*�¦¤��*�"�=ýÕ���I A A¡=�*¢=£9�"�(�®�*¢I¢¾���*�|�Ñ�5�|� ¯º�j¢,�

lim
T→∞

1

T

T/2∫

−T/2

g (x (t)) dt = E [g (ξ)]

õ��j¢9�"�A�-�=�g¡=�*�¦���*��� �*¢9£��Õ���®�j�|£9�5���5���5�¦�v�5 A�"�*� ¯º���¦É|�¦� �*¢9£��&� �* A���¦� �*�¦¤��*�"�¥�* A£��*�¦���*¢X�"�g�5�|�|�n�n×�*���©� �* ��� A£=�*�����"�*Êt�j�
���g�

lim
T→∞

1

T

T/2∫

−T/2

x2 (t) dt = E
[
ξ2 (t)

]
.

«
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sξ (f) =

∞∫

−∞

Rξ (τ)e−j2πfτdτ
üºzA{ ­�ý

Rξ (τ) =

∞∫

−∞

sξ (f)e+j2πfτdf
üºzA{ §Aý

Ä#�
sξ(f)

���I A A¡=�*¢=£x¡A�5���A�.�®�j�|£9�5���5�"�j�9¢)�5�Õ¢��*�
¢��* =�5�¦É|¡���´)�5�"�A�&���I A A¡=�*¢=£={;Ü(�X�
ξ
¯º�*���*����5� �*�|£9¢��*�Å�¦´t�*�9�¦���5�|���¶�¦µI�¦µ��"�* j���I A A¡=�*¢=£=�

sξ(f)
���¦��µI�®¯¼�I�Å�* A£

H(f)
�5�¦¡9�|�"�*�|�#���I A A¡=�*¢=£9µ�¦��µI�"�g¡=�*���)�5�9���j�#�©�¦��µI�"�

η
�9�|� �³¢)�(¯º�*���*¢��*�

sη(f)
�¦´��*�9�¦���5�|���-�¦µI�¦µ��"�* j���I A A¡=�*¢=£=�

sη(f) = |H(f)|2 · sξ(f).
üºzA{ ª�ý

n  =�5�����g¡A�5ÊIÊ)�s��¤��j A£ ���¦´��*�9�¦���5�|�����¦µI�¦µ��"�* j���I A A¡��*¢9£Ø�|¢9�"�* A���5� ¯¦�¶�&¯º�*���5�¦�v�5 A�"�*� ¯º���¦É|�¦� �*¢9£��*��¦�g�j�| =�5�|���5�®¯¦�G�
E
[
ξ2
t

]
= Rξ (0) =

∞∫

−∞

sξ (f) df
üºzA{ °�ý
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���*���*�"���y�����|�A�5�=¯º�*���*¢9�"���¦�+�¦�I×�v�5¯º�I�j¢IÉ|�"�¦�I¢I�����-�*�&���=�*´¾ A£9�5�9���5¢Ø�"�* AÉ|�¦�
�* A£�����¯º�*���*¢��"�* ��*�����A�"�¦�g�³���I A ����"�*�¥� �* ��*�¦�"���"�*�g{á �*�"�*���*�����I�¥�®�*�,�I A£=�5¢I�����I¤��j A£¾�
ξ
¯º�*���*�#�* A£¥�����¦�=�*¢=£g�

∆
���g¡G�¦�g�*�����"�"�* Aµ����5�&óI A£ÄÃ³���I�³×�5�|���eÃ(���g¡G�¦��µI�"�g¡=�*�,�¦��µI�®¯¼�I��{��Ñ�j¢9�"�A���5ÊIÊ)�5¢��t�
�¦�*µ��"� �5�¦¡9�|�"�*�|�����I A A¡=�³¢9£=�A�

H(f) =







1, ha f ∈ [f0, f0 + ∆]
1, ha f ∈ [−f0,−(f0 + ∆)]
0, egyebkent

.
üºzA{|zg¬�ý

æ��"�I�*�����+���*�"�I�������
�|�±� �j¢��G¤)�5�"�I¢I� �*�9���j�Õ���¦��µI�"���9�|� �*¢��-¯º�*���*¢��*� �5�¦�v�5 A�"�*� ¯º���¦É|�¦� �*¢=£=�*�"�j�ß{Ä_�¦��µI�"�j¢¶¢=£9�|�|¡A�5¢¾�����5�¥�-¯º�*���5�g�j¢Ø�¦���|¢=���¦�g�A�º×ß�=�A�¦���|¢=���¦�g�A���A�"�¦�g�³���³¡=�j�G¯¼�I�¦¢)�5�¥�5���I�5� �*�|£=�*����"�*�9¡��*¢��*�v�5¯¦���-�¦��µI�"�(�5�"�*�"���¦���"������¡5¯¦�5Ê)�&ü
f0
���

f0+∆
�=�j�g�ný����¦�|��{ÑÄí���*�"�I���
�"�*¤)�5���* A£9�"���¦����*�g�*¢©¯º�*���A�"�¦���*�"�*¡=�j���A�"�¦���"�*� ¯º���¦É|�¦� �*¢=£=�A{�Ö �j�¦�"���¦���Õ¡9���¦�g�j¢=�-�5�

η
�9�|� �*¢���¯º�*�t�"�*� ¯º���¦É|�¦� �*¢=£=�A�

E
[
η2

t

]
= Rη (0) =

∞∫

−∞

sη (f) df =

∞∫

−∞

sξ (f) |H (f)|2 df
üºzA{|zAzný

ç(�|¤)�j�¦��¢)�5�|¤)�5�®¯¼�I����¤��j A£~�5�¥�|¢=�"�* A���5¢��G���©�
�|¢��G�=�*���"�*¢9£��*�g�j¯º��´)�5�"�A�&���I A A¡��*¢9£W���"�g¡A�5ÊIÊ)�s�¤��j A£¶�* A£9�|�9�I�¾�5�.�|¢=�"�* A���5�v�j�#���5�¦�"�j���5¢=£9�5¢)�5�©¯º�*���*¢9�"�A���"���¦��¤)�5�|���5�n�5�|¢X�g�*�¦���g{wÅr A£��

E
[
η2

t

]
= 2

f0+∆∫

f0

sξ (f) |H (f)|2 df = 2

f0+∆∫

f0

sξ (f) df.
üºzA{|zg��ý

­
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Ü(�

∆
�*���* ��*¢��I�=�*¢ �9�����¦�|¢9£W�±���

sξ(f)
�®�j�|£9�"�j¢��A���+�5�9���j� �5�¶�|¢9�"�* A���5�v�j�
���j�g�*´��*�¦�"�*�9�"�*�"�*���*��¦�g�*�¦�|¢=�

E
[
η2

t

]
= 2

f0+∆∫

f0

sξ (f) df ≈ 2sξ (f0) ∆
üºzA{|zg��ý

á �*¤)�5�¾� �* =�5�v�5´��j�g�j�¦�;�5�P�~�¦�g�*�
���*���*�"���¾�=�*´��#�
���¦���*�¦�|¢9�X�í�¦´t�*�9�¦���5�|���¾�¦µI�¦µ��"�* j���I A A¡=�*¢=£�*�¦�"�*���+�5�
f0
���"�*�9¡=�*¢��*�v�5¢��5�

f0
���"�*�9¡��*¢��*�v���* A£G�"�* A¢9£9�=�¦�g�*�������=�j�¦¢9£��*�g�*�"�*Ê��*¢&���*¡��-�¦���|¢9���¦�g�A�ü��������A�¦���|¢9���¦�g�A�³ý
¯º�*���A�"�¦�g�*�"�*¡��j�¾�5�"���5 A���³� ¯º���¦É|�¦� �*¢9£��*�(�j�j¯¦�©� �* �{

sξ (f0) = lim
∆→0

E
[
η2

t

]

∆

üºzA{|z*¨9ý
ü�Ä_�n×r���+�ß�5�9�"�j���.´t�j���|�¦É|¡��|�|�ß{±�.¢��* =�5�¦É|¡
���"�*�9¡=�*¢��*�v�5�9���&���"�¥ü3¡A�5���A�Ñ¯º�*���*�����"�*�"�*¢¶�* A£=�®�j�¦����ý¯º�*�|���j�
´��j¢��*¢��"�*�9Êt�j���j�I�=�G�|��{ ý
243�Æ�3 ÇÄ=:9<È�ÉËÊÌÉ4E�É4Í�FGÎ[@4Î[ÏGÏ�7:9<Ð4ÑHÒ<Ó4>ÕÔ¤Ö�×4×[Ø4=:Ù"ÚÜÛ�É4>?EHÙ�É
á �*�9�|¢9�"�¦�I�Ø�5�&óI¢,{��*���j�"�º¯º�*�|�g���¦�
�®�*���j�)�5�"�j�g�+� �* ��� A£=�*� ¯¼�I�X�

ξ
¯º�*�
�*�¦�"�*���*���

t1
���I�j´I�|�|�v�5¢)�5�º×Ê)�5¢��,���&�¥� �* ��� A£��*�|�&�*�¦�"�*���

ξt1

�5�v�5´I¯¦�5¢xÊt�����¦�I�|¢I�±�9É|¡A�5¢A¯¼�I� ��¯º�*�±�³�"�"�*���*�&�
t2
���I�j´I�|�|�v�n×¢)�5�¦Ê)�5¢,{�Ü(� �
���* ��* A£G�¦�g�*�¦�IÊIÊØ�®�*���*´IÉ|�"���¦µíü3�|�|¢��g�5�¦���³ý�Êt�����¦�����¦�"�&�¦�g�j�¦É|�¦���j���I¢I���t�����©Ê��*���¦�����¤I�|Ê)�5¯¦�5�Ñ�5�+óI¢,{,¢��* A£9�g�*�"���
���j�g�*´I¤I�|Ê)�g¡A�5�9�*�¦�"�*���*� ¯¼�I���A�5�9���j�Õü®�5�
�|¢=�Ñ���5�"¢I�A�®�j 5¯¼�I��ý������* 5¯º�jÊIÊÊt�����¦�����¦�±�¦�n�5Ê)�5�|£9�.�*´I´t�*¢~��¯º�*�±�5�I�"�j�=�j�¦�"�*�v�j�*���A�����I A A¡��*¢9£��*¢��*�;���¦� �*�"�*�"�*Ê��*¢~�5�|���j�¦¤)�5�®¯¼�I�� �* �{�Ñ�*�����5¢I�9Ê)�5¢;�* A£=�*�¦���*¢Ø� �* ��� A£��*�|���*�¦�"�*�9Êt�j�Ñ�5�A�5�¦�I¢I�¶Êt�����¦�I�|¢I���IÉ| A£Ø��Êt�����¦�����¦���

ξ̂t2 = aξt1

üºzA{|zg«�ý
¯º�*���*¢=�¦���G¡A�5�v�5�
�|�|£��*¢

a
�*�¦�"�*��� �*�|���*�¦�g{#ü�Ü(�.���jÊIÊ¶� �* ��� A£��*�����¦Ê��j�
�5�A�5�¦¢)�5¢I��Êt�����¦�����¦���=���¦��ÉÆ×�"�*¢I���* A£.¯º�n¡��jÊ��*�|���*�¦�"�*�9�"���I�5�9�=�j���.�|�|¢��g�5�¦���ÕÊ������¦�������.�&ó��Æ�"Êt�*�|���
�|¢9���5� �|�|¢��g�5�¦�=�j�&ÊI�|¢)�j�*�|×�j¯¦�5��¯º�*���*¢=�"�*¢��A{ ý
ÄÞÊt�����¦�����-¢��* A£9�g�*�"���-���j�g�*´I¤I�|Ê)�5¯¦� �5�v�5�¦���5�
e = E

[(

ξ̂t2 − ξt2

)2
]

= E
[

(aξt1 − ξt2)
2
] üºzA{|zg­�ý

¢��*�
¢��* =�5�¦É|¡¾�¦�n�5� �j�#�*�¦�®¯¼�I�����5� �*�|£¶�"�*�¦� ���¦�g�*�"���"�*¢Ø���I A A¡��*¢9£��
a
×ß¢)�5���I¤I���¦�g�*¢

e (a) = E
[
ξ2
t2

]
− 2aE [ξt1ξt2 ] + a2E

[
ξ2
t1

] üºzA{|zn§Aý
Ä[ü3¢��* A£9�g�*�"���(���j�g�*´IÊ��*¢tý����* 5¯º�jÊIÊ;�|�|¢��g�5�¦���(Êt�����¦������´)�5���5� �*�"�*�"� �5�
�5�

a0
�*�¦�"�*�����5� �*�|£9�"�

e
�
�|¢I�|���5�|�����)�*�&�5�&�*�¦�"�*�7ü��I�*�¦�|¡A�5�|¡A�
���#¬n×ß¡A�5�,�* A£=�*¢I���g¡=���"�*¡��

e
�9�Æ�®�º¯º�*�g���"�*��� ý

a0 =
E [ξt1ξt2 ]

E
[
ξ2
t1

] =
Rξ(t1, t2)

Rξ(t1, t2)

üºzA{|zgª�ý
Ö;�* =�5�|�v�5´IÉ|�¦¤)�5�"�]��¤��j A£ �����* n¯º�jÊIÊ7Êt�����¦�����(´)�5���5� �*�"�*�"�*�&�&¯º�*���5�I�"�j�=�j�¦�"�*�v�j�*���A�(���I A A¡=�*¢=£=������5�9�I A£=�5¢í� �* A¤)�5���5�"�j���5�s�Õ�����5�9óI A£g���
�|¢=���X���* 5¯º�jÊIÊÈÊt�����¦�����©¢��* A£9�g�*�"���
���j�g�*´I¤I�|Ê)�5¯¦�5���¤I���¦�g�*¢

e(a0) = Rξ(t1, t2)

[

1 −
R2

ξ(t1, t2)

Rξ(t1, t1)Rξ(t2, t2)

]

§
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õ��j¢9�"�A�����5¢9�I�����5 ��j���

• Ä#�©�*���j�"�º¯º�*�|�g���¦�
�®�*�v�j���5�(�| ��*¢=£=����� �* ��j�����j���5¤��j�Ý�<��cg¥e�¤��dgf5�
���¦� �*�"�*�.�
�®�j�Æ£9�5���5���5�G×�"�j�=�j�¦�"�*�v�j�*���A�����I A A¡��*¢9£��A{ �����5� ���¦� �*�"�*�.�I A£=�5¢)�5�9�=�j�.�*���* ��*¢��I�Ø����jkf5ª]fih.�5����÷,�³����®�*�v�j���5�"�j�¶� �* ��j�����j���5¤��j��{
• á �*�9�|¢=�¦¡=���G¤��j A£¾��¢��* A£9�g�*�"�����=�j�g�*´I¤I�|Ê)�©�"�*�
�
�|�=�*´I´t�*¢X�"�*� ���*¤��*�-¢��* =�5�¦É|¡�� e0

�"�*����*¤��*�-¢��* =�5�¦É|¡�{±���g�*�¦�#ÊI�|���j¢9£=�A���5¢Ø�| =�5�W�I¤��j A£
R2(t1, t2) ≤ R(t1, t1) · R(t2, t2),

üºzA{|zg°�ý
�5�
�=´��*�"�¦�g�±¢��*�Þ���j���5�
�|¢=���8m��5����¤=£=×º¹9��¤gÞ��5�¦�¦�*×rÙÕ�I¢9£9�5���n¡G�¦���9���®�*���+�* A£��*¢I���j�¦���*¢��"�* �=�j�¦�I�|� �*¢=£=�*�|¢I�9�"�.�¦�n�5Ê��j�¦�-¡j�5�|�"�j�n�5���G{

• Ü(�
�&�®�j�|£9�5���5��ü3���* =�5�v�5ÊIÊØ A£=�*¢I ��*¢tý��¦���j�*���j¢)�5�¦�|�����)�5�9�=�j�
ß mξ = E [ξt1 ] = E [ξt2 ] = const

ü3¢��*� ���I A ��5�.���I�j�"�j�3ý
ß Rξ (t2 − t1) = Rξ (τ) = Rξ (t1, t2)

ü������5�È�
τ = t2 − t1

���I�j�9�I���j¢=Ê��"�* A�"�j����I A 9ý
��ÊIÊ��*¢7�5�����"�*�¦Ê��³¢7�5���j´I�¦�|���5�|����´I�"���G�|�=�*���A�(�* A£9�I�¦�¦¤)�5�"� �®�j�¦�&�I�v�5¯¦�;üºzA{|zgª�ý-�* A£G�¦�g�³×�¦µ��"�9�G�|���

a0 (τ) =
Rξ (τ)

Rξ (0)

e0 (τ) = Rξ (0)

[

1 −
R2

ξ (τ)

R2
ξ (0)

]

¡A�5�v�5�
�|¢9�
R2

ξ (τ) ≤ R2
ξ (0)

üºzA{ �A¬�ý
• Ü(�¥� Ê������¦�����Õ¯º�A���5 =�5�(¢��*� ��¢��* A£9�g�*�"�����=�j�g�*´I¤I�|Ê)�g¡j�5��� �*�¦¢��j���,� ���* n¯º�jÊIÊ Ê������¦������ �* =�5�|�=�j���j���5¤��j�¥¢��*�ÿ���*¢I¢����*���* ��*¢��I� �
¯º�*�Õ�5�I�"�j���j�¦�"�*�v�j�*���A�&���I A A¡=�*¢=£=�*¢��*�7���¦� �³×�"�*�"�A{+¹9�j���=�|�|£=�*¢��=�*¡����+���¦� �*�"�*�ÕÊI�|�¦�"�j�A�5Ê)�5¢¥� �* 
��¤I�|Ê)�.� �*�¦�"�*���*¢��*� �9���¦�n�5�
É|���j���5����"�*�ö�| ��*¢�¢9£9É|�|�|�©���*¤��*�"�A�"�* �{+½�£9�5�9���5¢ ¤)�j�¦��¢��A���9�*�¦�"�*�|� ���+¤I�|Ê)�5�9�¦�|�"�*�¦�|�I� ���*¤��*�¦¢��-´I�ß{�5�.óI¢,{±�5Ê��¦�g�j�|óI�-�=�j�g�*´I¤I�|Ê)�s�

E [|xt2 − m|] , üºzA{ �Gzný
�5� �*�|£9¢��*��� �* A¤)�5���5�"�j�n�j���
�5�|���5�v�5Ê)�5¢X�5�.�5�I�"�j�=�j�¦�"�*�v�j�*���A�Õ���I A A¡=�*¢9£9¢��*�t� �*�|£=�*ÊIÊ¶���º×� �*�"�*�"�*�=�*�-�| ��*¢9£��*�ß{

243�àË3 ÇÄ=:9<È�É
¸(�j¢=�"�"���*���
¤��j A£x�

ξ(t) = A cos ωt + B sin ωt
�®�j�|£9�5���5�¥ü®�5¤��j�

A
���

B
���I A ��*�¦���*¢P¢��j�º×���5�|��� ¡A�5���A�¦��É|¢=µ)�"�³ A�#¡A�5�|�"�j�g�j���Õ¢9�I�|�v� ¡A�5�¦¤)�5�"�P�*�¦�"�*�9���*�#�����* A£G�"�* A¢=£9�#�¦�g�j���j�"���5�3ý©�*�"�A�"�*¢¡A�5 A£  A£=�*¢I ��*¢¾�¦���j�*���j¢)�5�¦�|���º×r�e�XÜ(�5���5�"�j���n��� �*  �.�®�j�|£=�5���5�-�5�I�"�j�=�j�¦�"�*�v�j�*���A�����I A A¡��*¢9£=�*�g{���¦ ��=�G�|�9���º×r���&�®�j�|£9�5���5���

ª
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áÌâ_ã
äHågæ?çHèÄö�¦���j�*���j¢)�5�¦�|���j���
�|¢��G�| ¾¡A�5�v�5�
�|�|£=�*¢x�¦���5�¦���¦���¦�|�A�5��¯º�*�|���*�
�g�¶���I�j�|¢9¡A�5�¦�v�5¢��*�v�5¯¦�5�-¯º�³���*¢9�¦�ß{Ä� A£��*¢I ����¦���j�*���j¢)�5�¦�|���j���"�*� ¯º���¦�I�����"�*¤��*���5�(�*���"�����+���j�"�=�G�"�*¢��Gµ¾�¦���5�¦���¦���¦�|�A�5� ���I�j�|¢=¡A�5�¦�v�5¢G×�*�v�5¯¦�5���=�g¡=�*�"�*� ¯¼�I�¥� �* ��#ü3�ß{��*�
���*�=�*���"�*�"�=ý
zA{-Äx�®�j�|£=�5���5�,¡A�5�¦¤)�5�"�=�*�¦�"�*�=×ß���I�����I A A¡=�*¢=£=�����* A£=�*¢&�5�|�v�5¢��I�]�A�5�n�5�

E [ξ(t)] = konstans
{���&���"�*�¦�I¢I�9Êt�*¢Ø�"�*� ¯º���¦�I�,�����G¤I���¦�g�*¢

E [A cos ωt + B sin ωt] = cos ωtE [A] + sin ωtE [B] = 0

Äÿ�¦�g�5� �j�v�j�¦Ê)�5¢_�9�Æ¤t�j�¦�*¢t�5�Æ�"�I���#¤��j A£��P¡A�5�¦¤)�5�"�í�*�¦���³�Ú���*´I�g���¦�(��µI¡��*���*�¾�|�|¢��g�5�¦����j´t�*���5�"�j���)É| A£¶���5 ��j¢I�=�³¢9���*�|¡��* ��*��¤��*�"�]�)�|�|���*�¦¡=�&�©�=�j¢��¦���5¢��-�9���*� �*�Æ¤)�³���I{(ü3·��| A£9�5�n�5��������j¢��¦���5¢��+�|�¦�Õ�5���
¯º�*���*¢9�¦���=¤��j A£��(¡A�5�¦¤)�5�"���*�¦�"�*�
���*´I�g���Õ�¦�g�*�
´t�j¢9�®¯¦�5Êt�j�t�=�j¢��¦���5¢�����5�n�5�Ë���±Öÿ¡A�5���A�¦��É|¢=µ��"�* A�,¡A�5�|�"�j�g�]é ý
�G{-Ä#� �5�I�"�j���j�¦�"�*�v�j�*���A�7���I A A¡��*¢9£������5�é�5� �5�¦ A�I� �*¢=�¦�I�¥�5Ê)�5¢ö�¦�g�*�"�*´I�����=�*� ���I�g¡A�5�Æ×�"�j�g�¥�9�I���j¢9Ê��"�* ��*�"�j�����I A xü®�5�n�5� �* A£9¡A�5�|�"�j�g�A�����I A A¡��*¢9£�ý��t�®�j�¦���5�|�����5¢,�

Rξ(t1, t2) =
Rξ(t2 − t1)

{�ã
�j�"�¦�I�¥�"�*� ¯º���¦�I�Æ×r��� �A�¦���
Rξ(t1, t2) = E [ξ(t1)ξ(t2)] =

= E [(A cos ωt1 + B sin ωt1) (A cos ωt2 + B sin ωt2)] =

=
� [

A2 cos ωt1 cos ωt2 + B2 sin ωt1 sin ωt2+
]
.

+ [.AB cosωt1 sin ωt2 + AB cos ωt2 sin ωt1] =

= E
[
A2
]
cos ωt1 cos ωt2 + E

[
B2
]
sin ωt1 sin ωt2 +

+ E [AB] cos ωt1 sin ωt2 + E [AB] cos ωt2 sin ωt1

ÖX�|¡��*�
A
���

B
���I A ��*�¦���*¢��*��¡A�5�v�5�
�|¢9�Ø¢9�I�|�v�È¡A�5�¦¤)�5�"�=�*�¦�"�*�9µ��*���.�*�g�*�¦�

E [AB] =
E [A] E [B] = 0

�GÉ| A£
Rξ(t1, t2) = E

[
A2
]
cos ωt1 cos ωt2 + E

[
B2
]
sin ωt1 sin ωt2 =

= cos ω(t1 − t2)

ü®�5�;�I�"�j���"�P���*´t���¦Ê��*¢��
cos(α − β)

×ß���x¡��j¢)�5�¦�=�j�g�P�¦�¦�| ��j¢��j� �*�¦�¦�|�9���¾�A�"�¦�g�³���I A ����¦�¤)�j�¦��¢)�5�|�¦�I�¥�®�*�3ý³{ á �*¤)�5�������j�"�9�G�|���®�*�|�"�*�"�*�,�����"�*� ¯º���¦�I�|�g{
���g�*�¾�5�v�5´I¯¦�5¢;���®�j�|£=�5���5�8d�­gf�l�dg��l$�ih�§W�i�~¡�lG¦� ����g�*{Ä#���³���A�&�¦���j�*�|�j¢t�5�¦�|���j�¦¤��j�W�ÑÊ)�5�¦�
�|�|£��*¢

N
�G�|� �*¢I�����A�&´I�"�j¯º���"�=�*���Ø�*���A�¦���v�j���5¢)�5�Åü3¡A�5 A£�¦µI�¦µ��"�* j���I A A¡��*¢9£��*¢��*��ý#�|¢=¡A�5�¦�v�5¢��¦¢)�5�;�=�*�|�����*¢I¢I��� �5�©���I�jÊ��*�|�±�*�|�"�j�v�j�¦���G{�Ä#�ê�ö�G�|� �*¢I�����A�´I�"�j¯º�*���*���¥¢��*�U���j�����
�|¢9�.� �®�j�|£=�5���5�

t1, t2, ..., tN
���I�j´��j¢=�¦Ê��*�|��� �* ��� A£=�*�����"�*�|Êt�j�����
�|¢9�¡A�5���A�¦��É|¢=µ��"�* A�,¡A�5�|�"�j�g�j�9Ê��j�,���*´I�g�*�¦�-¡=�*�9�"�j�g�-ü3Ê��g¡=�*ÊIÊt�*¢Ø�ß{±�*�
���*���*���"�*�"�=ý

[ξ(t1), ξ(t2), ..., ξ(tN )] = [(A cos ωt1 + B sin ωt1) , ..., (A cos ωtN + B sin ωtN )]

ÖX�|¡��*�
A
���

B
¢��j�¦���5�|���-�*���A�¦���v�j�¦ó)�5���)�

cos ωti
�¦É|´I�)�¦ó¾���5 ��j�¥´����G�|  �I�*�"�*�¦�
�|¢I���¦���¦�|�9�����5����5�n�5�;�ëÃ*�¦���5�¦���¦���¦�|�A�7�¦�g�*� �¦�g�j ��*Êt�j��Ã¾�=�j¢��¦���5¢��"�j���+É| A£ � ¡A�5���A�¦��É|¢=µ��"�* A�#¡��*�9�"�j�¦¡A�5�|�"�j�g�j¢I�

°
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�
�|¢��I�*¢~���j�
´��j¢��*¢��"� ¢��j�¦���5�|���©�*���A�¦���v�j�¦ó����* A£9�I�¦�"�����*���A�¦���v�j�¦�I�7�"�*¤)�5���¦���|¢9�"�*¢P¢��j�¦���5�|��������¦��{ ¨ �|���5�v�5¢��A���5¢X�* A£

N
�G�|� �*¢I�����A�-¢��j�¦���5�|���#�*���A�¦���v�j�#�¦µI�¦µ��"�* j���I A A¡��*¢9£��

f(x1, x2, ..., xN ) =
1

(2π)N/2(detK)1/2
e−

1
2
(x−m)T

K
−1(x−m) üºzA{ �A��ý

�5¤��j�
K
�#�=�g¡A�5�¦�v�5¢��*�v�����5�¦�¦�Æ²
���

m
�#¡A�5�¦¤)�5�"�9�*�¦�"�*��¡��*�9�"�j���=�5� �*�|£��* A£��*�¦�"�*�|��µ��*¢ � �* A¤)�n×���5�"�j���n�¥�
�¦µI�¦µ��"�* j���I A A¡=�*¢=£9�����#���5¯¼���
���*�"���¦���¦�I���5���*���A�¦���v�j�¦�g{�}��*���*¢ ���"�*�¦Êt�*¢

mξ(ti) = 0���
Kij = E [ξ(ti)ξ(tj)] = Rξ(ti, tj) = cos ω(ti − tj)��ÊIÊt�j�
�v�5�"�¦���|���I¤��j A£¶�
�|¡=�*�

K
���

m
���I�j�|¢9¡A�5�¦�v�5¢�����É| A£¾���®�j�|£9�5���5�-Ê)�5�¦�
�|�|£��*¢

N
�G�|� �*¢G×�����A�Õ´I�"�j¯º�*�=�*�|�A¯º�5¢t�5���¦µI�¦µ��"�* j���I A A¡=�*¢=£=�©ü3�|�|���*�¦¡��(�*���A�¦���v�j����ý±���Õ���I�=�*�|�"�j�v�j�¦�����|¢=¡A�5�¦�v�5¢��������¦��{Ä#�n�5�W�����®�j�|£=�5���5��f� £¬r��f�l$�ih�§W�i�~¡�lG¦� ����g���ì�*{Ä#�±�*�¦ ��=�I�|�*�|���j�
¡9�|�g�¦ =�5�v�5���5¤��j�W�5� �* ��=�*�|�A¢��*��¢I���n¤��j A£.�5�����I�jÊ��*�|�9�5�¦�v�5 ��j�(� �* ��* A£��*��¢��*�=×�.���¦���5�¦���¦���¦�|�A�5�
�5�¦�v�5 ��j�9�A�5�ß{±Ä#�&�5�v�5´t�I����¢I�������¦�g�*�¦�|¢=�-Ê)�5�¦�
�|�|£��*¢Ø���j�"���5���A���9�®�j�|£9�"�j¢��A�� )üº{ ý���I A A¡��*¢9£9�"���®�*¢I¢Ø���*�|�Ñ�5�|�Æ¢����s��¤��j A£

〈g (x (t))〉 = lim
T→∞

1

T

∫ T/2

−t/2
g (x (t)) = E [g (ξ (t))]

üºzA{ �A��ý
�5¤��j�

x(t)
�

ξ(t)
�®�j�|£9�5���5���* A£7�"�g�5�|�|�n�j�*���j¯¦�G{X·��|�g�¦ =�5� ¯¼�I�P�¾���j�"�=�G�"�*¢��Gµ �5�¦�v�5 ��j�A�5��éXÄ�¦���5�¦���¦���¦�|�A�5���5�¦�v�5 _�±�5¤��j A£7���*¡��*�g�*�¦�¦�I�

Rξ(τ) = cosωτ
{ØÄ#�����I���5�¦�v�5 ;¡9�|�g�¦ =�5�v�5���5¤��j�¥¡=�³× A£9�I�7�5�

A
���

B
¡A�5���A�¦��É|¢=µ��"�* A�+¡A�5�|�"�j�g�j�7�* A£ �"�g�5�|�|�n�j�*���j¯¦�5�©�5�
�|�

a
���

b
¯º�*���j�ß{¥���9���j�©����j�"�=�G�"�*¢��Gµ¶���I���5�¦�v�5  〈(a cos ωt+ b sin ωt)(a cos ω(t+ τ)+ b sin ω(t+ τ)〉 ¢��*� �¦�g�5Êt�j�L�¤��j A£;���I A n¯º�j¢

a
���

b
���j¢I�9�"�*�&�*�¦�"�*�=�*�"�j�ß{�ç��j¢I¢=£=�*¢x���5�v�5�|¤)�5�¦�I¢I�P�5�g�j¢9Ê)�5¢~�j�|£=�5¢x´��*�����5�ü

τ = 0
¡A�5�v�j�¦�����j�"���5�3ý��G�5�
�|�=�j���*���.�9�Æ�®�º¯º�*�g���+���I A 

a
���

b
���j¢I�9�"�*���*�¦�"�*�=�*�"�j���G¤I���¦�g�*¢¶�*�9�=�j�

〈(a cos ωt+b sin ωt)(a cos ω(t+τ)+b sin ω(t+τ)〉 = 〈a2cos2ωt+b2sin2ωt〉 = 0.5〈a2+b2〉
��ÊIÊt�j���5���=�g¡=�*�¦���*���|���G¤��j A£Ø�&�®�j�|£9�5���5��¢��*�N�*�¦ ��9�G�|�9���g{Ö;�* n¯º�* A£9�g���g�
�¦���"�9�"¤)�j�¦���¦�|�9���Ñ�®�j�|£9�5���5�"�j� ⊃  A£=�*¢I ��*¢
�¦���j�*���j¢��*���®�j�|£=�5���5�"�j� ⊃ �*�"�A�"�*¢�¦���j�*���j¢��*���®�j�|£9�5���5�"�j� ⊃ �*�¦ ��=�G�|�9�����®�j�|£9�5���5�"�j��{
243Bí!3 ÇÄ=:9<È�É
Ü(�

ξ(t)
���

η(t)
�®�j�|£=�5���5�"�j�(���I A ��*�¦���*¢��*���5 A£��*¢I ��*¢©�¦���j�*���j¢)�5�¦�|�����5���5¡A�5�v�5�
�|¢=�
�g�*�¦���
¡A�5�¦¤)�n×�"�=�*�¦�"�*�9µ��*���G�5�9���j�±�I A£9�5¢��*�#�*�|� �j¢��G¤)�5�"�5×r�(�

θ(t) = ξ(t)+η(t)
���|�|���*�¦¡����

ν(t) = ξ(t)η(t)�®�j�|£=�5���5�"�j�9�"�j���
áÌâ_ã
äHågæ?çHèÄ

θ(t)
 A£=�*¢I ��*¢¶�¦���j�*���j¢��*���9¤I���¦�g�*¢¥�"�*� ¯º���¦�I�t�����. A£��*¢I ����¦���j�*���j¢)�5�¦�|���j���=�*�±�®�*�|�"�*�"�*���©ü3�ß{�*�
���*���*���"�*�"�=ý����I A£9�5¢I���g�

E [θ(t)] = E [ξ(t) + η(t)] = mξ + mη = 0

zg¬



õ��±}��ÕÇt� á zA{Ú¹IÇ á ä!mÕÜ�Ä�¹IÇ á[n ç!o�¹¶õ�ä�ã�åÕÄ�Ö;Ä á ä�ç zAz
���

Rθ(t, u) = E [θ(t)θ(u)] =

= E [(ξ(t) + η(t))(ξ(u) + η(u))] =

= E [ξ(t)ξ(u)] + E [η(t)η(u)] + E [ξ(t)η(u)] + E [ξ(u)η(t)] =

= Rξ(t − u) + Rη(t − u) + E [ξ(t)η(u)] + E [ξ(u)η(t)] =

= Rξ(t − u) + Rη(t − u)

Ä#�#�I�"�j���"�&�*���j�¦�¦�t���*´����¦Êt�*¢¾�³ A£G�¦�g�*�¦µ��*¢Ø�5�|�j�5�|���5���¦�I�¶�(�®�j�|£9�5���5�"�j���5�I�"�j�=�j�¦�"�*�v�j�*���A�+���I A j×¡��*¢9£��*�|�"�Õ¡��j¢t�5�¦���j�g�(�I����¢IÉ��*���j���9�5�Õ�I�"�j���"�����*´����¦Êt�*¢
´t���G�| .�-���I A ��*�¦���*¢��"�* AÊ��j�I���n¡��*�¦�=�*�g�=�*¢¤)�5 A£9�¦�I�¶�*�Ñ��� �* j�®�*���*���
���5 ��j�A�5�g{±Ä#�n�5���&�®�j�|£9�5���5�� A£=�*¢I ��*¢X�¦���j�*���j¢��*�g{Ä
ν(t)

�®�j�|£=�5���5�¦���©¡=�j¢)�5�¦���j�g� �¦�n�5�
É|���j�"�j�¶¤)�j�"�j¢I�����5���
E [ν(t)] = E [ξ(t)η(t)] = mξmη = 0

�&���I A ��*�¦���*¢��"�*  �
�v�5�¦�������
Rν(t, u) = E [ν(t)ν(u)] =

= E [ξ(t)η(t)ξ(u)η(u)] =

= E [ξ(t)ξ(u)] E [η(t)η(u)]

= Rξ(t − u)Rη(t − u)

Ä#�±�I�"�j���"�#�*���j�¦�¦�9���*´t���¦Ê��*¢©�5���
¤)�j�¦��¢)�5�|�¦�I�.�9���n¤��j A£
ξ
���

η
���I A ��*�¦���*¢��*���A�*�g�*�¦����¡A�5�¦¤)�5�"�=�*�º×�"�*� ���*´I�g�������5 ��j¢I���*¢9���*�|¡��* ��*��¤��*�"�I{±Ä��
�Æ¢9���v�5�"�¦���|� �|�¦�����+���³� ¯º���¦�I�,�. A£=�*¢I ����¦�³�j�³���j¢)�5�"�Æ�³�j��
�|¢��G���*���®�*�|�"�*�"�*���A{

243�î�3 ÇÄ=:9<È�É
á �*�9�|¢9�"�¦�I¢I�¾�* A£

x(t)
 A£=�*¢I ��*¢;�¦���j�*���j¢��*�-�®�j�|£=�5���5�"�j����� �*�|£9¢��*�¾���¦� �*�¦�(�©¡A�5�¦¤)�5�"� �*�¦���³�=�ü

mx
ý����(�5�©�5�I�"�j���j�¦���³�v�j�*���A�����I A A¡��*¢9£��¥ü

Rx
ý³{�Ö;�9�G�I�v�5� ¯¼�I¢I�Ø�*���g�*�����®�j�|£9�5���5�¦���5���5�
´I�|�Æ×�¦ó��I�jÊ)�5¢X�* A£¥¡=�*���*�¦���*¢¾�ß�5�����¦ó¾�=�A�¦���|¢=���¦�g�A��¡9�|¡=�j�g{�}��*���j� ¯º�.�*���

y(t) = x(t) cos(2πft + ϕ)

�5¤��j�
ϕ
�* A£��*¢I���*�"�����*���A�¦���v�j�¦ó¥¡A�5���A�¦��É|¢9µ��"�* A��¡A�5�|�"�j�g�©�

[0, 2π]
���5�¦�"�j���5¢9£��j¢,{ á �n¡A�5ÊIÊ)���®�*�Æ×�"�*�"�*���*�����I���I¤��j A£

ϕ
���

x(t)
���I A ��*�¦���*¢��*��{��ýÕÜ(�5���5�"�j���n�
� �³ ¥�5�

y(t)
�®�j�|£9�5���5��¡A�5�¦¤)�5�"� �*�¦�"�*�=�*��éÊtýÕÜ(�5���5�"�j���n�
� �* ��5�

y(t)
�5�I�"�j�=�j�¦�"�*�v�j�*���A�-���I A A¡��*¢9£��*��é�ný#¹=�n�5�
É|�"��� �9�

x(t)
���

y(t)
���*�"���¦���¦�=�j�¦�"�*�v�j�*���A�#���I A A¡��*¢9£��*�(�
�=�g¡=�*�¦�=�*���¥�I����¢IÉ��*�|�¶�"�* AÉ|�º×�"�* ��*¡��*�ß�
Rxy(t1, t2) = E [x(t1)y(t2)] .�)ý+·Õ�5¯º�j¢¾ A£��*¢I ��*¢X�¦���j�*���j¢)�5�¦�|���º×r���5�

y(t)
�®�j�|£=�5���5�-�����

zAz
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áÌâ_ã
äHågæ?çHè��ýÕÄ_���I A ��*�¦���*¢��"�*  �®�*�Æ���³���³���*¢��*�¾�9�|¤)�j�¦��¢)�5�v�j����¡A�5�ß�

my = mxE [cos(2πft + ϕ)] = mx · 0 = 0

Êtý�Ä �¦�n�5� �j�v�j���"�j���5¢P�9�|¤)�j�¦��¢)�5� ¯¼�I���Ñ¤��j A£;���I A ��*�¦���*¢~¡A�5���A�¦��É|¢=µ)�"�³ A�Õ¡A�5�¦¤)�5�"�j�x�¦�g�j�¦�n�5���n×¢)�5� ¡A�5�¦¤)�5�"�9�*�¦�"�*�����* A£=�³¢��|� �.¡A�5�¦¤)�5�"�9�*�¦�"�*���*�¶�¦���j�"�g�5�³��¡A�5���G¡A�5�v�5�
�|¢=�#�5�����9¤��j A£� A£��*¢I ��*¢�¦���j�*���j¢��*���®�j�|£9�5���5�"�j�¾�5�I�"�j�=�j�¦�"�*�v�j�*���A�����I A A¡=�*¢=£=���* A£9¡A�5�|�"�j�g�A�g{
Ry(t1, t2) = E [x(t1) cos(2πft1 + ϕ)x(t2) cos(2πft2 + ϕ)] =

= Rx(t2 − t1)E [cos(2πft1 + ϕ) cos(2πft2 + ϕ)] =

= Rx(t2 − t1)
1

2
E [cos(2πf(t1 − t2) + cos(2πf(t1 + t2) + 2ϕ)] =

= Rx(t2 − t1) cos 2πf(t1 − t2)

¤I���¦�g�*¢È�Ø¡��*���*�¦���*¢~�ß�5�����¦ó�ü3���j�"�9�G�|��ý����A�¦���|¢9���¦�g�A�&���5 7�"�j�j�j���5 =�5�"���5 =�X¢=�I�|�v�s�+�5�¶�*���"�Ø���5 ´t���G�| ¥�©¡A�5�¦¤)�5�"�=�*�¦�"�*�¾�&µI¡=�*���*�#�¦�g�*�
´t�j¢9�®¯¦�5Êt�j�
���j¢��¦���5¢��¦¢)�5�¶�"�*�9�Æ¢9�¦¤��*�"�I{�ný
Rxy(t1, t2) = E [x(t1)x(t2) cos(2πft2 + ϕ)] = Rx(t2 − t1)E [cos] 2πft2 + ϕ = 0

¤I���¦�g�*¢Ø���j¢I�9�"�*�
f
���

t2
���"�*�"�*¢;��¡=�*���*�¦���*¢¾�ß�5�����¦ó¾�=�A�¦���|¢=���¦��¡A�5�¦¤)�5�"�9�*�¦�"�*���&�*´I´t�*¢Ø�g�*�¦���g{�)ý�ÖX�|¡=�*�

my = 0
�"�*¤)�5�Õ���j¢��¦���5¢����9���

Ry
�����5���

t2 − t1
���I�j�9�I���j¢9Ê��"�* A�"�j�)���I A _�9�*�g�*�¦�

y(t)���� A£��*¢I ��*¢X�¦���j�*���j¢)�5�¦�|���g{
243{ï"3 ÇÄ=:9<È�É
·��|�g�¦ =�5� ¯¼�I�¾�©���n¡��*�¦�=�*�g�
�¦���"�9�"¤)�j�¦���¦�|�9�����®�j�|£=�5���5�"�j�g�

ξ(t) = Ae−t �)�5¤��j� A ¢)�j�¦���5�|�|�#¡A�n×���A�¦��É|¢=µ��"�* A�,¡A�5�|�"�j�g�
0
¡A�5�¦¤)�5�"� �*�¦�"�*�9���*�
���-�* A£G�"�* A¢=£9�
�¦�g�j���j�"���5�ß{��ý�¹=�n�5�
É|�"���
�9�,���®�j�|£=�5���5�-¡A�5�¦¤)�5�"� �*�¦�"�*�=×ß���I�©���I A A¡=�*¢=£=�*��éÊtý
Ü(�5���5�"�j���n�#� �* .�

t1 = 1s
���

t2 = 3s
���I�j´I�|�|�v�5¢)�5�"�j�9Ê)�5¢
� �* ��� A£=�*�|¤��*�"�(�
�|¢9���5�&���j�g�j�¦�¦����j�¦�"�*�v�j�*���j�g{�nýÕÖX�|�|£=�*¢Ø�*�¦�"�*���*��Êt�*¢;�¦���j�*���j¢��*�����®�j�|£=�5���5���

áÌâ_ã
äHågæ?çHè��ý
E [ξ(t)] = E [A] e−t = 0�I A£=�5¢I�����9�
�|¢9�����j���5ÊIÊ)�5¢¾���5�Õ¤)�5¢I ��¦óI�|£=�j���¦�I���I�&¡A�5�¦¤)�5�"�©�*�¦�"�*���j´��*���5�"�j���|�|¢��g�5�¦�����j´��*���n×�"�j���IÉ| A£¾���=�j¢��¦���5¢��&ü3�|�¦�#�³�"�"�"�����I�*�"�*�¦�
�|¢I���¦���¦�|�9���³ý����5  �9���*� �³�|¤��*�"�I{ÊtýÕÄ��®�*�v�j���5�#�5�&�5�I�"�j�=�j�¦�"�*�v�j�*���A�����I A A¡=�³¢9£¶�* A£��=�j¢I�9�"�*�-�*�¦�"�*���*�"� ü

Rξ(t1, t2)
ý+���*�"�I�*�����G{År A£~���* A���*�g�*¢G�®�*�9¡=�jÊIÊ��+¤)� �9���¦�n�5� �j� ¯¼�I�~���5 =�5�¶�5�X�5�I���j���j�¦�"�*�v�j�*���A� ���I A A¡��*¢9£9���Õ�
�I���5¢)�Êt�*¤��*�|£=�*�¦�"���¦É|�®¯¼�I�Ø���=�j¢I�9�"�*�-�*�¦�"�*�=�*���*�g{

Rξ(t, u) = E [ξ(t)ξ(u)] = E
[
Ae−tAe−u

]
= E

[
A2
]
e−t−u = e−t−u

zg�
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Ä

t = t1 = 1s
���

u = t2 = 3s
¡A�5�v�j�¦�����j�"���5�
�*�|¡��í�Å���*�"���"�*�¦� ���j�¦�"�*�v�j�*���A�7�*�¦�"�*���

Rξ(t1, t2) = e−4 = 0.0183
{�ný�Ä�¡A�5�¦¤)�5�"�=�*�¦�"�*�=×ß���I�&���I A A¡=�*¢=£ �I A£=�5¢¥�=�j¢��¦���5¢����9�I�(�5���5�I�"�j���j�¦�"�*�v�j�*���A�Õ���I A A¡=�*¢=£©���I A ���=�j¢I�9�"�*�

t1, t2
���I�9�*�¦�"�*���*�9�"�j���GÉ| A£
�"�*¤)�5�-���®�j�|£=�5���5�Õ� �* � A£=�*¢I ��*¢¶�"�*�����*¤��*���¦���j�*���j¢��*�g{

243�ð�3 ÇÄ=:9<È�ÉËÊÌÉ�>?ÐyØ!Û�É�FGÐ[Ï�Î49{FÕÔ¤7:Û�=
ÏñEHÉóò
�� A£

ξ
¯º�*�,�¦´��*�9�¦���5�|���-�¦µI�¦µ��"�* j���I A A¡=�*¢=£=�

sx(f) =

{
s0, ha |f | ≤ B
0, egyebkent

.
üºzA{ �5¨9ý

Ä#���|�|£=�*¢�¯º�*�H�¤¦��¤ªs§�h�¦� £¡�jôh(ü3¤I���¦�g�*¢ØÙ+×ß¢��*��¢)�5 A£��jÊIÊ¶���"�*�9¡��*¢��*�v�5¯¼ó¾�A�"�¦�g�*�"�*¡��j��¢I�|¢����"�*¢��*��ý��I���b¤f5ª]�� Xü®� ¢��*�
�g�*�¦�����|¢9�"�*¢I���|���j�¦ó¶¯º�*���A�"�¦�g�³���³¡=�j�X�5�g�j¢��A�(�*�"�A�"�"�* Aµ��*���t�(�
�®�*¤��*�-�®�*¢9£Ø�A�"�¦�g�³×�"�*¡��j�,�����|�|£��*¢��*��ý³{±Ü(�5���5�"�j�����I�¶� �* ���¯º�*�
�5�I�"�j�=�j�¦�"�*�v�j�*���A�����I A A¡=�*¢=£=�*��é
áÌâ_ã
äHågæ?çHèÄ#�¶�5�I�"�j���j�¦�"�*�v�j�*���A�����I A A¡=�*¢=£P�Ø�¦´��*�9�¦���5�|�����¦µI�¦µ��"�* j���I A A¡=�*¢=£x�|¢=¡=�*�¦�¥õ)�j�I�¦���*���¦���5¢��¦�*�®�j�º×���5�|�®¯¦�G�

Rξ (τ) =

∞∫

−∞

sξ (f) ej2πfτdf
üºzA{ �A«�ý

Ö;�A�¦�

Rξ (τ) =

B∫

−B

s0e
j2πfτdf = s0

[
ej2πfτ

j2πτ

]+B

−B

= s0
ej2πBτ − e−j2πBτ

j2πτ

üºzA{ �A­�ý
õ��*�|���¦� �*�¦¡=�.�
�¦���|¢=���¦�*���I A A¡=�*¢=£¾���I���*�º×®�®�*�|���5�v�5�5¯¦�5���IÉ|�¦¤)�5�®¯¼�I���G¤��j A£

Rξ (τ) = 2Bs0
sin (2πBτ)

2πBτ

üºzA{ ��§Aý
E
[
ξ2
]

= Rξ (0) = 2Bs0
üºzA{ �Aª�ý

�����g�*�ß�
Rξ (τ) = Rξ (0)

sin (2πBτ)

2πBτ

üºzA{ �A°�ý
���©�����I A A¡=�³¢9£¾�¦�n�5� �A�-¤IÉ|���j���j�¦�"���"¤I¢I�|�A�5�Ñ� �9�I�*�Æ�|Ê��*¢X�®�*�|ÊI�I�9�A�5¢,{+ã,�*¢9£��* ����#�¦�I�v�5¯º�I�j¢����n× =�5�ß�
zA{-Ä#�¦ A�I� �*¢9�¦�I���5¢)�5�~¢��n¡=�*�����I� ü®�5Ê��¦�g�j�|�I�³ý��*�¦�"�*���*�|�"�X�5¢I¢)�5�P�"���*�|´I�"�j�A�g¡A�5�����5¯º�j���5�Æ×¤)�5�"���5¢��¦µI¢I�|�
�*�Ñü3���5�¦�Õ�(�g�*�¦���¦¤��j�5ý³{����(�5���,¯º�*���*¢=�¦���=¤��j A£ ��¯º�*�I���g¡��j�|���
�|¢9���5�)���j�g�j�¦�����¡A�5¢Ø�¦�n�5� �j�¦�"�*¡=�
�A�5´t���"�j�v�5�g{
�G{�Çt�*�¦���#�³�"�"�*���*�-¡����¦�(�®�*���G¡A�5�v�5¤)�5¢9£G�¦�g�j�

t = k/(2B)
���5¤��j�

k
�* ����¦�W���I�(¢��*�[�g�*�¦���g{

�G{-Ä_���I A A¡��*¢9£¥ A���jÊ)�5�|���-���n²G�|�&�����
t = 0

×ßÊ)�5¢Ø¡A�5¢,{
¨�{�¹=�g�*´t�*¢;�v�5�¦¤)�5�"�]��¤��j A£¶´)�5�"�A�-���I A A¡��*¢9£W���I�.¢��*�[�
�|¢��I�*¢9�I�¦��´t�j���|�¦É|¡¶���I A A¡��*¢9£xü3¡9�Æ×�¦�g�j¢=�-´t�j���|�¦É|¡¾�I����¢I�|�-���I A A¡��*¢9£W�I�I�.�*�����j�-���*�"�I���³ý³{

zg�
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zA{|zA{)�5ÊI���G{ Rξ(τ)
Rξ(0)

�
2Bτ

���I A A¡=�*¢=£=�*Êt�*¢
243�õ�3 ÇÄ=:9<È�ÉËÊö7H÷!ø�Î4Ù�7:Ù�ÑHÒ<Ð49<Ò<>?É4Ùù9<7:ÑH>?7:Ù�×4I¿É4Í�FGÎ[@4Î[ÏGÏ�7:9<Ð4ÑHÒ<Ó4>$Ô¤Ö�×4×óú

Ø4=:Ù8Ú!ûüÔ¤Î49£Ú4ÉZD�É�F
�� A£

ξ
¯¼�*�Ñ�5�I�"�j���j�¦�"�*�v�j�*���A�-���I A A¡��*¢9£��

Rξ (τ) = R0e
−2πf0|τ | üºzA{ �A¬�ý

Ü(�5���5�"�j�����I�¶� �* ¥��¯º�*�,�¦´��*�9�¦���5�|���-�¦µI�¦µ��"�* j���I A A¡=�*¢=£=�*��é
áÌâ_ã
äHågæ?çHèÄÞ� �* =�j�I�j�¦���5���"�j���j�¦�"�*�v�j�*���A�-���I A A¡��*¢9£¶õ��j�I�"�|�*�#�¦���5¢��¦�*�®�j�¦���5�|�®¯¦�5�-�=�*�|�����*´��*��¢I�ß�

sξ (f) =

∞∫

−∞

Rξ (τ)e−j2πfτdτ
üºzA{ �Gzný

Ö;�A�¦�#�5�&�5�I�"�j�=�j�¦�"�*�v�j�*���A�-���I A A¡��*¢9£¶�¦�n�5�A�j�¦�g�j¢I���*¢9�-�*�|�"�*�"�
�=�*´I���*�¦�"�*�,É|�¦¤)�5�"�
�������*�g�*�¦�

sξ (f) =

0∫

−∞

R0e
2π(f0−jf)τdτ +

∞∫

0

R0e
2π(−f0−jf)τdτ

üºzA{ �A��ý
Ä#�.�³²G´t�j¢��*¢��¦Ê��*¢X�¦�g�*�"�*´I���©���I A ��*�¦���*¢X¡j�5�|�"�j�g�j�#�9���*� �*�|¡����)�5���|¢9�"�* A���5�v�j�"�j�A�5�#�*�|¡=�* ��*��¡��A�

sξ (f) = R0

[

e2π(f0−jf)τ

2π (f0 − jf)

]0

−∞

+ R0

[

e2π(−f0−jf)τ

2π (−f0 − jf)

]∞

0

üºzA{ �A��ý
ÄÞÊt�*¤��*�|£=�*�¦�"���¦É|�"���-�I���5¢,�

sξ (f) = R0
1

2π (f0 − jf)
+ R0

1

2π (f0 + jf)
=

R0

2πf0

[

1

1 − j f
f0

+
1

1 + j f
f0

] üºzA{ �5¨9ý
z*¨
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���|¡��* ��*��¡=�&���9� ¯º�*���j�|����µI¡��*���*�"�*�g�

sξ (f) = R0
1

πf0

1

1 +
(

f
f0

)2 = s0
1

1 +
(

f
f0

)2

üºzA{ �A«�ý

õÑ�| A£��*���*�
�"�*� �*�|�"�]�t¤��j A£Ø�*�©�
�¦´��*�9�¦���5�|���#�¦µI�"µ��"�* j�3�� A A¡��*¢9£����5���*���"�5�®�j�9ó;�5�|�I�v�5�"�*�"���¦���"�n¡��*�� �* ��¦��µI�¦�#�¦�g�*�����"����¡9ó¶�®�*¤��*�-�n�5¯¼¢)�5���G¤)� �©�¦��µI�"�
¤)�5���5�º���"�*�9¡��*¢��*�v�5¯¦�
f0
{

HLP (f) =
1

1 + j f
f0

|HLP (f)|2 =
1

1 +
(

f
f0

)2

üºzA{ �A­�ý

24352wý�3 Ç.=:9<È�É
á �*�9�|¢9�"�¦�I�¾�

ξ(t)
½��5���"�º×®�®�j�|£=�5���5�"�j�g{�·��5�¦¤)�5�"� �*�¦�"�*�=�

mξ = 0
�I�¦�g�j���j�¦¢��* A£9�g�*�"�

σ2
ξ = 1

{��ýÕÄ-�j¯¦��� �* ����®�j�|£=�5���5�#�¦µI�¦µ��"�* j���I A A¡��*¢9£=�³�eéÊtýÕÜ(�5���5�"�j���n�
� �* ����®�j�|£=�5���5���5�¦�v�5 A�"�*� ¯º���¦É|�¦� �*¢=£=�*��é�nýÕÜ(�5���5�"�j���n�©� �* 
Rξ(0)

�*�¦�"�*�=�*��é�)ý�·+�*�g���"�¦�I�Ø�5���©�®�j�|£9�5���5�"�j�(�³ A£Ø���I�g�5�|���#¢��* A£9�g�*�¦�"���*� �*���Ø�5���5�
���j�"�j¢�é�Ü(�5���5�"�j���n� � �* �
η(t) = ξ2(t)

�9�|� �*¢��©�®�j�|£=�5���5�-¡A�5�¦¤)�5�"�9�*�¦�"�*���*��é
áÌâ_ã
äHågæ?çHè�G{ ý&ÄÅ�¦���j�*���j¢)�5�¦�|���Õ½��5���"�º×®�®�j�|£=�5���5���
�|¢��I�*¢

N
×r�I�Æ� �*¢I�����A�±´I�"�j¯º�*�=�*���j¯¦�

N
×r�G�|� �*¢I�����A�¢��j�¦���5�|���+¡A�5���A�¦��É|¢9µ��"�* A�t¡��*�9�¦�"�n¡A�5�|�"�j�g�I{-ü��� A£G�¦�g�*�¦µIÊIÊt�*¢,��Ê)�5�¦� �*�|£
´I�|�|�v�5¢)�5�¦Ê)�5¢¶�"�*�9�|¢9�®¯¼�I��
�®�j�|£=�5���5�"�j���� =�5���"�º×ß�
¡A�5���A�¦��É|¢9µ��"�* A�Ñ¡A�5�|�"�j�g�j�þÃ³�v�5�¦�I¢I�LÃj{ ýXÄ �¦���j�*���j¢)�5�¦�|���j�(�
�v�5�¦�.� ¡A�5�º×¤)�5�"�=�*�¦�"�*� ���I�5���I A A¡=�*¢=£
�=�j¢��¦���5¢��g{�ÄÚ�
�|¢9���5�
�=�j�¦�"�*�v�5�v�5�¦�v�5¢����5 =�����"�³���³¢¾�

σ2 ���±���I A ��*�¦���*¢�5�-���I�j�"�j�ß{-ü�Ù��n¡��*ÊIÊ��*¢��ß{�zA{|zg«�ý³{���¢�¢��*���®�*¢9£��*Ê��*¢ ¡A�5�|�|�
�*�¦�"�*�|� ���"�"�����®�*�v�j���5�¦Ê)�5¢¶�¦�g�*�"�*´I���Ã��®�j�|£=�5���5�#�¦µI�¦µ��"�* j���I A A¡=�*¢=£=�WÃ��9�Æ�®�º¯º�*�g���g{Äô½��5���"�.ü®�5�n�5�.¢��j�¦���5�|���³ý��*���A�¦���v�j�-�¦µI�¦µ��"�* j���I A A¡=�*¢=£=�.�5�|���5�v�5¢��A���5¢,�
f(x) =

1√
2πσ

e−
(x−m)2

2σ2

�5¤��j�
m
�©¡A�5���A�¦��É|¢=µ��"�* A�
¡A�5�|�"�j�g� ¡A�5�¦¤)�5�"�=�*�¦�"�*�=���

σ2 ´t���G�| ¶�
�¦�g�j���j�¦¢��* A£9�g�*�"�A{�ü�Ö;�* 5¯º�³ A£=×�g���"�*���ÕzA{��������5�#�A�"�¦�g�³���I A ����¦�+�*�"�I�*� ���±�®�º¯¼Ê��j���¦���G¢I�ß{±�G{Ñ·±�* A£9�I�
���¦���"����¤��j A£��(¢��j�¦���5�|����*���A�¦���v�j�©�¦µI�¦µ��"�* j���I A A¡��*¢9£��*�Øü3���* A�"�*� ¯º���"�*ÊIÊÈ�¦���5�"�|�¦���¦�|�A�5�����*É|���j���5�³ý��"�*� ¯º���"�*¢~� �* A¤)�5���5�"�j���5��¶¡A�5�¦¤t�5�"�=�*�¦�"�*�=�¥�����Ø�¦�g�j���j���G{¾��ÊIÊ��j�Õ���n¡��*�¦�=�*���|�x�5�¶�¾���j�����¦� �*�¦���¦�I�v�5¯º�I�j¢����5 =�s�Ñ¤��j A£¢��j�¦���5�|���-¡A�5���A�¦��É|¢=µ��"�* A�,¡A�5�|�"�j�g�j�¶���j�¦�"�*�v�5�v�5�¦�v�5¢����5 =� �* A£9Ê��*¢¾���I A ��*�¦���*¢��"�* ��*�-����¯º�*���*¢9�g{ ýÊtýÑÄÅ�®�j�|£=�5���5�Õ�5�¦�v�5 A�"�*� ¯º���¦É|�¦� �*¢=£=�-¢��*� ���j�����
�|¢=�Õ�(¢��* A£9�g�*�"�*¢��*����¡A�5�¦¤)�5�"�9�*�¦�"�*����ü3���n×�"�=�G�|�Ø� �j� �*¢9�¦�I����ý³�
E
[
ξ2(t)

] {�ÖX�|¡��*����¡A�5�¦¤)�5�"�=�*�¦�"�*�X�g�*�¦������É| A£X�*�©� �A�¦��� �* ��* A£=�*���|��©�¦�g�j���j�"���5���G¡A�5 A£9���#��¡A�5�v�j�¦���-z ü3¤I���¦�g�*¢
σ2

ξ = E
[
ξ2(t)

]
− m2

ξ

ý³{�nýÕÄÞ�=�j�¦�"�*�v�j�³���A�-�3�� A A¡��*¢9£¶�I����¢I���*���j¯¦�5���®�*�|É|�¦¡A�G�
Rξ(τ) = E [ξ(t)ξ(t + τ)]���

τ
×ßÊ)�¾¬n×ß�.¤��*�|£=�*�¦�"���¦É|�¦¡����j�I�=�G�|���
¤��j A£

Rξ(0) = E
[
ξ2(t)

] ���"�*¤)�5�.�I A£9�5¢������5�7�¾�¦�g�j���j��*�¦�"�*���&�5�.�*�"���G� �*¢9£�{
zg«
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E [η(t)] = E
[
ξ2(t)

] �*�¦�"�*�=�*�����*�"���"�¦�I�����*�g�*�¦�&��¡A�5�v�j�¦�©� �* A�|¢9�"�����5�;� �³ ��* A£=�*���|��5�.�*���j�g�
´��j¢=�¦Ê)�5¢X�A�5´t�j�¦�#�*�"���G� �*¢I¢9£��*�ß{ü�Ö;�* n¯º�* A£9�g���g��õÑ�| A£=�*� ¯¼�I¢I�x�5�¦���s�Ñ¤��j A£P�Ø�¦�g�j���j�¦¢��* A£9�g�*�������5�¶�5�¦�v�5 A�"�*� ¯º���¦É|�¦� �*¢9£P�����5�x¬¡A�5�¦¤)�5�"� �*�¦�"�*�9µ¾�®�j�|£=�5���5�"�j�¾���"�*�"�*¢Ø�* A£=�*���|�¥� �* �{ ý
243524243 ÇÄ=:9<È�É
�� A£

ξ(t)
 A£��*¢I ��*¢Ø�¦���j�*���j¢��*���G¢9�I�|�v��¡A�5�¦¤)�5�"�=�*�¦�"�*�9µ��t½��5���"�Õ�®�j�|£=�5���5�-�¦´t�*�9�¦���5�|�����¦µI�¦µ��"�* j×���I A A¡��*¢9£��A�

sξ(f) =

{
1 −π

2 ≤ f ≤ π
2

0 egyebkent�5¤��j�
f
z*�GÜ#�*×ß�"��¢��j�¦���5�|�����"�*�9¡=�*¢��*�v�G{��ý"År�®¯¦���®�*�Õ�

t
���I�j´t�j¢9�¦Ê)�5¢~� �* ��� A£��*�|¤��*�"�;�* A£G�G�|� �*¢I�����A�.�
�|¢9���¾¡A�5���A�¦��É|¢=µ��"�* A�Õ�¦µI�¦µ��"�* j×���I A A¡��*¢9£��*�#���#�j�j¯¦��� �* _�I¤��j A£¾�*�&���
�|¢9���©�
�|�|£=�*¢¾¡A�5���A�¦��É|¢9µ��"�* A ��*�,´��j���|�¦É|¡�éÊtýÕÄ_�®�j�|£9�5���5�"�j�#�* A£

H(f) =

{
cos(f) −π

2 ≤ f ≤ π
2

0 egyebkent

)

.

�A�5���5�9�"�*�¦���¦���¦�|�A�5¯¼ó7�¦��µI�"�j¢x�5�"�*¢I ����G¡=�����
�������¦� ���9�|� �*¢��
η(t)

�®�j�|£9�5���5�.�5�¦�v�5 A�"�*� ¯º���¦É|�¦� �³×¢=£=�e�
áÌâ_ã
äHågæ?çHè��ý�½��5���"�º×®�®�j�|£9�5���5�-���"�*�"�*Ê��*¢;���
�|¢9���5�¾�*���A�¦�*�v�j���© =�5���"�¦���)�5�n�5���

fξ(x) =
1√

2πσξ

e
−

(x−mξ)2

2σ2
ξ

��ÊIÊt�*¢¶���9�Æ�®�º¯º�*�g���¦Ê��*¢ �����5�
���¦�g�j���j�����¦� �*�"�*�¦���*¢��G��¡A�5�¦¤)�5�"�9�*�¦�"�*�©� �* .¡=�j�|�+�j�G¡A� ü®¬�ý³{�ÖX�Æ×¡��*���-�®�j�|£=�5���5�±¬#¡A�5�¦¤)�5�"���*�¦�"�*�9µ��A�*�g�*�¦�+���¦�g�j���j�Ñ� �* ��* A£=�*���|�©�#���j�"�9�G�|�&� �j� �*¢=�¦�I�
�¥�5����5�n�5���Õ¯º�*�)�5�¦�v�5 A�"�*� ¯º���¦É|�¦� �*¢=£=�*¡��*���G�5�
�|�±� �* A�A�5´I¤)�5�¦�I¢I� �(�¦´��*�9�¦���5�|���±�¦µI�¦µ��"�* j���I A A¡=�*¢=£©�Æ¢I×�"�* A���5� ¯¦�5���*¢9�g�
σ2

ξ =

∫ ∞

−∞
sξ(f)df =

∫ π/2

−π/2
df = π

ÄÈ½��5���"�º×r�¦µI�¦µ��"�* j���I A A¡��*¢9£(�¦���|�
� �*�¦�¦�|�9���Ñ��¬n×ß���.ü®¬Õ¡A�5�¦¤)�5�"�-�*�¦�"�*�����"�*�"�*¢tý��nÉ| A£
P (ξ(t) > 0) =

0.5
{Ê,{ ý&Ä �¦���5¢��¦�*�®�j�¦���5�|��ü��¦��µI�¦�³ý)¯º�*���¦´t�*�9�¦���5�|���±�¦µI�¦µ��"�* j���I A A¡=�*¢=£=�.üºzA{ ª�ý��5�v�5´I¯¦�5¢ �¦�n�5� �j�|¤)�5�"�]��5�&�5�¦�v�5 A�"�*� ¯º���¦É|�¦� �*¢9£¾´t���G�|  � �* A�A�5´I¤)�5�"�¥�©�¦´��*�9�¦���5�|���-�¦µI�¦µ��"�* j���I A A¡=�³¢9£¥�|¢9�"�* A���5� ¯¦�5���*¢9�g�

σ2
η =

∫ ∞

−∞
sη(f)df =

∫ ∞

−∞
|H(f)|2 sξ(f)df =

=

∫ π/2

−π/2
cos2(f)df =

∫ π/2

−π/2

1 + cos(2f)

2
df =

π

2

zg­
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Ö;�* n¯º�* A£9�g���g����¢I¢��*�¥���®�*�v�j���5�¦¢)�5�¥��� �* ��j�����j���5¤��j�(¢��*�ö�®�*�|�"�*�¦���*¢9�I���¦���I�G�"�* ����+�¦���G¢��~�G�I��*�"�I�*� ����� �* 5¯º�* A£��*��¢I���G¤��j A£¾½��5���"�º×®�®�j�|£9�5���5�"�j���|�|¢��g�5�¦�����¦��µI�"�j¢Ø�5�"�*¢I ����G¡=�.�&�9�Æ� �*¢��*�����½��5���"�º×®�®�j�|£=�5���5�-�����¦��{
24352yA!3 Ç.=:9<È�ÉËÊ ÿ Ò<>?>_EHÛ�É4Ù�× Û�É�FGÐ4>?É
Ä#�

η
�®�j�|£=�5���5���(�g�*�¦���±¡A�5�¦¤)�5�"�&�*�¦�"�*�9µ��

Rξ(τ) = R0 ·e−Ω|τ | �5�I�"�j�=�j�¦�"�*�v�j�*���A�±���I A A¡=�*¢=£9µ��
ξ
�¦���j�*���j¢)�5�¦�|�����®�j�|£9�5���5�©�|�|¢��g�5�¦���©�¦���5¢��¦�*�®�j�¦���5�|�®¯¦�G�

ηt = ξt − ξt−T
{7Ü(�5���5�"�j�����I�P� �* �5�

η
�®�j�|£9�5���5�#�5���"�j���j�¦�"�*�v�j�*���A�-���I A A¡��*¢9£=�*���G�"�n¡A�5ÊIÊ)� �

ξ
���#�5�

η
�®�j�|£=�5���5�"�j�¾�¦´t�*�9�¦���5�|����¦µI�¦µ��"�* j���I A A¡��*¢9£��*�|¢��*�¶¤)�5¢9£=�j�I�A���5���&���"�*�9¡=�*¢��*�v�&���I A A¡=�*¢=£=�*Êt�*¢�é

áÌâ_ã
äHågæ?çHèÄ#�&�5�I�"�j���j�¦�"�*�v�j�*���A�-���I A A¡=�³¢9£��
Rη (t1, t2) = E [(ξt1 − ξt1−T ) (ξt2 − ξt2−T )] =

= E [ξt1ξt2 ] − E [ξt1−T ξt2 ] − E [ξt1ξt2−T ] + E [ξt1−T ξt2−T ] =

= Rξ (t2 − t1) − Rξ (t2 − t1 + T ) − Rξ (t2 − t1 − T ) + Rξ (t2 − t1) =

= 2Rξ (τ) − Rξ (τ + T ) − Rξ (τ − T )

Ä#�&�5�I�"�j���j�¦�"�*�v�j�*���A�-���I A A¡��*¢9£¶�����5�¶�5�.���I�j���9�j�"�G�|¢)�5���5�
τ � h 2 − t1

�9�I���j¢=Ê��"�* ��*�"�j�����I A _�É| A£X�
�9�|� �*¢�� �®�j�|£=�5���5�(�¦���j�*���j¢)�5�¦�|���g{#Ä��9�|� �*¢��&¯º�*���5�I�"�j�=�j�¦�"�*�v�j�*���A�#���I A A¡=�*¢=£=�*¢��*�Øõ��5×�I�¦���*�-�¦���5¢��¦�*�®�j�¦���5�|�®¯¦�s�)�5�n�5�&�¦´t�*�9�¦���5�|���#�¦µI�¦µ��"�* j���I A A¡��*¢9£��A�
sη(f) = 2sξ(f) − sξ(f) · ej2πfT − sξ(f) · e−j2πfT =

= sξ(f) (2 − 2 cos(2πfT )) = 4 · sξ(f) · sin2(πfT )

ÄÞ���*�"���"�*�¦�-¤)�5¢=£9�j�I�A���"�*¤)�5�g�
4 sin2 (πfT )

üºzA{ ��§Aý
� ¦r�!��f~d£bi¡�l?h�¡�j°¦r�5�¤§�jº�Ä��"�*¢��I�¦�g�*���|�
´I�I�|������¡A�5�v�j�¦�n�G�

h (t) = δ (t)− δ (t − T )
{�Ä��"�*¢��I�¦�g�*�-�5�¦¡9�|�"�*�|�t���I A A¡=�*¢=£=�A�

H (f) = F {h(t)} = 1 − e−j2πfT = 1 − cos (2πfT ) + j sin (2πfT )
üºzA{ �Aª�ý

sη (f)

sξ (f)
= |H (f)|2 = 1 − 2 cos (2πfT ) + cos2 (2πfT ) + sin2 (2πfT ) =

= 2 (1 − cos (2πfT )) = 4 sin2 (πfT )
üºzA{ �A°�ý

24352wÆ�3 Ç.=:9<È�ÉËÊ�� 7
Ï�Ò£ØyÐ49{FñÔ¤Î49£ÚZÉZD�É�F
·��|�g�¦ =�5� ¯¼�I� � �* _�Ñ¤��j A£9�5¢~¡9���"�³�|�=���G�|�x�

B
����¡9¤)�5���5�¦óP�®�*¤��*�&�n�5¯.�I�*�¦�|¡A�5�|�®¯¦�séØÜ��j A£=�5¢~�*�º×�"�*�|� �*��¤��*�"�]���¦���j�*���j¢)�5�¦�|���º×r���(�
�|�¾� �j¢��G¤)�5�¦�I¢I�_�5�P�5�I�"�j�=�j�¦�"�*�v�j�*���A�¾���I A A¡=�*¢=£=�*�"�j�.���X��¦´t�*�9�¦���5�|���#�¦µI�¦µ��"�* j���I A A¡��*¢9£��*�"�j���

zn§
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áÌâ_ã
äHågæ?çHè���"�jÊ)�5�|���j�����I¢��Ú�5���n�5�.�5�XóI�¦���5�����5� �*�|�|£��*���=�j�g�j¢��"�* ��������I A A¡��*¢9£��*� ���"�*�"�*¢����*�|�¶�*�¦�¦�I¢I��{á �*�9�|¢9�"�¦�I�¾�

ηt(∆) =
1

∆
(ξt+∆ − ξt)

üºzA{ ¨=¬�ý
�9�I���j¢=Ê��"�* A�9¤)�5¢9£9�j�I�A�¦��éÑÄ#�g�j¢I¢)�5�9�v�5�"�¦���|���j�*�Õ¢)�5 A£��j¢�¤)�j�"�j¢I�����5¢©¡9���"�*�|�����G�|���5�
�|¢=���5���*���j�g��®�*�v�j���5�¥¡9���"�¦��¤)�5¢I ��A�&¯º�*�|�A{_ÄU¡A�5�¦¤)�5�"�~�*�¦�"�*�È���I�5���I A A¡=�*¢=£ ¢=£9�|�|¡A�5¢Ú�g�*�¦�����-�x�¦´��*�9�¦���5�|����¦µI�¦µ��"�* j���I A A¡��*¢9£¥´����G�| ;ü®�5�&�*���j�g�
´t�*����� �5�v�5´I¯¦�5¢tý

sη(f) =
1

∆2
4 · sξ(f) · sin2(πf∆) = 4 · sξ(f) · sin2(πf∆)

∆2
.

üºzA{ ¨�zný
Ü(�-��Êt�*� �*¢��-�®�j�|£=�5���5�Ñ����¡9¤)�5���5�"�j�|���A�5�9�=�j�
�*�*�g�*�G�-�¦µI�¦µ��"�* j���I A A¡��*¢I¢9£��*�9�"�*�
�
��´I�"�jÊI���*���¢��*�[���*¤��*�����#�5�9���j���������*�"�*���|���I¤)�

∆ → 0
{����9�=�j��´����G�| ��

sη (f) = sξ (f) (2πf)2 lim
∆→0

(
sin (πf∆)

(πf∆)

)2

= sξ (f) (2πf)2 = sξ (f) |j2πf |2 üºzA{ ¨=��ý
á �5¢9�I�����5 ����¶�I�*�¦�|¡A�5�v�j�����
�|¢9���|�|¢��g�5�¦�����¦���5¢��¦�*�®�j�¦���j�*���¶�I A£9�5¢9óI A£X¡9���"�*�|�=���G�|�íü3���* =�5�v�5ÊIÊI���Ã*�¦�g�*�|É���ÃXÊ��*� �*¢�� ¯º�*���*�9�"�ný��-�
�|¢9�Ø�P�=�j¢=¡=�j�|ó��*���A�¶�|¢=�"�* A���5�|�v�5�.���*ÉÆ�"¤)�5�"�í�¦���5¢��¦�*�®�j�¦���j�*���j��{Ö;�* n¯º�* A£=�*��¤��*�"�]�I¤��j A£Ø���9�|� �*¢��*�¦��¯º�*�
�5�I�"�j�=�j�¦�"�*�v�j�*���A�����I A A¡=�*¢=£=�A�

Rη (τ) = −d2Rξ (τ)

dτ2

üºzA{ ¨=��ý
Ö;�*�¦��¤)�

X (f) = F {x (t)} �5�5�9�=�j� F {dx(t)
dt

}

= j2πfX (f)
��� F {d2x(t)

dt2

}

= j2πfj2πfX (f) =

− (2πf)2 X (f)
{

24352:àË3 �!EHÒ<Ù"Í�>?EHÎ4>.ò]7:9�>]FGÉ4ÑHÒ<Î4Ù�Ð[Ï�Ò<Í�>ñD�Î!È�7:9<9kò]7
·��|�g�¦ =�5� ¯¼�I�¥� �* _�I�
�|�|£��*¢¾�®�*�|�"�*�"�*���*�¶� �*�|���*�¦�-���*¤��*���

ξ(t) = A cos (ω0t + ϕ) =

= A cos (ω0t) cos ϕ − A sin (ω0t) sin ϕ

�¦���"�=��¤)�j�¦���¦�|�9�������j�|£9�5���5���¦���j�*���j¢)�5�¦�|����é ü
A
���

ω0
���j¢��¦���5¢����

ϕ
´t���G�| ¾�* A£Ø�®�j�|£9�"�j¢��A��¡A�n×���A�¦��É|¢=µ��"�* A�,¡A�5�|�"�j�g�I{ ý

áÌâ_ã
äHågæ?çHèã,�* A£��*¢7�
ϕ
¡A�5���A�¦��É|¢9µ��"�* A�Ñ¡A�5�|�"�j�g���¦µI�"µ��"�* j�3�� A A¡��*¢9£��

fϕ (x)
é-���9�=�j�-�®�j�|£=�5���5�¦�I¢I� êIÏIÁ��i
kGegÒPë=Ánegë=o ���I�5���I A A¡��*¢9£��A�

mξ (t) = E [ξt] = A cos(ω0t)E [cosϕ] − A sin(ω0t)E [sin ϕ] =

= A cos(ω0t)

∞∫

−∞

fϕ (x) cos (x) dx − A sin(ω0t)

∞∫

−∞

fϕ (x) sin(x)dx =

zgª
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= A cos(ω0t)K1 − A sin(ω0t)K2
üºzA{ ¨A¨9ý

Ä#¤��j�ß�
K1 = E [cos (ϕ)] =

∞∫

−∞

fϕ (x) cos (x) dx
üºzA{ ¨=«�ý

K2 = E [sin (ϕ)] =

∞∫

−∞

fϕ (x) sin (x) dx
üºzA{ ¨=­�ý

á �*�9�|¢9�¦¡�����¤)�j A£_� �¦���|¢9���¦�*×¶���;�È�=�A�¦���|¢=���¦�*���I A A¡=�*¢=£��|�|¢��g�5�¦�����5¢Þ���I A ��*�¦���*¢��*�öü®�5�|�v�5¢��I��* A£9�I�¦�¦¤)�5�"�A�#�|�|¢��g�5�¦�������j��ÊI�|¢)�j�*���j¯¼�I�¾¢��*�R���*¤��*�(�5�g�j¢��A���5¢;�g�*�¦���³ý����
¡A�5�¦¤)�5�"���*�¦�"�*�¾���I�5×���I A A¡��*¢9£¶�����5�¾�5�9���j�����*¤��*���5�|�v�5¢��I�;ü3�g�*�¦���³ý��I¤)�
K1 = K2 =

¬G{Ä#�&�5�I�"�j���j�¦�"�*�v�j�*���A�-���I A A¡=�³¢9£��
Rξ (t1, t2) = E [A cos (ω0t2 + ϕ) A cos (ω0t1 + ϕ)] =

üºzA{ ¨9§Aý
= A2E [cos [ω0(t2 + t1) + 2ϕ] + cos [ω0 (t2 − t1)]] =

= A2E [cos [ω0(t2 + t1)] cos [2ϕ] − sin [ω0(t2 + t1)] sin [2ϕ] + cos [ω0 (t2 − t1)]] =

= A2 cos [ω0(t2 + t1)] E [cos [2ϕ]]−A2 sin [ω0(t2 + t1)] E [sin [2ϕ]]+A2 cos [ω0(t2 − t1)]Ù��*¡��*�g�*�¦¡=�.�
K3 = E [cos (2ϕ)] =

∞∫

−∞

fϕ (x) cos (2x) dx
üºzA{ ¨=ª�ý

K4 = E [sin (2ϕ)] =

∞∫

−∞

fϕ (x) sin (2x) dx
üºzA{ ¨=°�ý

¯º�*���j�����¦���I�*���g�*�
Rξ (t1, t2) = A2 cos [ω0 (t2 − t1)] + K3A

2 cos [ω0 (t2 + t1)] − K4A
2 sin [ω0 (t2 + t1)]

Ä��A�5´��j�¦���A�"�¦�g�* ;�*���"�X���5 n¯¦�Ø�����5�P�5�����I�j´��j¢=�"�j�P�9�I���j¢=Ê��"�* ��*�"�j�+���I A �{ØÄ ���j�"�=�G�|�P���©�¤)�5�¦���j�G�|�
���5 �ÊI�|�g�j¢=£=�A���5¢¥�*�|�"�j¢9���5¢)�&�*�����(���I A ����¦���=¤)��¢��*��¡��j�|¢)���g�*�¦���(ü������5�9óI A£g���
�|¢9���¡A�5�¦¤)�5�"� �*�¦�"�*�¥���I�5���I A A¡=�*¢=£¾���"�*�"�*Ê��*¢Ø�v�5�¦�¦�I��ý³{±�����g�*�ß�
Rξ (τ) = A2 cos [ω0τ ]

üºzA{ «A¬�ý
���

mξ (t) = E [ξt] = 0}��*�|�I¢I�¶�"�*¤)�5���5�9���j�-�¦���j�*���j¢)�5�¦�|������¤)�

K
(k)
1,3 = E [cos (kϕ)] =

∞∫

−∞

fϕ (x) cos (kx) dx = 0
üºzA{ «Gzný
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K
(k)
2,4 = E [sin (kϕ)] =

∞∫

−∞

fϕ (x) sin (kx) dx = 0

�Ñ�*�����5�I��¤)�
fϕ (x)

�* A£=�*¢I���*�"���¾�*���A�¦���v�j�¦ó_�	� ¬s���
π 
 �|¢9�"�*�¦¡A�5�|�|�I�&Ê)�5¢����x�®�*¢=�¦���®�*�|�"�*�"�*���*��"�*� ¯º���¦�I�|¢��*��{

K
(k)
1,3 =

∞∫

−∞

fϕ (x) cos (kx) dx =
1

2π

2π∫

0

cos (kx) dx = 0
üºzA{ «A��ý

K
(k)
2,4 =

∞∫

−∞

fϕ (x) sin (kx) dx =
1

2π

2π∫

0

sin (kx) dx = 0
üºzA{ «A��ý

24352yí!3 � Ò<>?E�@"Ï�=HFñÒ<È�7]ò]û�� É4Í�>?>�Ô¤Î49£Ú4ÉZD�É�F
á �*�9�|¢9�"�¦�I¢I�¾�* A£¶�G���¦���9�"�*�-���I�º¯¼µ����¦���j�*���j¢)�5�¦�|���-���I� �"�j�"�j�n�5�"�j����� �*�|£9¢��*�

µn
�
�|¢9���5�

T
���I�5×���j�g�j�9Ê��*¢¾���n¡��*�¦�|�¥�* A£9���j�¦�g{±Ä_�
�|¢=���5�A�5���"�*�9�|¢9�"�¦�I���g�*�¦����¡A�5�¦¤)�5�"�
�*�¦�"�*�9µ¾¡A�5���A�¦��É|¢=µ��"�* A�¡A�5�|�"�j�g�j�9¢)�5���I� �*�|£9¢��*�¶�*���A�¦���v�j���©���* A£��*¢Ø¢��j�¦���5�|����üß½��5���"�³ý³{Ü(�5���5�"�j�����I� � �* 
��¯º�*���"�*� ¯º���¦É|�¦� �*¢9£��*���I�5�I�"�j�=�j�¦�"�*�v�j�*���A�+���I A A¡=�*¢=£=�*�Õ���Õ�¦´t�*�9�¦���5�|���+�"�*�Æ×¯º���¦É|�¦� �*¢=£¾�¦µI�¦µ��"�* ©���I A A¡=�*¢=£=�*��éÖX�������¦�&�5�&�*�"���G� �*¢=£¾¤)�
�����j�|£9�5���5�-¢��*�[���*�¦�)��¡A�5�¦¤)�5�"� �*�¦�"�*�9µG�

áÌâ_ã
äHågæ?çHèÄ~¡A�5�¦¤)�5�"�#�*�¦�"�*���*����¯º�*�G�5�¦�v�5 ��*�¦�"�*���*¢��*��ü��* A£��*¢)�5���5��ó©�A�"�¦�g�*�"�*¡��j¯º�*¢��*��ý��"�*�9�|¢=�¦¤��*�®¯¼�I��{ÑÜ(��.¡j�5�"¤)�5�"���*�¦�"�*� ���*�¦�)���9�*���5���Ñ¯º�*���*¢=�¦���9¤��j A£¥��¯º�*�������5�
¡A�5�|���5���j�g�©�5���5��ó¥�=�j�
´t�j¢��*¢��"�*�=�*����5�¦���5�|���5��{ÄÞ�g�*�¦����¡A�5�¦¤)�5���
�*�¦�"�*�9µ ½��5���"�-�*���A�¦���v�j�&ü®�5�
´I�|É|�¦ó��I�=ý-�¦µI�¦µ��"�* ©���I A A¡=�³¢9£=�A�

fµ (x) =
1√

2πσµ

exp

(

− x2

2σ2
µ

) üºzA{ «5¨9ý
�5¤��j�

σµ
���¦�g�j���j�(�*�¦�"�*���A{(Ä�¯º�*��üß�5�¦�v�5 9ý��"�*� ¯º���¦É|�¦� �*¢9£��*¢x� �
�|¢9���5�Ø¢��* A£9�g�*�"�*¢��*�X¡A�5�¦¤)�5�"��*�¦�"�*���*�#�*�¦�®¯¼�I���

E
[
µ2

n

]
=

∞∫

−∞

x2fµ (x)dx = σ2
µ

üºzA{ «A«�ý
Çt�*�¦���#¡A�5�¦¤)�5�"���*�¦�"�*�Ø���"�*�"�*¢ ��¯º�*�
�"�*� ¯º���¦É|�¦� �*¢=£=��� �¦�g�j���j�-¢��* A£9�g�*�"�*¡=�*�Ñ�* A£=�*���|�¾� �* �{�Ä#��5�I�"�j���j�¦�"�*�v�j�*���A�-���I A A¡=�*¢=£7ü��G���¦���9�"�*�-���I�º¯¼µØ���"�*�¦Ê��*¢,�±�"�j�"�j�n�5�³ý��I����¢IÉ��*�����¦�g�*�¦�|¢=�g�

Rµ (k) = E [µn+kµn]
üºzA{ «A­�ý

�������.¡A�5�¦¤)�5�"���*�¦�"�*�=�*���
µn
�����

µn+k
¡A�5���A�¦��É|¢=µ)�"�³ A��¡A�5�|�"�j�g�j���* A£9�I�¦�"���Õ�¦µI�¦µ)�"�³ &���I A A¡=�³×¢=£=�*¢��*�����¦� �*�"�*�"�*Ê��*¢ �¦���j¯¼�I���9���¦�n�5�
É|���5¢I�ß{+½��5���"�±�*���A�¦���v�j�±���"�*�"�*¢¥���g�*�¦����¡A�5�¦¤t�5�"���*�¦�"�*�9µ
�A¬
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�* A£9�I�¦�"���-�¦µI�¦µ��"�* 
���I A A¡��*¢9£��

fµµ (x1, x2, k) =
1

2πσ2
µ

exp

(

−x2
1 − 2rµ (k) x1x2 + x2

2

2σ2
µ

) üºzA{ «�§Aý
�5¤��j�

rµ(k)
�&�®�j�|£9�5���5�¦���
���#�

k
�
�|¢9���©���g¡��j�����5 A���(¯º�*�|���*�
�g���5�|�v�5¢��I�I{+Ü(�

k 
 ¬s�)�5�9���j�g�
Rµ (0) = E [µnµn] = E

[
µ2

n

]
= σ2

µ

üºzA{ «Aª�ý
�5�
���-¯º�*�)�"�*� ¯º���¦É|�¦� �*¢9£��A{±Ä#���* A£9�I�¦�"�����¦µI�¦µ��"�* &���I A A¡=�*¢=£ ���¦� �*�"�*�"�*Êt�*¢X�&�¦�g�j�¦�n�5�Õ¡A�5�¦¤)�5�"��*�¦�"�*���*���5���5���5Ê�ÊI�,���*´I���*�#�¦�g�*�¦�|¢=�#�¦�n�5�
É|�¦¤)�5�®¯¼�I�¶�9�ß�

Rµ (k) = E [µn+kµn] =

∞∫

−∞

∞∫

−∞

x1x2fµµ (x1, x2, k)dx1dx2
üºzA{ «A°�ý

Ä_�®�³¢9�¦���|¢9�"�* A���5�Õü±�©�¦�n�5�
É|���j�"�j�¶� �*�|���j�g���"�³¡=�*�3ý-�5�&�5�v�5ÊIÊI�
�*�"���G� �*¢9£9���j�j¯¦�G�
Rµ (k) = σ2

µrµ (k) = Rµ (0) rµ (k)
üºzA{ ­A¬�ý

�5�
�|Êt�j�ß�
rµ (k) =

Rµ (k)

Rµ (0)

üºzA{ ­Gzný
Ä#�

rµ(k)
�"�*¤)�5�&�¥�"�*�v�5�¦É|¡ ���j�¦�"�*�v�j�*���A�&�* A£9�I�¦�¦¤)�5�"�I{ Ü(�¶�5���.� �j¢��j¯¼�I����¤��j A£ ���¦� �*�®¯¼�I� �½��5���"�#�®�j�|£=�5���5���* A£9�I�¦�"�����*���A�¦���v�j�#���I A A¡=�*¢=£=�*�����5� �5����¯º�*���*¢=�¦����¤��j A£X���¦� �*�®¯¼�I�;�5� �5�I�"�5×���j�¦�"�*�v�j�*���A�#�"�j�"�j�n�5�"�j�g{Ä �¦´t�*�9�¦���5�|�����"�*� ¯º���¦É|�¦� �*¢9£X�¦µI�¦µ��"�* ¥���I A A¡��*¢9£;�5�
�5�I�"�j�=�j�¦�"�*�v�j�*�|�A�(���I A A¡=�*¢=£Xõ)�j�I�¦���*�º×�¦���5¢��¦�*�®�j�¦���5�|�®¯¦�G{�ü�õ)�j�I�¦���*�º×ß�¦���5¢��¦�*�®�j�¦���5�|�±�5�v�5�¦�
� �A�¦�����G���¦���9�"�*�
���I�º¯¼µ�õ�{ �¦�g{ ×ß�
�=�*�|�=�*�¦�"�*¢I�ß{ ý

sµ (f) =
∞∑

k=−∞

Rµ (k) e−j2πfkT üºzA{ ­A��ý
ÖX�|¡��*���5�-�5�I�"�j���j�¦�"�*�v�j�*���A�±�"�j�"�j�n�5�#ü®���I����¢IÉ��*�����¦�g�*�¦�|¢=�³ý
¡A�5���A������´)�5�"�A�����#�"�*� ¯º���¦É|�¦� �*¢=£©�¦µG×�¦µ��"�* -���I A A¡=�*¢9£����
¡A�5���A�����
´)�5�"�A�g{�ü�Äí¢��*�
¢��* =�5�¦É|¡��*�¦�"�*�9µ��"�*� ¯º���¦É|�¦� �*¢9£&�¦µI�¦µ��"�* #���I A A¡��*¢9£�G���¦���9�"�*�����I�º¯¼µX���"�*�¦Êt�*¢

fs = 1/T
�¦�g�*�¦�|¢9��´��*�¦���=�G�|�9���-���g{ ý

sµ (f) =
∞∑

k=−∞

Rµ (k) e−j2πfkT = Rµ (0) + 2
∞∑

k=1

Rµ (k) cos 2πkfT
üºzA{ ­A��ý

·��|�g�¦ =�5� ¯¼�I�¥� �A�¦��� �* ¥�5�����5�.���"�*�"�*���5�
�|���j���5�&�* A£������
�|¢9���5�¥�=�j�¦�"�*�v�5�v�5�¦�v�5¢��j��é
Rµ (k) = E [µn+kµn] =

{
E
[
µ2

n

]
= σ2

µ

0
ha
ha

k = 0
k 6= 0

üºzA{ ­5¨9ý
��¢I¢��*�Ø�&�®�j�|£=�5���5�¦¢)�5�Ø�©�"�*� ¯º���¦É|�¦� �*¢9£¾�¦µI�¦µ��"�* ©���I A A¡=�*¢=£=�A�

sµ (f) = Rµ (0) = σ2
µ = const

üºzA{ ­A«�ý
�Gz
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ÄU���j¢��¦���5¢��¥�"�*� ¯º���¦É|�¦� �*¢=£Å�¦µI�¦µ��"�* AµÅ�®�j�|£=�5���5�"�j�A�5�¶�¦�g�j�A�j��Ã��®�*¤��*�eÃ¾�®�j�|£9�5���5�"�j�9¢)�5�È¢��³×¡��*��¢I�ß{&Ü(�

rµ(k) = 0 (k 6= 0)
�,�5�9���j�.�5�
�* A£9�I�¦�"���.�¦µI�¦µ��"�* ¥���I A A¡��*¢9£;�¦���j�"�g�5�"����Ê��j¢=�º×¤)�5�"�]���5�
�,�&�
�|¢=���5�����I A ��*�¦���*¢��"�* ��*¢��*���®�*�|�"�*�"�*���A{

fµµ (x1, x2, k) = fµ (x1) fµ (x2)
á �*¤)�5����=�j�¦�"�*�v�5�v�5�¦�v�5¢X�
�|¢=���5�¥���I A ��*�¦���*¢��*�¶����½��5���"�-�*���A�¦���v�j�-���"�*�"�*¢,{Ö �5�"�*���5�¦�|�A�#���5¢=�I�v�5¢9£=�5�|¢I�9Ê��j�G�"���j¯¼�I���5¤��j A£.¤)�(½��5�)�"�Ñ�*���A�¦���v�j�¦ó�¡A�5���A�¦��É|¢9µ��"�* A�9¡A�5�|�"�5×�g�j�¥�|�|¢��g�5�¦���-���j��ÊI�|¢)�j�*���j¯¦�5���*¢9���5�|�|É|�¦�I¢I�¾�*���
�* A£¶óA¯+¡A�5���A�¦��É|¢9µ��"�* A�,¡A�5�|�"�j�g�j�&ü3¡�{ ¡�{ ý����5�9�=�j��5� �¦���|¢9�"�*¢í½��5���"�.�*���A�¦���v�j�¦ó7�����¦��{ �� A£=���G�I�Õ�¥¢��j�¦���5�|���&�*���A�¦���v�j�¦óx¡�{ ¡�{ ×ß�;�"���¦��¢��*�7�5¢I¢t�5��*���* ��*���,¤��j A£7�¶�¦óI�|£=�j�g�j�¦�.�A�"�¦�g�* A�I� �*���A�¦���v�j���s�
�¥���5 ��j�7�*���A�¦�����j�.�¦É|´I������¡A�5�+�* A£��*���|�;� �* �{¸����¦���9�"�*�-���I�º¯¼µ¾�|�|¢��g�5�¦���#�"�*¢��I�¦�g�*�"�*�9Êt�*¢��t�5¤��j�����9�|� �*¢��.¯º�*���³�-���j�±¯º�*���*�¥�|�|¢��g�5�#���j��ÊI�|¢)�n×�*���j¯¦�5���*¢9�#�5�|�|É|�®¯¼�I�¾�*���]�����9�|� �*¢���¯º�*������¢)�j�¦���5�|�|�#�*���A�¦���v�j�¦óØ�����¦�W�G¤)�
�©�"�jÊIÊI�����#�5��{±Ü(�
�5��A�"�¦�g�* AÊt�*¢ �
���5 ��j�¶¢��*�N¢��j�¦���5�|�����*���A�¦���v�j�¦ó)�5���t�5�9���j���5�|���5�v�5Ê)�5¢;¢��*¤��*�&� �* A¤)�5���5�"�j��¢�����9�|� �*¢���¯º�*�,�*���A�¦���v�j���5�g{ÄP¡A�5���A�¦��É|¢=µ��"�* #�¦�n�5�
É|���j�,¤)�5���5�"�*���A�¦���v�j�¦���"�*�"�*���±�*�¦�"�*�|� �*Ê��*¢��A�5�±�* A£=�®�j�¦����¡�{ ¡�{ ×ß�(�A�"�¦�g�³× ��*¢��*�Å�*���A�¦���v�j���~�~½��5���"�¥�*���A�¦���v�j�¦¤��j� ���5�¦�¾�7���5 ��j�Å�¦�n�5���5¢)�5� ¢��n¡��*�=���I���"�*¡��*�ß{����g�*�¦��®�j¢=�"�A�#���� A£=�5�9���5¢Ø¤)�j�¦��¢)�5�|�-� �=�I�*�|�Ñ�©¢��j�¦���5�|���#�*���A�¦���v�j�g{Ü(�7�¥¯º�*��¢��*� �g�*�¦���
¡A�5�¦¤)�5�"�x�*�¦�"�*�9µ����5�9�=�j� �5�����*�����5�|�|É|�¦¤)�5�®¯¼�I�È�* A£~�g�*�¦���
¡A�5�¦¤)�5�"��*�¦�"�*�9µ7�®�j�|£9�5���5�&���.�* A£ �=�j¢��¦���5¢��.�A�"�¦�g�* ��*�=�*¢=�g{¥Ä#� �A�"�¦�g�* ¾�®�j�|£=�5���5�&¡A�5�¦¤)�5�"�Ø�*�¦�"�*�=������j¢��¦���5¢����*�¦�"�*�=�&�|���¦��{(¹=�n�5�
É|���j���5�|¢I�Ø�����* A£G�¦�g�*�¦µ��¦É|�"���"���*�"�I�*���*Ê��*¢ �*�|�I¢I�X�5�|���5�v�5Ê)�5¢7�*���g�*��©�®�*�|Ê��j¢=���j�"���5�ß{�Ü(���
�"�*¢��I�¦�g�*�(�|�|¢��g�5�¦�������5�9�=�j���*�¦¡=�*¢=£=���(� �¦���I´��*�¦´t�j��É��*���]�,�5�n�5�©�¦�n�5� �j�Æ×¤)�5�¦�I¢I�Ú�7���*�&¯º�*�|���*���9�I���j¢G×ß�9�I���j¢������5¯º�Ú�5�;�*�"���G� �*¢9£9�7ü��*�¦�"�*���*�Û�¦�g�*�¦�|¢=�³ý �A�"�¦�g�g�j�j¯¼�I��{ã,�* A£��*¢,�

ξn = µn + c
üºzA{ ­A­�ý

��¢I¢��*�Ø��¡A�5�¦¤)�5�"� �*�¦�"�*�=�A�
E [ξn] = E [µn + c] = E [µn] + c = c

üºzA{ ­�§Aý
ÄÅ¯º�*���"�*� ¯º���¦É|�¦� �*¢=£=�A�

E
[
ξ2
n

]
= E

[

(µn + c)2
]

= E
[
µ2

n + 2cµn + c2
]

= E
[
µ2

n

]
+ 2cE [µn] + c2

E
[
ξ2
n

]
= E

[
µ2

n

]
+ c2 = σ2

µ + c2 üºzA{ ­Aª�ý
Ä#�&�5�I�"�j���j�"�"�*���j�*���A�-���I A A¡=�*¢=£��

Rξ (k) = E [ξn+kξn] = E
[
µn+kµn + cµn+k + cµn + c2

]
= Rµ (k) + c2 üºzA{ ­A°�ý

ÄÞ�"�*� ¯º���¦É|�¦� �*¢=£¾�¦µI�¦µ��"�* ©���I A A¡=�*¢9£��
sξ (f) =

∞∑

k=−∞

Rξ (k) e−j2πfkT =
∞∑

k=−∞

(Rµ (k) + c2)e−j2πfkT =sµ (f)+c2
∞∑

k=−∞

e−j2πfkT =

= sµ (f) +
c2

T

∞∑

i=−∞

δ (f − ifs)
üºzA{ §j¬�ý
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fξ (x) =
1√

2πσξ

exp

(

− x2

2σ2
ξ

) üºzA{ §j��ý
���

fξξ (x1, x2, k) =
1

2πσ2
ξ

exp

(

−x2
1 − 2rξ (k) x1x2 + x2

2

2σ2
ξ

) üºzA{ §j��ý
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rξ(k)
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H (z) =

M∑

i=0
aiz

−i

1 +
N∑

i=1
biz−i

= a0

M∏

i=1

(
1 − ziz

−1
)

N∏

i=1
(1 − piz−1)
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zi
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pi
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Rµ (k) = Rµ (0) rµ (k)

�5¤��j�
Rµ (0) = σ2

µ
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sµ (f) =
∞∑

k=−∞

Rµ (k) e−j2πfkT üºzA{ §j«�ý
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sξ (f) = H
(

ej2πfT
)

H
(

e−j2πfT
)

sµ (f) =
∣
∣
∣H
(

ej2πfT
)∣
∣
∣

2
sµ (f)
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sξ (f) =
∞∑

k=−∞

Rξ (k) e−j2πfkT üºzA{ §A§Aý
�5�
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Rξ (k) = T

1
2T∫

− 1
2T

sξ (f) ej2πfkT df = T

1
2T∫

− 1
2T

sµ (f)
∣
∣
∣H
(

ej2πfT
)∣
∣
∣

2
ej2πfkT df
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rξ (k) =
Rξ (k)

Rξ (0)
σ2

ξ = Rξ (0)
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Sµ (z) =

∞∑

k=−∞

Rµ (k)z−k üºzA{ ªA¬�ý
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sµ (f) = Sµ

(

z = ej2πfT
) üºzA{ ªGzný
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Sξ (z) = H (z) H

(
z−1
)
Sµ (z)
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Z
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Rξ (k) =
1

2πj

∮

C
Sξ (z) zk−1dz

üºzA{ ªA��ý
�5¤��j�)����m��Õ ��j�¦Ê��-�����j¢9¡��*�¦ ��*¢��*�v�(���5�¦�"�j���5¢=£9Ê)�5¢��*�|¤��*�|£=�*�������I�.�* A£G�"�* A���j�#ü®�5�-�j���5�&�I���5�"�¯¦�5���j����¡A�5�
�*�Æ���*¢9�"�*�"���"�*¢X�|���5¢=£9É|�¦¡A��ý³{

�5¨



õ��±}��ÕÇt� á zA{Ú¹IÇ á ä!mÕÜ�Ä�¹IÇ á[n ç!o�¹¶õ�ä�ã�åÕÄ�Ö;Ä á ä�ç �A«
ÄéüºzA{ ªA��ýÑ�|¢=�"�* A���5���9���¦�n�5�
É|���j���5¤��j�!m��5���"¤9£��"�*�����G�I�I�ö�"�*�"�*���*�±¤IÉ|¡5¯¼�I�©�"�* AÉ|�"�"�* A�I���A� �*�|£�¦�g�*�¦�|¢=���#�* A£

F (z)
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F (z)
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F (z)− ¢��*������m��; ��j�¦Ê��*¢�Ê��*�|�I��*�|¤��*�|£��*���=���I�
´t�j�|�����5�ß�
1

2πj

∮

C
F (z) dz =

∑

i

Res [F (z) , pi]
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Res [F (z) , pi] = lim

z→pi

(z − pi) F (z)
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rµ (k) =

{
1
0

ha
ha

k = 0
k 6= 0
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ξn = µn − b1ξn−1 − b2ξn−2
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H(z)
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H (z) =
1

1 + b1z−1 + b2z−2
=

1

(1 − p1z−1) (1 − p2z−1)
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p1,2 =
−b1 ±

√

b2
1 − 4b2

2

üºzA{ ªA°�ý
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b1 = − (p1 + p2)
���

b2 = p1p2Äé�"�*¢��I�¦�g�*�(�¦���5ÊI�|�|�|���j���5¢)�5�¾�®�*�|�"�*�"�*���A� |p1| < 1
��� |p2| < 1
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Rµ (k) =
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µ

0
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k = 0
k 6= 0
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Sµ (z) =
∞∑

k=−∞

Rµ (k)z−k = Rξ (0) = σ2
µ
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Sξ (z) = H (z) H
(
z−1
)
Sµ (z) =

= σ2
µ

z2

(z − p1) (z − p2)

1

(1 − p1z) (1 − p2z)
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Fk (z) = Sξ (z) zk−1 = σ2
µ

zk+1

(z − p1) (z − p2)

1

(1 − p1z) (1 − p2z)
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Fk(z)
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p1
�����

p2
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p1
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Res [Fk (z) , p1] = lim
z→p1

(z − p1) Fk (z) = σ2
µ lim

z→p1

zk+1

(z − p2)

1

(1 − p1z) (1 − p2z)
=

= σ2
µ

pk+1
1

(p1 − p2)
(
1 − p2

1

)
(1 − p1p2)
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Res [Fk (z) , p2] = lim
z→p2

(z − p2) Fk (z) = σ2
µ

pk+1
2

(p2 − p1)
(
1 − p2

2

)
(1 − p1p2)
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k ≥ ¬
���"�*�"�*�9�"�A�

Rξ (k) =
2∑

i=1

Res [Fk, pi] = σ2
µ

(
1 − p2

1

)
pk+1
2 −

(
1 − p2

2

)
pk+1
1

(p2 − p1)
(
1 − p2

1

) (
1 − p2

2

)
(1 − p1p2)
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Rξ (−k) = Rξ (k)
{ÄRüºzA{ °A­�ýß×ßÊ��©Ê��*¤��*�|£��*�¦�"���¦É|�¦¡=� �7ü®�G{ �AªG{ ýP�¦�g�*�¦�|¢=�¦�+�A�"�¦�g�����I A ����"�*�=�*���
�¥�"�j�"�j�n�5�.�*���"�¶¤)�5�"�j��*���*� �&�5�&�³ A£9���¦�¦¤)�5�"�j�9�A�5�,�9�Æ�®�º¯º�*��¡��A�

Rξ (0) = σ2
ξ = o2

µ

1 + b2

1 − b2

1

(1 + b2)
2 − b2

1

;
üºzA{ °�§Aý

Rξ (1) = Rξ (−1) = − b1

1 + b2
Rξ (0) ; Rξ (2) = Rξ (−2) =

b2
1 − b2 (1 + b2)

1 + b2
Rξ (0) ;

ÄÞ�"�*� ¯º���¦É|�¦� �*¢=£¾�¦µI�¦µ��"�* ©���I A A¡=�*¢9£9���¦���5¢��¦�*�®�j�¦���5���
�9�Æ�®�º¯º�*�g���g�
H (z) H

(
z−1
)

=
1

1 + b1z−1 + b2z−2

1

1 + b1z + b2z2
=

�A­



õ��±}��ÕÇt� á zA{Ú¹IÇ á ä!mÕÜ�Ä�¹IÇ á[n ç!o�¹¶õ�ä�ã�åÕÄ�Ö;Ä á ä�ç ��§

=
1

(
1 + b2

1 + b2
2

)
+ b1 (1 + b2) (z + z−1) + b2 (z2 + z−2)

Äé�¦���5¢��¦�*�®�*�#�3�� A A¡��*¢9£X�5Ê��¦�g�j�|�I�"�*�¦�"�*�X¢��* A£9���*�"�*�.�©���"�*�9¡=�*¢��*�v�
�³�5�¦�"�j���5¢=£9Ê)�5¢x�
�®�*¢=�¦�Ñ�9�Æ×�®�º¯º�*�g���¦Êt�j�,�¦�n�5�
É|�®¯¼�I�¶�9�
�
z = ej2πfT ¤��*�|£��*�¦�"���¦É|�"���"�"�*�ß�

G (f) =
∣
∣
∣H
(

ej2πfT
)∣
∣
∣

2
=

1

c0 + c1 cos (2πfT ) + c2 cos (4πfT )

üºzA{ °Aª�ý
Ä#¤��j�ß�

c0 = 1 + b2
1 + b2

2, c1 = 2b1 (1 + b2) , c2 = 2b2
üºzA{ °A°�ý

ÄÞ�9�|� �³¢)�³���¦´t�*�9�¦���5�|�����"�*� ¯º���¦É|�¦� �*¢9£¾�¦µI�¦µ��"�* ©���I A A¡=�*¢=£=�A�

sξ (f) = G (f) sµ (f) = G (f) σ2
µ =

σ2
µ

c0 + c1 cos (2πfT ) + c2 cos (4πfT )

ü¦zA{Æzg¬A¬�ý
���g�*�;�I���5¢7¢��*�����I� � �* Ø�* A£;´t�*�����5Ê)�5¢í�¥¢=�I� �*�¦�|�9���.¡9���¦�g�j¢=£=�j�A�5��é©ã,�* A£��*¢~�¥Êt�*� �*¢��*�¦��®�*¤��*���®�j�|£9�5���5�-�¦�g�j���j���
�* A£G�"�* A¢=£9�ß�

σµ 
 zA{Ä#�
�5�I�"�j�"�* A�"���"�¦��É|¡����G���¦���9�"�*�(���I�º¯¼µ ¤)�5���j�n�5�(´)�5���5� �*�"�*�"�*�ß�
b1 
 ×�zA{ «A«AªAª%$ b2 
 ¬G{ ªGzg¬A¬G{ÄÞ�9�|� �³¢)�³�"�
�"�j�"�j�n�5���5�I�"�j���j�¦�"�*�v�j�*���A�-���I A A¡��*¢9£��*¢��*�¾�*���"�
�*���*� �*�ß�

Rξ (0) = σ2
ξ = o2

µ

1 + b2

1 − b2

1

(1 + b2)
2 − b2

1

= 11.2591

Rξ (1) = Rξ (−1) = − b1

1 + b2
Rξ (0) = 9.6968

Rξ (2) = Rξ (−2) =
b2
1 − b2 (1 + b2)

1 + b2
Rξ (0) = 5.9959

zA{ �G{I�5ÊI���G{±Ä_�9�|� �*¢��*�¦�,�¦´t�*�9�¦���5�|�����"�*� ¯º���¦É|�¦� �*¢=£¶�¦µI�¦µ��"�* ����I A A¡=�*¢=£¶�&� ¬s�
fs ' � 
 ���"�*�9¡��*¢��*�v����5�¦�"�j���5¢=£9Ê)�5¢ �ØüºzA{|zg¬A¬�ý��5�v�5´I¯¦�5¢

ÄÞ�9�|� �*¢��*�¦��¯º�*�
�5�¦�v�5  �"�*� ¯º���¦É|�¦� �*¢=£=�A�
σ2

ξ = Rξ (0) = 11.2591

��§



�Aª õ��±}��ÕÇt� á zA{Ú¹IÇ á ä!mÕÜ�Ä�¹IÇ á[n ç!o�¹¶õ�ä�ã�åÕÄ�Ö;Ä á ä�ç
ñ�À9i
ë=Á ¸ k�p
lglÞqrftsvutk�wxkGeÞÏGeni
k�s3kIÐÑÏIlgkUwxÏIlgf�ÐÑqrf)o����xwxf)d�ú)Ò)ÏGens3kIú���o)ë)(ÑdW·*�ºèé¿+"Á5À9Î
ÐÑlgd�À=Á5À9Î
ã,�* A£��*¢;��Ê��*� �*¢��*�¦��¯º�*��� �A�¦�������g�*�¦���-¡A�5�¦¤)�5�"�
�*�¦�"�*�9µ��t½��5���"���*���A�¦���v�j�¦ó����¦���j�*���j¢��*�#�"�j�"�5×�n�5���I� �*�|£9Êt�*¢;�5�&�* A£������
�|¢9���5�¶���j�¦�"�*�v�5�v�5�¦�v�5¢��j���

rµ (k) =

{
1
0

ha
ha

k = 0
k 6= 0

üºzA{|zg¬Gzný
Ä��G���¦���9�"�*�����I�º¯¼µ~ü�Ö;Ä�ý+�"�*¢��I�¦�g�*�¦�-���*É|�"� �G�Æ÷��*�"�*¢��*�v�
�* A£=�*¢I���*�g�

ξn = a0µn + a1µn−1 + a2µn−2
üºzA{|zg¬A��ý

Ü(�5���5�"�j�����I��� �* 
�.�9�|� �*¢��*�-�5�I�"�j���j�¦�"�*�v�j�*���A�-�"�j�"�j�n�5���5�����Õ�¦´��*�9�¦���5�|���Õ�"�*� ¯º���¦É|�¦� �*¢=£¥�¦µI�¦µG×�"�* ©���I A A¡=�*¢=£=�*��é
áÌâ_ã
äHågæ?çHèÄÞÊt�*� �*¢��*���¦´��*�9���5�|�����"�*� ¯º���¦É|�¦� �*¢=£¾�¦µI�¦µ��"�* 
���I A A¡��*¢9£������j¢��¦���5¢��g�

sµ (f) = σ2
µ

{±ÄÞ�"�*¢��9×�¦�g�*�
H(z)

�¦���5¢��¦�*�®�*�����I A A¡��*¢9£��A�
H (z) = a0 + a1z

−1 + a2z
−2 üºzA{|zg¬A��ý

ÄÞ�9�|� �*¢��*�-���j�
´I���³²Ø�*�¦�"�*�9µX�¦´t�*�9���5�|�����"�*� ¯º���¦É|�¦� �*¢9£¶�¦µ��¦µ��"�* ©���I A A¡��*¢9£��A�
Sξ (z) = H (z) H

(
z−1
)
Sµ (z) =

= o2
µ

(
a0 + a1z

−1 + a2z
−2
) (

a0 + a1z + a2z
2
)

=
üºzA{|zg¬5¨9ý

= σ2
µ

[(
a2

0 + a2
1 + a2

2

)
+ a1 (a0 + a2)

(
z + z−1

)
+ a0a2

(
z2 + z−2

)]

Ö �j�¦�"���¦���#�©�I����¢IÉ��*�����¦�g�*�¦�|¢=�g�
Sξ (z) =

∞∑

k=−∞

Rξ (k)z−k üºzA{|zg¬A«�ý
ÄÞ���*���9�Æ�®�º¯º�*�g���-�A�"�¦�g�*¡=�*�"���"�³Ê��j�ß�

Rξ (0) = σ2
µ

(
a2

0 + a2
1 + a2

2

)
; Rξ (±1) = σ2

µa1 (a0 + a2) ; Rξ (±2) = σ2
µa0a2
üºzA{|zg¬A­�ý

Rξ (k) = 0
¤)� |k| ≥ 0 üºzA{|zg¬�§Aý

Ä~�9�|� �*¢��*�¦�9�¦´t�*�9�¦���5�|���,���³� ¯º���¦É|�¦� �*¢9£.�¦µI�¦µ��"�* ����I A A¡=�*¢=£9�,óI A£��j�5´�¯¼�I��� �* _�5¤��j A£.�&üºzA{|zg¬5¨9ýß×Êt�&�
z = ej2πfT �9�Æ�®�º¯º�*�g���¦��¤��*�|£��*�¦�"���¦É|�®¯¼�I���

sξ (f) = σ2
µ

[(
a2

0 + a2
1 + a2

2

)
+ 2a1 (a0 + a2) cos (2πfT ) + 2a0a2 cos (4πfT )

] üºzA{|zg¬Aª�ý
ÄÞ�9�|� �*¢��*�¦��¯º�*���"�*� ¯º���¦É|�¦� �*¢=£=�A�

σ2
ξ = Rξ (0) = σ2

µ

(
a2

0 + a2
1 + a2

2

) üºzA{|zg¬A°�ý
�Aª
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���*�����I¢I�¾�* A£¥�=�j¢I�9�"�*�-´t�*�����5�(�5���5�v�5ÊIÊI���j���5�"�j�9�A�5�ß�±ã,�* A£=�*¢,�

σµ 
 z�� a0 
 zA{ ¬A¬A¬A¬%$ a1 
¬G{ ªA­A­A¬
a2 
 ¬G{ «A¬A¬A¬G{���g�*�9���*�Ñ�5�.�*�¦�"�*�=�*�9���*�ß�

Rξ (0) = σ2
µ

(
a2

0 + a2
1 + a2

2

)
= 2.0000;

Rξ (±1) = σ2
µa1 (a0 + a2) = 1.2990;

Rξ (±2) = σ2
µa0a2 = 0.5000

Rξ (k) = 0
¤)� |k| ≥ 0

zA{ �G{I�5ÊI���G{±Ä_�9�|� �*¢��*�¦�,�¦´t�*�9�¦���5�|�����"�*� ¯º���¦É|�¦� �*¢=£¶�¦µI�¦µ��"�* ����I A A¡=�*¢=£¶�&� ¬s�
fs ' � 
 ���"�*�9¡��*¢��*�v����5�¦�"�j���5¢=£9Ê)�5¢

ÄÞ�9�|� �*¢��*�¦��¯º�*�
�5�¦�v�5  �"�*� ¯º���¦É|�¦� �*¢=£=�A�
σ2

ξ = Rξ (0) = 2.0000

ñ�À9i
ë=Á ¸ k�p
lgl
qrftsvu�k�wxkGe
ÏGeni
k�s3kIÐÑÏIlnkxÀ9s3l�·)qrf)o�� Á5À9Î
ÐÑlgd�À=Á5À9Î
ã,�* A£��*¢¥��Êt�*� �*¢��*�¦�=¯º�*�G�g�*�¦���±¡A�5�¦¤)�5�"���*�¦�"�*�9µ��G½��5���"���*���A�¦���v�j�¦ó��=�¦���j�*���j¢��*�+�"�j�"�j�n�5���A� �*�|£=×Êt�*¢;�5�.�* A£=�����
�|¢=�³�5�����I A ��*�¦���*¢��*���

rµ (k) =

{
1
0

ha
ha

k = 0
k 6= 0

ü¦zA{ÆzAzg¬�ý
Ä��G���¦���9�"�*�����I�º¯¼µ~ü�Ä�â#Ö;Ä�ý±�"�*¢��I�¦�g�*�¦�-���*É|�"� �G�Æ÷��*�"�*¢��*�v�
�* A£=�*¢I���*�g�

ξn = µn − aµn−1 + bξn−1
ü¦zA{ÆzAzAzný

�5¤��j�ß�
a
�"�*�"�¦�g�j���* ����-��� |b| , zA{�Ü(�5���5�"�j�����I�¥� �* ��&�9�|� �*¢��*�#�5�I�"�j�=�j�¦�"�*�v�j�*���A�#�"�j�"�j�n�5���5�-����¦´t�*�9�¦���5�|���-�"�*� ¯º���¦É|�¦� �*¢9£¾�¦µI�¦µ��"�* ©���I A A¡=�*¢=£=�*��é

áÌâ_ã
äHågæ?çHèÄÞÊt�*� �*¢��*���¦´t�*�9���5�|���-�"�*� ¯º���¦É|�¦� �*¢=£¾�¦µI�¦µ��"�* 
���I A A¡��*¢9£������j¢��¦���5¢��g�
sµ (f) = σ2

µ
{±ÄÞ�"�*¢��9×�¦�g�*�

H(z)
�¦���5¢��¦�*�®�*�����I A A¡��*¢9£��A�

H (z) =
1 − az−1

1 − bz−1

ü¦zA{ÆzAzg��ý
�A°



�A¬ õ��±}��ÕÇt� á zA{Ú¹IÇ á ä!mÕÜ�Ä�¹IÇ á[n ç!o�¹¶õ�ä�ã�åÕÄ�Ö;Ä á ä�ç
ÄÞ�9�|� �*¢��*�-���j�
´I���³²Ø�*�¦�"�*�9µØ�"�*� ¯º���¦É|�¦� �*¢=£¾�¦µI�¦µ��"�* ©���I A A¡=�*¢=£=�A�

Sξ (z) = H (z) H
(
z−1
)
Sµ (z) = σ2

µ

z − a

z − b

1 − az

1 − bz

üºzA{|zAzg��ý
Ä_�9�|� �*¢��*�-�5�I�"�j�=�j�¦�"�*�v�j�*���A�����I A A¡=�*¢9£��*�-�&�"�*�����G�I�I� �j�¾�"�* AÉ|�"�"�* ��*¡��*���®�j n¯¼�I���9���¦�n�5�
É|���5¢I�ß{Ä#���|¢=�"�* A���5�v�5¢��I� ���I A A¡��*¢9£7ü3�v�j�"�xüºzA{ §j­�ý¦ý-��¯º�*���*¢Ø´t�*�����5Ê)�5¢,�

Fk (z) = σ2
µ

z − a

z − b

1 − az

1 − bz

zk

z

üºzA{|zAz*¨9ý
Ü(�

k 
 ¬s�G�5�9���j�+�5�#�* A£G�"�* A�=�j�"�j¢ Êt�*�|�I��üºzA{|zg¬Aª�ýß×ß¢��*�
´t�j�|������¡j�5¢¥� z 
 ¬����+� z = b
¤��*�|£��*¢,{

Rξ (0) = Res [F0 (z) , 0] + Res [F0 (z) , b] =

= σ2
µ

{

lim
z→0

z − a

z − b

1 − az

1 − bz
+ lim

z→b

z − a

z

1 − az

1 − bz

}

=
üºzA{|zAzg«�ý

= σ2
µ

[
a

b
+

b − a

b

1 − ab

1 − b2

]

= σ2
µ

[

1 +
(a − b)2

1 − b2

]

Ü(�%¥ ≥ z��
�5�9���j��üºzA{|zAz*¨9ýß×ß¢)�5�7�5� �* A£G�"�* A�=�j�"�j¢7Êt�*�|�I�+�*���5�7�
z = b

¤��*�|£=�*¢7¡A�5¢7´t�j�|�����G{��¢I¢��*�¶� �* j�®�*���*���=�*¢,�
Rξ (k) = Res [Fk (z) , b] = lim

z→b
(z − b) Fk (z) = σ2

µ

b − a

b

1 − ab

1 − b2
bk üºzA{|zAzg­�ý

ÖX�|¡��*�
�5���5�I�"�j�=�j�¦�"�*�v�j�*�|�A�-���I A A¡=�*¢=£¥´)�5�"�A�
Rξ (−k) = Rξ (k)

���*�g�*�¦��� |k| ≥ z����"�*�"�*�9�"�A�
Rξ (k) = σ2

µ

b − a

b

1 − ab

1 − b2
b|k|

üºzA{|zAzn§Aý
ÄÞ���j�
´I���³²Ø�*�¦�"�*�9µØ�"�*� ¯º���¦ÉÆ�"� �³¢9£¾�¦µI�¦µ��"�* ©���I A A¡=�*¢=£¾�ØüºzA{|zAzg��ýß×ßÊt�j�ß�

Sξ (z) = σ2
µ

1 − az−1

1 − bz−1

1 − az

1 − bz
= σ2

µ

1 + a2 − a
(
z + z−1

)

1 + b2 − b (z + z−1)

üºzA{|zAzgª�ý
Ä~�9�|� �*¢��*�¦�9�¦´t�*�9�¦���5�|���,���³� ¯º���¦É|�¦� �*¢9£.�¦µI�¦µ��"�* ����I A A¡=�*¢=£9�,óI A£��j�5´�¯¼�I��� �* _�5¤��j A£.�&üºzA{|zAzgª�ýß×Êt�&�

z = ej2πfT �9�Æ�®�º¯º�*�g���¦��¤��*�|£��*�¦�"���¦É|�®¯¼�I���
sξ (f) = σ2

µ

1 + a2 − 2a cos (2πfT )

1 + b2 − 2b cos (2πfT )

üºzA{|zAzg°�ý
- À9w qrÀ9i
ë=Á�l�(±À=o�egÁjpÑw.� Â*À9s3qrf)Á5Á5ÏIlgf)o
Ä#�
�*���j�g�¶´t�*�����5�9Ê)�5¢~�5���(�v�5�¦�¦�I����¤��j A£X�9�|� �*¢��*�¦�±�¦´��*�9�¦���5�|���(�"�*� ¯º���¦É|�¦� �*¢9£;�¦µI�¦µ��"�* ¶���I A j×¡��*¢9£��*�¾�*�"�A�"�*¢Ø���I A A�"�*�X�©���"�*�9¡��*¢��*�v�5�"�j�ß{�Ä/�®�®�*¤��*�0�.�¦´��*�9�¦�¦�I���"�j�Ñ�*�|�"�*�"�=�*¢ �*�g�*�X�
�¦´��*�9�º×�¦�I� �j�&�r�¦��É|¢����"�³�)�(¡=�j�|���5��{Ü(�~�* A£~¯º�*�Æ�®�j�¦���j�¶�|�|£��*¢_�¦��É|¢����Ø�¦´t�*�9�¦�¦�I�
���5�.ÊIÉ|���(�5�9�=�j�Ø�$bi¡� � <¦r�ih��þ¡��gf�j�jkf<��ª]fih ¢5cg¥�j�|£=�5¢í� �9�I�j¢���¤��j A£í�5�¾�* A£.1~b¤f5ª]�� 32[bi¡� � <¦r��4£��jô�±���
�* A£ë��f~d£b¤f�jìf�j°¬gf�l��r¦�j°§r�<�¤h�¡�h~h��G���¦���9�"�*����I�º¯¼µ¥¤)�5���j�n�5�¦Êt�j�
�5�|�ß{�Ä��®�*¢=�¦�t´t�*�����5��É| A£ �¦���|¢������¦´t�*�9�¦�¦�I��ó���½��5���"�±�®�j�¦���j�"�j�9���.���+¡��j¢)�5�º×���j��¤)�5�¦¢)�5��{

�A¬
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�=�j�"�*�|¢I�9Êt�*¢¥�
�|¢��I�*¢��"�*�����¦���¦É|¡ �5�|�A�5�¦�"���¦�-�"�*�¦�
�|�9���+�n�5¯¼�±���*�|�g{�Ü(�.�(�n�5¯¤)�5���j���5�[�� A£��*���*��Êt���5�A�5�®¯¼�I��¡=�*¢I¢I���)�5�9���j�#�5�&�*�|���*¢)�5�|�v�j�"�j�¶¤��*�|£��*�¦�"���¦É|�"� ���*´��A�

ÄP�g�*�¦���,¡A�5�¦¤)�5�"�-�*�¦�"�*�9µ��A½��5���"�,�*���A�¦���v�j�¦ó��®�*¤��*�,�n�5¯)�®���¦���I�|�"�"�* ��*¢��*�(¢��* A£9�g�*�"���,¡A�5�¦¤)�5�"��*�¦�"�*�����
ü��5�&�³÷��*�9�¦É|¡¶�*�¦�"�*�¥¢��* A£9�g�*�"�ný³�
E
[
U2

zaj

]
= U2

z = 4kTRgB[V2]

�5¤��j�
k
�©Ù��j�|�¦�����5¢ �5�|�v�5¢��I�]�

k 
 zA{ �Aª¾zg¬ −23 � 8P� ' ç 
 � T �5���5Ê��¦�g�j�|óI�-¤��j� �*�"�"�*�9���*��ç��*�Æ×¡9�|¢Ø�®�j���j�9Ê)�5¢��
B
�
¡9�|�g�¦ =�5�|�����g¡G�¦�g�*�����"�"�* 9� Ü#� 
 ×ßÊ��*¢,{#Ä#���*�|���*¢)�5�|���j�"�j�X�n�5¯¼�"�*�¦� �*����¤)�5���j����*���"�A�"�j�¦Ê)�5¢X���9����¯º�*���¦���|¢=�¦µ¾�®�j���j�n�5�"�j�9Ê)�5¢~ü3Êt�*� �*¢��*�¦�,�®�j���j�n�5�"�j�9Ê)�5¢tý��*�"�I�*�=�������5¤��j�Ñ��¯º�*�Æ×�®���¦���I�|�"�"�*  �A�"�¦�g�*� �*�¦¤��*�"���©�n�5¯r�®���¦���I�|�"�"�* A ��*�ß{á �*�9�|¢9�"�¦�I¢I� �* A£

Rg
Ê��*���"�¾�*�|���*¢)�5�|�v�j�¦óØ¯º�*�Æ�®�j�¦���j�¦���
�5� �*�|£9�|�7� �®�*¢9�¦���*� �¦�g�*�¦�|¢=����¤)�j�¦�*×¢��A�¦¢)�5�¥�"�*�9�|¢9�"�*�¦�±¯º�*���*¢¾�9É|¡9�I���"�*�¦�
�|�9���-�n�5¯¼�������=�*�|�g�

Ü(�¥�  ��*¢��*���5�"�j�(�"�*�¦¤��*�����"���|�|�����¦���¦¡��&¡A�5¢7�  ��*¢��*���5�"�j�¦¤��j�Xü
Rbe = Rg

ý����5�9���j��� � �*�"�Êt�*�"�*¢��I�*�g���¦Ê��-¯¼�I�"�©�n�5¯¼�"�*� ¯º���¦É|�¦� �*¢=£��

Pzbe =

(
Uz

2

)2

Rg
=

U2
z

4Rg
= kTB

ü®�G{|zný
�Gz
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Ä#�ê��jìjìf5�<�ih�f¤h~h?¢¤f�j bi¡� � <¦r��4£��jÑ�9�v�5���5�
���
�n�5¯��¦´t�*�9�¦���5�|�������³� ¯º���¦É|�¦� �*¢9£¾�¦µI�¦µ��"�* ��A�

N0 =
Pzbe

B
= kT

ü®�G{ ��ý
�5�
�
�¦�g�jÊ)�5¤��j� �*�"�"�*�9���*�"�*¢,�

N0 (290K) = 4 · 10−21

[
W

Hz

]

A!3BA!3 :�Éóò]Î4>�7
Ï�I4><;{FGI[@
�����*�9�¦�"�j¢I�|�9���Õ¯º�³�|�=�*�g�*�����* A£G�"�* ��*�9Ê��*¢íü3�¦�|´I�|�9�����5¢ �*�"�A�¦É|�"�j�9Êt�*¢tý#�
�n�5¯¼¢)�5�Ø�¦�n�5� �A�-�®�j�¦���j���¡A�5¢Èü®�5�©�*�|���*¢)�5�|�v�j�"�j�X�"�*�¦�
�|�9���(�n�5¯¦�s��� �¦���5¢I�����¦���"�j�"�j�;�"�j�"�*���n�5¯¦�s���>=��������*�(�n�5¯i��� ���5´G�®�³×�¦���I�|�"�"�* (�n�g¡A�5���5�|Êt�j�)�j�I�9�I�(�,{ ¢,{?�ßÊI�¦�I�
�@�5�=�5�����I�* ��*¢�¯º�*���³�©�5�"�¦���|¡A�5�¦ =�j���s���¦�¦Ê,{ ý³{�Ä ���*�|�I¢I����* A£��*¢Å�5�W�±¤��j A£í�*�|�"�*�9�Æ¢9�¦¡=�¾�;�"���¦�����*�"�*�9�"�j���+�* A£~���j¢I�9�"�*���5���5�
���j�¦���®�j�=�j�n�5�"�j� �³ A£=�*�¦���*¢� �*¢I¢=£9���"�* A ��*�ß�Õ���n�5¯¼�"�*¢9£��*�g�n¡��*��¯º�*�|���*� �*�����I¢I��{ÄÞ�"�*� ¯º���¦É|�¦� �*¢=£¶¡9���¦�g�j¢9£��j�A�5�#�5���5�v�5ÊIÊI�,� �=���³�|�Ñ�¦�g�*�¦�|¢=�#�*�¦�"�*�|� �*�����I���

Ä ¯º�*�Æ�®�j�¦���j���"�*�¦�
�|�9�����n�5¯¦�G�
Pzbe = kTB

�5�;�*�"�A�¦É|�"�í�5�|���5���"�*�¦� �*�|�7ü®�x�9�|� �*¢��*�"�*¢� �*�¦¤��*�"�=ý��n�5¯*�
Pz
{

Pki = G (Pjelbe + Pzbe) + Pz = Pjelki + Pzki
ü®�G{ ��ý

Ä#� �*�"�A�¦É|�"�
G(f)

�"�*� ¯º���¦É|�¦� �*¢9£ �*�"�A�¦É|�"���"�*¢��*�;���"�*�9¡��*¢��*�v�¥���I A ����"�*�"�j�±�*�|�"�*�9�|¢9�¦�I¢I���Ñ�¥¡9�|�g�º× =�5�|�©���"�*�9¡=�*¢��*�v� ����¡9Ê)�5¢È�=�j¢��¦���5¢��¦¢)�5�~�"�*�9�|¢=�®¯¼�I��{íÄ[���"�*�9¡��*¢��*�v�X���I A ����
¤)�5���j���5�¥�;�n�5¯r×����¡G�¦�g�*�����"�"�* AÊ��*¢P¡=���"�¦���I�$�� A£=�*���*�&Ê��A{;Ä
B
�n�5¯r×r����¡G�¦�g�*�����"�"�* ��*�¶ü®�5�|�I�v�5�"�*�"���¦���"�;�A�5���5�9����×�¦���¦���¦�|�A�©���"�*�"�*�"�ný��5���5�v�5ÊIÊI�
�* A£=�*¢I���³���I����¢I�v�5� ¯¦�G�

B =
1

G (0)

∞∫

0

G (f) df
ü®�G{ ¨9ý

Ä#�
f0
���g¡9���j�g�*´¶���"�*�9¡=�*¢��*�v�5¯¼óØ����¡A�5�"�*�"���¦���"�
�A�5���5�9�"�*�¦���¦���¦�|�A�
���"�*�"�*¢,�

B =
1

G (f0)

∞∫

0

G (f) df
ü®�G{ «�ý

ÄÞ�9�|� �*¢��*�¦�,�n�5¯*�
Pzki = GPzbe + Pz = GkTB + Pz = GkB

(

T +
Pz

GkB

)

= GkB (T + Te)
ü®�G{ ­�ý

�A�
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�5¤��j�

Te
�5�.�*�"�A�¦É|�"�
Ê��*� �³¢)�³�"�"���"���G���j�5�|�#�,{ ¢,{Zf5¥e�����r§�jkfil]�!��§{¢<ªs¬����� 5���5¥rjkfih�fA�

Te =
Pz

GkB

ü®�G{ §Aý
Ä�ü®�G{ ­�ý��* A£=�*¢I���*���5���©�®�º¯º�*�����9���±¤��j A£È�5�Ø�*�"�A�¦É|�"�x�5�|���5���"�*�¦� �*�|� �n�5¯¼�
Êt�*� �*¢��*�¦�-�n�5¯¼�=�*¢=��*�¦�"�*�|� �*�����I���±óI A£g���
�|¢=�¦¤)�7�X�n�5¯r�®�j�¦���j�©¤��j� �*�"�"�*�9���*�"�¶� �* ��*� �*�|�=���I�*�¦� ¡��j�|¢)� �

T + Te¤��j� �*�"�"�*�9���*�¦�"�A{

A ��§£¢�h���l_­gf<��¬¥�5�����®�º¯º�*���,�9���G¤��j A£Ø�©�9�|� �*¢��*�¦�
�n�5¯Õ¤)�5¢9£G�¦�g�j�"�A��� ���®�*���*�"�A�¦É|�"�*�¦�
T0
�¦�g�5×Ê)�5¤��j� �*�"�"�*�9���*�¦µØÊ��*� �*¢��*�¦�
�"�*�¦�
�|�9�����n�5¯¼¢)�5���

F =
Pzki

GPzbe

∣
∣
∣
∣
T=T0

=
GkB (T0 + Te)

GkBT0
= 1 +

Te

T0
≥ 1

ü®�G{ ª�ý
Ü(�Ø�* A£P�*�"�A�¦É|�"�X�n�5¯¼� �*¢=�"���Øü3���I�g�5�|���©���"�*�¦Êt�*¢tý��+�5�9���j�
�

F = 1
���5�
���5���&�®�º¯º�*���Õ�9�+¤��j A£¢I�|¢�����¯¦�5�¦�I���*�=�A���n�5¯*{�ÄÞ�n�5¯¼�"�*¢9£��*�g�
�A�5´����"�j���5�³� �5�.�*�9¡9�|¡A�5���*¢����n�5¯¼¤��j� �*�"�"�*�9���*�¦�"�*�ß�

Te = (F − 1) T0
ü®�G{ °�ý

M
K�M
K�JLKCB.PLar^]XGµL� z{t�X�t�^]PGR�t�XÕS_´WS?��D ^]P?��R�`?��}�S_^�D��eS
ç.�j�¦���A�j�GÊ)�©�A�5´t���"�j�|���®�j���j�n�5�"�j�¥¤��*�|£=�*�¦�"���¦É|�"�
�=�*´t�A�

P
(1)
zki = G1kTB + G1kTe1B

ü®�G{|zg¬�ý

P
(2)
zki = G2G1kTB + G2G1kTe1B + G2kTe2B =

= G1G2kB

(

T + Te1 +
Te2

G1

)

= GekB (T + Ter)

�5¤��j�ß�
Ger = G1G2

���
Ter = Te1 + Te2

G1

{±Ä#�.�*�"���I�
�n�5¯¼�"�*¢=£=�*�g�I�

Fer =
P

(2)
zki

GerPzbe

∣
∣
∣
∣
∣
T=T0

=
G1G2kB

(

T0 + Te1 + Te2
G1

)

G1G2kT0B
=

ü®�G{|zAzný

�A�



�5¨ õ��±}��ÕÇt� á �G{ Ä á �±â#Ö n ç!o�¹ØÇtÄ�}

=
T0 + (F1 − 1) T0 + (F2−1)T0

G1

T0
=

= F1 +
F2 − 1

G1

M
K�M
K�M
KOpqu]a�V�|�|�P�Áó��R��
Ä#���|�|�����¦���"�*�¦�#���¦�|�|�v�5´IÉ|�"�
�n�5¯-�5¢)�5�|ÉÆ�����"�*�(�5�&�5�v�5ÊIÊI���5ÊI���
�"�³ AÉ|�"�"�* ��*¡=�*�,¡��* ��*�����I�¾�*�ß�

Ä#�
Rg
Êt�*���"���*�|���*¢)�5�|�v�j�¦óíü3�n�5¯º�A�³ýÑ¯º�*�Æ�®�j�¦���j�¦�-´)�j�"�¦���|¡9¡A�©�"�*�¦�¦�I�xü

Ujel 
 ¬�ý������-���*�"���"�¦�I��5�
Rt
���*�n�5���j�¦���X¯¼�I�"�P�n�5¯¼�"�*� ¯º���¦É|�¦� �*¢9£9�g{ôÄ#�

L
���¦�|�|�v�5´IÉ|���j�¦ó����¦�|�|�v�5´IÉ|�"�í�|�|���*�¦���¦¡=�;¡A�5¢�����*�n�5���j���5�|¤��j�W�t�5�n�5���

Rg = Rbe
���

Rt = Rki
{ÄÞ�n�5¯º�A��¯º�*�Æ�®�j�¦���j�¦Êt�j�Ñ�©���¦�|�|�v�5´IÉ|�"�jÊ)��¯¼�I�"�©�n�5¯¼�"�*� ¯º���¦É|�¦� �*¢9£xü3�v�j�"�¾�*���j�g�
´��*������ý(�

Pzbe = kTB
ü®�G{|zg��ý

Äö���*�n�5���j�¦���
¯¼�I�"�¾�n�5¯¼�"�*� ¯º���¦É|�¦� �*¢=£9�¶ü®�5¢��*�|�9�I���
¤��j A£x�5���A�"�¦�g���.�*�|���*¢)�5�|�v�j�&¤)�5���j���5�.�9�I���j¢G×�9�I���j¢Ø¡9�|�g�¦ =�5�|¢)�5¢I��ý��* A£G�¦�g�*�¦µ��*¢X� �* A¤)�5���5�"�j��¤)�5�®¯¼�I�X�5���n�5���� ��j¢����j���5��� �*¢��*�¦�"�*����¤��j A£Ø����¦�|�|�v�5´IÉ|�"�g¡A�5���9���* ����¦��É|�"�*�¦�(¤)�5���j�n�5�"�j�(�"�*�9�|¢=�®¯¼�I� ¯º�*�Æ�®�j�¦���j�¦¢)�5�����5�
�|¢��*�;� Ê��*���"�¥�*�|���*¢)�5�|�v�j���
Rki
{�ÖX�|¡��*�
�©�9�|� �*¢��*�-�����|�|�����¦���¦¡���¡A�5¢����&�®�*¢9�¦���*�9¤��*�.¤)�j�"�j¢I�����5¢,�

Pzki = kTB
ü®�G{|zg��ý

���g�*�
�5�v�5´I¯¦�5¢ �³�"�"�*�Æ� �*��¤��*�ß¯¼�I�
�(���¦�|�Æ�v�5´IÉ|�"��Êt�*� �*¢��*�¦�"���"���G�I�A�5�|�±�*�9¡9�|¡A�5���*¢����n�5¯¼¤��j� �*�"�"�*�=×���*�"�*�g�
Pzki =

1

L
(Pzbe + kTeB) =

1

L
kB (T + Te) = kTB

ü®�G{|z*¨9ý
Ä#�
�|Êt�j�ß�

Te = T (L − 1)
ü®�G{|zg«�ý

Ä����¦�|�|�v�5´IÉ|�"�
�"�*� ¯º���¦É|� �*¢=£ÄÃ*�*�"�A�¦É|�"���"�WÃj�
Gcs =

1

L
≤ 1

Ä ���¦�|�|�v�5´IÉ|�"�(�n�5¯¼� �=�I�*�|� ¯º�-�5�-�5�v�5ÊIÊI�)�5ÊI���5¢©�v�5�¦¤)�5�"�I{����*�g�*�)�#� �9�I�*�|���³�t�#���¦�|�|�v�5´IÉ|�"�j�+�#�n�5¯º�A��*�"�A�¦É|�"�j�9¤��j�.¤)�j�"�j¢I�����5¢Ø�¦���j¯¼�I�¶���5�¦ A£=�5�|¢I�ß{
�5¨
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Ä����¦�|�|�v�5´IÉ|�"�
�n�5¯¼�"�*¢=£=�*�g�j¯º��ü®�
­G{ °G{+�5�v�5´I¯¦�5¢tý³�
Fcs = 1 +

Te

T0

ü®�G{|zg­�ý
Ü(�
�©���¦�|�|�v�5´IÉ|�"� �¦�g�jÊ)�5¤��j� �*�"�"�*�9���*�¦µ,�

Fcs = 1 +
Te

T0
= 1 +

T0 (L − 1)

T0
= L

ü®�G{|zn§Aý
Ä �*�¦�|�|�v�5´IÉ|�"�j� �5�g�*�¦�����5�¦ A£=�5�|�¦�I�~�5�¶�*�"�A�¦É|�"�j¤��j�¥¤)�j�"�j¢I�����5¢���¤��j A£~�5�¶�5�v�5ÊIÊI�Õ�=�*�&�A�j�¦���A�j��*�|�"�*¢��I�*�g���¦�#�A�"�¦�g�(�¦���j¯¼�I�¶¤)�j�"�j¢I�|É|���5¢I�Ñ�5�&�*�"���I�
�n�5¯¼�"�*¢=£=�*�g� �¦�g�*�
´t�j¢9�®¯¦�5Êt�j�ß�

Ä#�
Fer = F1 + F2−1

G1

�A�"�¦�g�³���I A ����¦��¤)�j�¦��¢)�5�|¡A�G�

F (1)
er = L +

F − 1
1
L

= L (1 + F − 1) = LF
ü®�G{|zgª�ý

�5�|���5�v�5Ê)�5¢Ø�"�*� ¯º���¦�I�Ñ�5�
F (2)

er << F (1)
er

ü®�G{|zg°�ý
¡9���¦�g�j¢=£g�G� �*�|£9¢��*���®�*�|�"�*�"�*���A�
F +

L − 1

G
� LF ⇒ FG+(L−1) � FGL ⇒ (L−1) � FG(L−1)

ü®�G{ �A¬�ý
n ¢I¢��*¢,�

FG � 1
ü®�G{ �Gzný

á �*¤)�5�(¤)�;ü®�G{ �Gzný-�"�*� ¯º���¦�I�����5�9�=�j�-�®�*¢I¢)�5�|�-ü®�G{|zg°�ý����5�
�|Ê��j�±�5�����5� �5�|���5�v�5¢��A���"�*¢��I�¦�g�*�¦�"����¤G×¢I�|�A�5��� �* =�5�|�v�5´IÉ|���j�¦���j�|¡A�j�¦¤)�5�®¯¼�I�¥�9���G¤��j A£¾��¯º�*���*��� �* ;ü®�5�.���"�*�¦���* ��*�|���*�¦�I�|¤��*�"�*�¦���*¢tý����¦�|�Æ×�v�5´IÉ|���j�-�*���j�¦�-�=�*�|�,�*�"�A�¦É|�"�*¢I�ß{
A!3�Æ�3 ÇÄ=:9<È�ÉËÊ�7 E�É4Ù8FG7:Ù�Ù�É[@yÐFEÀ7:9�Û�É�FGÐ4>?É
Ü(�5���5�"�j�����I�7� �*  �¾���*¡��*�g�*�"�Ø�A�5Ê��*�|Êt�j�����&�* A£7�*���9�*�"�A�¦É|�"�jÊt�j�-�5�|���Ø�"�*¢��I�¦�g�*���*�"���I�Ø�n�5¯¼�"�³×¢=£=�*�g�j¯º�*���
�|¢��G�=�*�#�"�j�¦�"�*¢��GµX�A�"�¦�g�*�A�5´t���"�j�v�j�#���"�*�"�*¢�éÄ����5�"�j���

�A«
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ÄÞ�A�5Êt�*�,¤��A�"�¦�n�G�

h 
 zg«©��ß�5¯¼�v�5 ��A�-���¦�|�|�v�5´IÉ|���j���G�
a 
 z��IÙ ' �¤��j� �*�"�"�*�9���*�"�A�
Tk 
 �A°A¬
çÄ#�.�*�"�A�¦É|�"�
�n�5¯¼�"�*¢=£=�*�g�j¯º�A�
Fe 
 �©�IÙ�*�"�A�¦É|�"���"�A�
Ge 
 �A¬
�IÙáÌâ_ã
äHågæ?çHèÄNzg«��U¤��A�"�¦��ó����5 Aó �A�5Ê��*�

L
�IÙ

= ha = 15m · 1 �IÙ /m = 15
�IÙ����¦�|�|�v�5´IÉ|���j�¦�.�j���j��{&Ä#��*�"�A�¦É|�"�
�n�5¯¼�"�*¢=£=�*�g�j¯º�(¡9���¦�g�j¢9£G�¦�n�5�&Ê)�5¢
�

F
�IÙ
e = 3

�IÙ
= 10lg(Fe) ⇒ Fe = 100.3 = 1.995

Äô�A�5Êt�*���n�5¯¼�"�*¢9£��*�g�j¯º��� �* ��* A£=�*���|� �5¢I¢)�5�;���¦�|�|�v�5´IÉ|���j����¡A�5�#ü3�
�|¡��*��¤��j� �*�"�"�*�9���*�"�
�A°A¬¥ç&ý���"�g¡A�5ÊIÊ)�X�IÙ+×ßÊt�*¢~�9�Æ�®�º¯º�*�g�*�¦�&�*�"�A�¦É|�"���"� � �* ��* A£=�*���|�P�Ø�IÙ+×ßÊt�*¢~� �* =�j�I�j�¦�©���¦�|�|�v�5´IÉ|���j���5¢)�5�×�z³×r�¦�g�*�"���"�*¡��*�ß{
F
�IÙ
k = L

�IÙ
= 15

�IÙ ⇒ Fk = 31.62

Ä����¦�|�|�v�5´IÉ|�"�öÃ*�*�"�A�¦É|�"���"�WÃj�
Gk =

1

L
=

1

31.62·��|�g�¦ =�5� ¯¼�I�¥� �* ��*���A�¦�g�j�#�©�A�5Êt�*�Æ×r�*�"�A�¦É|�"���* A£9�I�¦�"���¦�g�

Ä ü®­G{ �GzA{ ý
�5�v�5´I¯¦�5¢;�5�&�*�"���I�
�n�5¯¼�"�*¢=£=�*�g�I�
Fk→e 
HG?I e

¡A�5 A£¶�IÙ+×ßÊ��*¢Ø�9�Æ�®�º¯º�*��¡��A�

F
�IÙ
k→e = L

�IÙ
+ F

�IÙ
e = 15 + 3 = 18

�IÙ
J j°h�§rjk¦rlG¡r�Z�<��§)4<¦�j ­t��Ü(�.�* A£����¦�|�|�v�5´IÉ|�"���A�5´t���"�j���9�G�|���* A£��5�¦¡9�|�"�*�|���*���*� �*�����G�5�9�=�j���5�(�*�"���I��n�5¯¼�"�*¢=£=�*�g���©���¦�|�|�v�5´IÉ|���j�"���5�,¢��n¡��*�G�¦���|�7ü®�©���¦�|�|�v�5´IÉ|�"� ¤��j� �*�"�"�*�9���*�"�&�A°A¬
ç&ý³{ÄÞ���j�¦�|�¶�"�j�¦�"�*¢��GµX�A�"�¦�g�*�A�5´����"�j�v�j�¦¢)�5�+ü®­G{ �A�G{ ý³�

Fe→k = Fe +
Fk − 1

Ge
= 1.995 +

31.62 − 1

100
= 2.301 ⇒ 3.6

�IÙ

¯LK ��fih�¥�f<�¤h�f¤h��5�=�~Ä$�A�5Êt�*�����¦�|�|�v�5´IÉ|���j���í�5�|���5�.�j���j�g�j�¦�¶�n�5¯¼�"�*¢9£=�³�g�í¢��g¡=�*�����I���¦�¶���5�¶¢��*����*¤��*�-�9���¦�n�5¯¼óØ�*�"�A�¦É|�"�g¡=�*�
�"�³�[���j�
´��*¢I�n�5�|¢I�ß{
�A­



õ��±}��ÕÇt� á �G{ Ä á �±â#Ö n ç!o�¹¾ÇtÄ�} ��§
A!3�àË3 ÇÄ=:9<È�ÉËÊ�7 E�É4Ù8FG7:Ù�Ù�É[@yÐFEÀ7:9�Û�É�FGÐ4>?É�É�EHÉ�ò]Û�IZD�=
Ï�>?=
@!9<7HF?Ï�7
Ö;�*�9���j�����"�j�
�v�j�¦�Ñ�j�=�j�Õ�5�Õ�*�"���I�-�n�5¯¼¤��j� �*�"�"�*�9���*�¦Êt�*¢
�5���5¢=�"�*¢I¢)�5�����Ñ�5�Õ�*���=�*�"�A�¦É|�"�j���A�"�¦�g�³×���j�"�¾z(�IÙÚ���¦�|�|�v�5´IÉ|���j�¦ó��)�A°A¬�çé¤��j� �*�"�"�*�9���*�¦µ¾�A�5Ê��*���G¤)�©�5�&�5¢=�"�*¢I¢)�
���5¯¦�5���n�5¯¼¤��j� �*�"�"�*�=×���*�"�&�A¬ çË�&Ä#�.�*���9�*�"�A�¦É|�"� Ê��*� �*¢��*�"�*�"�j�Ñ� �*�¦¡����©¡��*¡=�
�n�5¯¼�"�*¢=£=�*�g�j¯º�&¬G{ « �IÙ({�Ä-�j¯¼�I�¥� �* ���"�j�
�v�j�¦�#�IÙ+×ßÊt�*¢�é
áÌâ_ã
äHågæ?çHèÄ�¡=�*¡��~ü3�"�����*�|¡=�*�³ý��n�5¯¼�"�*¢=£=�*�g�j¯º�A�

Frec = 100.05 = 1.122
{ØÄ#�¥�A�"�¦�g�*�=�j�"�Ø�A�5Êt�*�Õ¢��*�|�9�I�|����"�*�¦Êt�*¢;��¡=�*¡��©Ê��*� �*¢��*�¦�"�.�"���G�I�A�5�|�-�n�5¯¼¤��j� �*�"�"�*�9���*�"�A�

T rec
e1 = T0 (Frec − 1) = 290 (1.122 − 1) = 35.39K0

M%NPOQN<RTS�UWV%N�X/YQRTS[Z]\�^`_aVTbcZ]UedQ_gfPhed@biVijeRTk<VTYmlon)pqZr\P\sZ]b�^`_eZ
XabmVTktheZ]k�k<V

TA biVij0uqd3lo^]Ue_e^]Yt\sZ]heZmvQ_e_gb�Z�V3p�wtp%xPYyV#z{Z]z)dy|}S[ZrloZ]kqZ]hgUWZ&UeZ`p%~�YQRT\Phr�
T rec

e1biVij0uqd3lo^]Ue^`_gYt\sZ]he^]z{Z]\��
T1 = TA + T rec

e1 = 20 + 35.39 = 55.39K0

X�YQRTS[Z]\�S�Z]xPYthWVThWR3_WR�zQVT\F|�VTb>Z]\Pd3b�d&�[^]\spqV&VT\�VT�%jeRTk���VoUeZ]kqp�_gb�Z]U�biVij0he^]k)�)Z]b�dTjgZ@VoYQRTS�Z]\��`_gxP\��\�VT��fPhWR3_WR`zQVT\�Uen3l>\PxPY[��OQN �>p�����Z]\�kqv�z)Z]Y%_gb`xPY[N
F rec

k = LFrec = 10
0.5+1.5

10 = 100.15 = 1.413

� S�S�Z]k.VTb�Z`_eZ]hgS[Z]k�VLYQRTS�Z]\�S�Z]loZ]kqZ]he^]UeZcUeZ`p%~�YQRT\Ph�biVij0uqd3lo^]Ue_e^]Yt\sZ]h��
T rec

e2 = T0 (F rec
k − 1) = 290 (1.413 − 1) = 119.8K0

Xab�Z]UeZ`p�d>uqd3lo^]Ue_e^]Yt\sZ]h��
T2 = TA + T rec

e2 = 20 + 119.8 = 139.8K0

X/YQRTS�Z]\�S�Z]xPYthWVThWR3_WV@l>x�VThgh�VLUWn3l>\sR3_�fP�Q�[�

10 lg
T2

T1
= 10 lg

139.8

55.39
= 4

p��

�{�



�Aª õ��±}��ÕÇt� á �G{ Ä á �±â#Ö n ç!o�¹ØÇtÄ�}
A!3Bí!3 ÇÄ=:9<È�É
Ä��I�j�¦� �* A£í�5¢9�"�*¢I¢)�s�+� �*�|£9¢��*�P�"�n¡��*Ê��¶�*�|¤��*�|£=�*���I¢I�í�* A£~�*���9�*�"�A�¦É|�"�j�Xü®�5�¦¡9�|�"�*���A�

G1(f)
ý��� �*�|£��*�����I�g�5�|�����A�5Êt�*�|���*�����j�¦�I¢I�È�A�"�¦�g�X�7¡��*¡=�j�����¦���I���*�È�*�"�A�¦É|�"�j¯º�*¡=�*��ü®�5�¦¡9�|�"�*���A�

G2(f)
ý³{Ä����5�"�j���Ç��5¯¼�"�*¢=£=�*�g�j���

F1 = 10
$
F2 = 3Ä#¢=�"�*¢I¢)�©�n�5¯¼¤��j� �*�"�"�*�9���*�"�A�

T = 300K���"�A�¦É|�"���"�*���
G1(0) = 3

$
G2(0) = 4Ö;�*�9���j���������¦����¡=�*¡��9�*�"�A�¦É|�"�©�9�|� �*¢��*�"�*¢ ���n�5¯¼�"�*� ¯º���¦É|�¦� �*¢=£_�

áÌâ_ã
äHågæ?çHè�����A�¦�g�j�.�5�©�*�"�A�¦É|�"�j�X�³÷��*�9�¦É|¡X����¡G�¦�g�*�����"�"�* ��*���=�*�|�Ñ�9���¦�n�5� �j�Æ¢��~�����5¯º� � �n�5¯¼�"�*¢9£��*�g�j�=�*���5�¦×¡A�5�|�®¯¼�I�¥�"���G�I�A�5�|�-Êt�*� �*¢��*�¦�"�.�"���G�I�A�5�|�-�n�5¯¼¤��j� �*�"�"�*�9���*�¦�"�A{+Ä#�.�*���9�³���A�¦ÉÆ���j�"�A�

B(1) =
1

G1(0)

∞∫

0

G1 (f) df =
1

G1(0)
G1(0)B1 = B1

Tred1 = (F1 − 1) T0ÄÞ¡��*¡=�=�*�"�A�¦É|�"�j�"�A�

B = B(2) =
1

G2(0)

∞∫

0

G2 (f) df =
1

G2(0)

G2(0)B2

2
=

B2

2

Tred2 = (F2 − 1) T0Ö;�A�¦���9���¦�n�5�
É|�®¯¼�I�¾�5�.�*���9�*�"�A�¦É|�"�
�9�|� �*¢��*�"�*¢X� �* n¯º�*���*¢�� �n�5¯¼�g�
Pzki1 = G1(0)k(T + Tred1)B

(1) = 4.82 · 10−16W

����É| A£¥���5�-�9���¦�n�5�
É|�¦¤)�5�"���©¡��*¡=�=�*�"�A�¦É|�"�
�9�|� �*¢��*�¦�,�n�5¯¦�����g�
Pzki2 = G2(0)Pzki1 + G2(0)k(Tred2)B

(2) = 5.46 · 10−16W

Pzki = Pzki2 = 5.46 · 10−16W

�Aª



õ��±}��ÕÇt� á �G{ Ä á �±â#Ö n ç!o�¹¾ÇtÄ�} �A°
A!3�î�3 ÇÄ=:9<È�É
Ü(�&�5�(�5¢=�"�*¢I¢)�����Õ��¡=�*¡��j�=���¦���I���*�
���j�g�#�* A£

L
���¦�|�|�v�5´IÉ|���j�¦ó��G�¦�g�jÊ)�5¤��j� �*�"�"�*�9���*�¦µ¥���*¡=�*�g�*�"��A�5Êt�*�|���|�9���5�"�I¢I������¡��*¡=���9�|� �*¢��*�"�*¢;��¯º�*�Æ×ß�n�5¯Õ¡9���¦�g�j¢9£�� �* A¡A�5�|�"�j���|��{±·±�*�g���"�"�(���.��¯º�*�Æ×ß�n�5¯¡9���¦�g�j¢=£ ���*´I���*�"�*��é¥Ä#���5¢9�"�*¢I¢)�n×ß�v�5�¦���Ø¤)�5�¦�"�*�.�n�5¯¼¤��j� �*�"�"�*�9���*�"�

TA
�Ñ�¾�¦�g�jÊ)�5¤��j� �*�"�"�*�9���*�

T0
���©¡��*¡=�©�n�5¯¼�"�*¢=£=�*�g�j¯º�

F
�I���¦�|�|�v�5´IÉ|���j�-¢��*�|�9�I�
�(¯º�*�Æ×ß�n�5¯Õ¡9���¦�g�j¢=£

%
{

áÌâ_ã
äHågæ?çHè�����A�¦�g�j���9���¦�n�5� �j� ¯¼�I� �¥���¦�|�|�v�5´IÉ|�"�¾���.��¡=�*¡��¶�* A£9�I�¦�"���(�n�5¯¼�"�*¢9£��*�g�j¯º�*�g�
LF
{&Ä#� �5¢=�"�*¢I¢)����5�|´I´t�j¢9�®¯¦�5���©���*�I�I�A�5�Æ�#�n�5¯¼¤��j� �*�"�"�*�9���³�#É| A£¶�A�"�¦�g���"�"�* ��*Êt�*¢,�

TA + T0(LF − 1)mÕ�¦�|�|�v�5´IÉ|�"�
¢��*�|�9�I�,�I A£=�5¢��*���©�g�j¯r¤)�j� �³���"�³�9���*�g�
TA + T0(F − 1)¡��j�|¢)�G{±ÄÅ¯º�*�Æ×ß�n�5¯Õ¡9���¦�g�j¢9£�É| A£��

%L = %
TA + T0(F − 1)

TA + T0(LF − 1)

A!3{ï"3 ÇÄ=:9<È�É
Ä#¢)�5���j _�G¡��*�g�*�"�*�=��������¡9�=�j�������¦���"�*¢��I�¦�g�*�"�*�9Êt�*¢

L
���¦�|�|�v�5´IÉ|���j�¦ó��I�¦�g�jÊ)�5¤��j� �*�"�"�*�9���*�¦µØ�A�5Êt�*�Æ×�¦�n�5�A�j�¦�g�j�¥���¦�|�|�v�5´IÉ|���j���5�

G = L
ü3�"�*� ¯º���¦É|�¦� �*¢9£�ý¼�*�"�A�¦É|�"���¦µX�*�"�A�¦É|�"�j�9�=�*���=�j�
´t�*¢I�n�5� ¯¦�5��{�G{ ý�Ü(�5¢9£��A�5Êt�*���¦�n�5�A�j�¦��Êt�j�
�5�|�|¤)�5���5���A�"�¦�g�*�=�j�¦�"�*�"�����9¤)�
�5� z���8 �"�*� ¯º���¦É|�¦� �*¢=£9µ��)��Ö;Ü#�����¡G�¦�g�*�����"�"�* Aµ;¤)�j�¦��¢��A�Õ¯º�*�|�"��¡��j¢)�5�¦�=�j�g���5¢x­A¬��IÙ ¯º�*�Æ×ß�n�5¯#¡9�|�¦�g�j¢9£9�����*�|�±�5�©�A�"�¦�g�*���j�¦���³���*�¡��* A´��j¢=�®¯¦�5�|¢ØÊI�|���"�A�¦É|���5¢9�I¢I�xüv�®�*�|�"�*¡=���G¤��j A£¶�n�5¯¼�-�����5�¾���A�5Ê��*�,�j�=�j�W�I���

L = 30
�IÙ-ý£�Ê,{ ý�ÖX�9�Õ¡A�5�v�j�¦�Õ�5�+�*���j�g���=�*�"�I���¦�"���n¤)�-�5�+�*�"�A�¦É|�"�j�(�n�5¯¼�"�*¢=£=�*�g�j¯º��¢��*��¬��IÙ"��¤)�5¢��*��zg���IÙ4�

áÌâ_ã
äHågæ?çHèÄí�A�5Ê��*�Æ×r�*�"�A�¦É|�"�(�* A£9�I�¦�"���"�*�&�*�"�A�¦É|�"���"�(z��5�v�5¢��*�I���*�"�A�¦É|�"���"�Õ�¦���|¢9�"�*¢¶z��j�"�*¤)�5�±�-�9�|� �*¢��*�¦�G�n�5¯� �* ��* A£��*���|�¶�.Ê��*� �*¢��*�¦�"���"���G�I�A�5�|�¦���5�ß{±ÄÈ¯º�*�Æ×ß�n�5¯±¡9���¦�g�j¢=£9Ê��j�t�9���¦�n�5� �j�|¤)�5�"�
�.Ê��*� �*¢��*�¦�"��"���G�I�A�5�|�#�*�"���I�
�n�5¯Õ¤��j� �*�"�"�*�9���*�"�A�
kTeB =

Pjel

%
= 10−3 · 10−6W =⇒ Te ' 36 · 109K

Ä#�
É| A£;� �* A¤)�5���5�"�j�g�j�"���*�"���I�¾�n�5¯¼¤��j� �*�"�"�*�9���*�&���j�¦�"���¦���"�j�±¡9���¦�g�j¢=�
Te = nTegytag

�Ñ�5¤��j�
n
�5�X�*�"�A�¦É|�"�*�¦�¥�¦�n�A�5�G�¦�g�j�È�¦�n�5���s�Õ�"�g¡A�5ÊIÊ)�x�* A£=�*�¦���*¢Å�*�"�A�¦É|�"�*�¦�¥�¦�n�5�A�j�¦�X�*�"���I�x�"���G�I�A�5�|��n�5¯¼¤��j� �*�"�"�*�9���*�"�A�

Tegytag = T0(LF − 1)
{�G{ ýôÄ#�¶���I�g�5�|�|� �*�"�A�¦É|�"� ü

F = 0
�IÙ-ý.¡9���¦�g�j¢9£G�¦�n�5�&Ê)�5¢

F = 1
�±���©É| A£

Tegytag = ... =
2.93 · 105 =⇒ n ' 122 860

{.·+�5 A£9�������I�g�5�|���.�*�"�A�¦É|�"�¶���"�*�"�*¢ ���³¢)�G�9É|¡9�I���"�j�¾�®�j�=�j�n�5��* A£9���j�¦�I���5¢Ø�A�5´t���"�j�|¤)�5�"�¥��¯º�*�Æ×ß�n�5¯Õ¡9���¦�g�j¢9£¥�|�*¢9£=�* ��*�-�"�j�
�v�j���©¢��*�|�9�I�ß{Ê,{ ý
F = 12

�IÙ+×ß�¾�5���5¢9£9���P�=�*�|��¡A�5�|���5¢I�.�
10 log F = F dB �¦�n�5Ê)�5�|£Å�¦�g�*�¦�|¢9�xü3¤I���¦�g�*¢�"�*� ¯º���¦É|�¦� �*¢=£=�*�9�"�j��¡A�5¢í�¦�g�=ýr$Õ�*�g�*�~�¦���*�¦�|¢9�
õ 
 zg­G{7���9�=�j� n = 7 679

���*�¶���©�*´I´t�*¢ �*�|�* �"�j��{
�A°
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Æ�35243 ÇÄ=:9<È�ÉËÊ��8FGÉ4ÑHÒ<Î4Ù�Ð[Ï�Ò<Í�>.ò]7:9+7� qú)�¡��¢ D�Î!È�Í�9<Ð4ÑHÒ<Óóò]É
ã,�* A£��*¢Ø�5���5�v�5´����g¡9�

ξ (t)
ü3���* =�5���5Ê�Ê¶ A£=�*¢I ��*¢tý±�¦���j�*���j¢)�5�¦�|����¯º�*���9� �*�|£9¢��*� ¡A�5�¦¤)�5�"�©�*�¦�"�*���A�

E [ξ (t)] = 0
ü®�G{|zný

�"�*� ¯º���¦É|�¦� �*¢=£=�A�
σ2

ξ = E
[
ξ2 (t)

]
= Rξ (0)

ü®�G{ ��ý
�5�&�5�I�"�j�=�j�¦�"�*�v�j�*���A�-���I A A¡��*¢9£��A�

Rξ (t) = E [ξ (t + τ) ξ (t)]
ü®�G{ ��ý

�¦´t�*�9�¦���5�|���-�"�*� ¯º���¦É|�¦� �*¢=£G�¦µI�¦µ��"�* 
���I A A¡=�*¢=£=�A�

sξ (f) = F {Rξ (τ)} =

∞∫

−∞

Rξ (τ) e−j2πfτdτ
ü®�G{ ¨9ý

Ä#�&�5�
´I�|�|�¦ó��I�j� �9�G�I�v�j�|�+¯º�*�ß�
µ (t) = Uc [1 + mξ (t)] cos (ωct + ϕ0)

ü®�G{ «�ý
Ä#¤��j�ß�

Uc
� ¡9�|¡��j¤9�I�|�v�5� ü��g�5�¦�¦���*�³ý��5�
´I�|�|�¦ó��I�j¯¦�s�

m
� � �9�G�I�v�j�*���A�(� �*�|£G�"�* 7ü3� �=�G�I�v�j�*���A��|¢��I�³²)ý��

ωc = 2πfc
��¡9�|¡��j¤9�I�|�v�5�[���j�º���"�*�9¡=�*¢��*�v�5¯¦�¾ü3���j� ' �"���ný�� ϕ0

��¡9�|¡��j¤9�I�|�v�5� ¡=�*���*�¦���*¢G×�¦�g�*�¦µ;���*�g�I� �ß�5�������s�t� �*�|£9�"�j�
�®�*�|�"�*�"�*���*�����I����¤��j A£;�#� ×
π
��£

π 
 �|¢9�"�*�¦¡A�5�|�|�I�&Ê)�5¢x�* A£��*¢I���*�"����*���A�¦���v�j�¦óX�*�����I A ��*�¦���*¢;�
ξ (t)

¯º�*�|�"�j�ß{Ü(�5���5�"�j�����I�¶� �* ���G{ ý
��� �=�G�I�v�5�|�+¯º�*�,�¦´��*�9�¦���5�|�����"�*� ¯º���¦É|�¦� �*¢=£G�¦µI�¦µ��"�* 
���I A A¡=�*¢9£��*���I¡A�5�v�5�
�|¢=�Ê,{ ý©�&¤)�5���j�º�®�j���j���,ü®�.¤)�j�¦��¢��A��¯º�*�|���5�¦���5���j�[���-�.�"�*� ¯º����¯º�*�t�"�*� ¯º���¦É|�¦� �*¢9£��*¢��*�¥¤)�5¢=£9�j�I�A���5�³ý�é

¨=¬
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áÌâ_ã
äHågæ?çHè�����A�¦�g�j�Ñ�5�+�5�I�"�j�=�j�¦�"�*�v�j�*���A�����I A A¡=�*¢9£9��¤)�5���5�"�j�����I�(� �* _�n� �*�|£9¢��*�.��õ)�j�I�¦���*�º×ß�¦���5¢��¦�*�®�j�¦���5�|�®¯¦������*�"���"�*�¦�����I A A¡=�*¢=£={�ÄÞ� �=�G�I�v�5�|�+¯º�*�
�5�I�"�j�=�j�¦�"�*�v�j�*���A�����I A A¡=�*¢=£=� ü��I����¢IÉ��*�����¦�g�*�¦�|¢=�³ý³�

Rµ (τ) = E [µ (t + τ) µ (t)] =

= U2
c E [cos (ωc (t + τ) + ϕ0) cos (ωct + ϕ0)] +

+ U2
c m2E [ξ (t + τ) ξ (t) cos (ωc (t + τ) + ϕ0) cos (ωct + ϕ0)] +

+ U2
c mE [ξ (t + τ) cos (ωc (t + τ) + ϕ0) cos (ωct + ϕ0)] +

+ U2
c mE [ξ (t) cos (ωc (t + τ) + ϕ0) cos (ωct + ϕ0)]

ÖX�|¡��*�
ϕ0
���I A ��*�¦���*¢

ξ (t)
×ß�"�j���)�©�¦�g�j�¦�n�5�-¡A�5�¦¤)�5�"� �*�¦�"�*�=�.�©¡A�5�¦¤)�5�"� �³�"�"�*���*�¶�¦�g�j�¦�n�5���G�

Rµ (τ) = U2
c E [cos (ωc (t + τ) + ϕ0) cos (ωct + ϕ0)] +

+ U2
c m2E [ξ (t + τ) ξ (t)] E [cos (ωc (t + τ) + ϕ0) cos (ωct + ϕ0)] +

+ U2
c mE [ξ (t + τ)] E [cos (ωc (t + τ) + ϕ0) cos (ωct + ϕ0)] +

+ U2
c mE [ξ (t)] E [cos (ωc (t + τ) + ϕ0) cos (ωct + ϕ0)]

¹=�n�5�
É|�"�¦�I�¶�9���*���A�¦�g�j���©���A�¦���|¢9���¦�g�A���"�*¢=£=�*�g�j�¥¡A�5�¦¤)�5�"� �*�¦�"�*�=�*�g�

E [cos (ωc (t + τ) + ϕ0) cos (ωct + ϕ0)] =
1

2
E [cos (2ωct + ωcτ + 2ϕ0) + cos (ωcτ)]

=
1

2
cos (ωcτ)

ÖX�|¡��*�
ϕ0
�¦µI�¦µ��"�* 
���I A A¡��*¢9£��&�m� ×

π
�<£

π 
 �|¢9�"�*�¦¡A�5�|�|�I�&Ê)�5¢ 1
2π

�

E [cos (2ωct + ωcτ + ϕ0)] =

π∫

−π

1

2π
cos (2ωct + ωcτ + x) dx = 0

ü®�G{ ­�ý

Ä ü®�G{|zný+�¦�g�*�¦�|¢9���5�.�5�v�5´�����¡9�9¯º�*�t¡A�5�¦¤)�5�"�©�*�¦�"�*�=�#�g�*�¦�����G�*�g�*�¦�-�¥ü�¥%¥9ýß×ßÊ��*¢Ø�.¤)�5�¦���j�G�|�¥�����¢��* A£����G�|�¶���5 
�g�*�¦���-�����¦��{������g�*����� �9�G�I�v�5�|�±¯º�*�
�5�I�"�j�=�j�¦�"�*�v�j�*���A�-���I A A¡��*¢9£��A�

Rµ (τ) =
U2

c

2

[
1 + m2Rξ (τ)

]
cos (ωcτ)

ü®�G{ §Aý
ÄÞ¡9�|¡��j¤9�I�|�v�5�
¤��j�.���5�¦�"�j�g� ���5 ��

Rc (τ) =
U2

c

2
cos (ωcτ)

ü®�G{ ª�ý
��¢I¢��*�¾õ��j�I�¦���*�º×ß�¦���5¢��¦�*�®�j�¦���5�|�ß¯¦�G�

sc (f) = F {Rc (τ)} =
U2

c

4
[δ (f − fc) + δ (f − fc)]

ü®�G{ °�ý
¨�z
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Ä$ü®ªG{|zAzA{ ýÞ���
�~ü®�G{ ª�ý.�¦���5¢��¦�*�®�j�¦���5�|�º×ß´)�5�©�A�5´����"�j�v�5���5���®�j�"�GÉ|�"�j�¦���|���5¢9£9Ê)�5¢í�v�5�¦¤)�5�®¯¼�I�xÊ���* A£G�¦�g�*�¦�IÊIÊØ� �=�I�j¢,�

Rc (τ) = F−1 {sc (f)} =

=
U2

c

4

∞∫

−∞

[δ (f − fc) + δ (f − fc)] e
j2πfτdf =

=
U2

c

4

[

ej2πfcτ + e−j2πfcτ
]

=
U2

c

2
cos (ωcτ)

n �¦�#�©¸��|���j�³×r�I�*�|���©���I A A¡=�*¢=£¾�5�v�5ÊIÊI�
�¦�I�v�5¯º�I�j¢����5 =�5�|�-¤)�j�¦��¢)�5�|�¦�I�¥�®�*�ß�

δ (x) = 0
¤)�

x 6= 0
��� ∞∫

−∞

f (x) δ (x − x0) dx = f (x0)

Ä ü®�G{ §AýÕ���j�"�=�G�|�¶���5 n¯¦�5¢)�5�¾õ��j���¦���³�¦×ß�¦���5¢��¦�*�®�j�¦���5�|�®¯¦�G�

F {Rξ (τ) cos (ωcτ)} =

∞∫

−∞

Rξ (τ)
ej2πfcτ + ej2πfcτ

2
e−j2πfτdτ =

=
1

2

∞∫

−∞

Rξ (τ)e−j2π(f−fc)τdτ +
1

2

∞∫

−∞

Rξ (τ)e−j2π(f+fc)τdτ =

=
1

2
[sξ (f − fc) + sξ (f + fc)]

�����g�*�Ñ�5���5�
´I�|�|�¦ó��I� � �=�G�I�v�5�|�+¯º�*�,�¦´t�*�9�¦���5�|���-�"�*� ¯º���¦É|�¦� �*¢=£G�¦µI�¦µ��"�* 
���I A A¡=�*¢=£=�A�

sµ (f) =
U2

c

4

[
δ (f − fc) + δ (f − fc) + m2sξ (f − fc) + m2sξ (f + fc)

] ü®�G{|zg¬�ý

ÄÞ¡9�|¡��j¤9�I�|�v�5�
¤��j�&���5�¦�"�j�g�
�"�*� ¯º���¦É|�¦� �*¢=£��

σ2
c = Rc (0) =

U2
c

2

ü®�G{|zAzný
ÄÞ� �=�G�I�v�5�|�+¯º�*�,�A�"�¦���"�*� ¯º���¦É|�¦� �*¢=£=��ü®�G{ §Aý��5�v�5´I¯¦�5¢,�

σ2
µ = Rµ (0) =

U2
c

2

[
1 + m2Rξ (0)

] ü®�G{|zg��ý
�����g�*�Ñ�©���*�"���"�*�¦��¤t�5���j�º�®�j���

η =
σ2

µ − σ2
c

σ2
µ

=
m2Rξ (0)

1 + m2Rξ (0)
=

m2σ2
ξ

1 + m2σ2
ξ

ü®�G{|zg��ý

¨=�
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�G{|zA{��5ÊI���G{±Ä#���5�
´I�|�Æ�"ó��I�
� �9�G�I�v�5�|�+¯º�*�,�¦´t�*�9�¦���5�|���-�"�*� ¯º���¦É|�¦� �*¢9£G�¦µI�¦µ��"�* 
���I A A¡=�*¢=£=�
Æ�3BA!3 ÇÄ=:9<È�ÉËÊ	7§¦ Ò<9gEÀ7
Ï?FñF?Ï�É4Ù�>?EHÔ¤Î[ÏLD�Ð�FGÎ[Ï =:>ñÉ @4ÎZD,ø�9<7H÷¨E�ÍËÏ_ú

@4Î49<Ó
Ä$õ��j�I�¦���*�º×ß�¦���5¢��¦�*�®�j�¦���j�*�v�È�*�|� �*���*�"�*Êt�j�����¦� �*�¦���-¤��j A£��x¡A�5���A�

x(t)
¯º�*�

X(f)
õ��j�I�¦���*�º×�¦���5¢��¦�*�®�j�¦���5�|�®¯¦�5�����®�*¢I¢;�5�|�
�5���

X (−f) = X∗ (f)
ü®�G{|z*¨9ý

�A�"�¦�g�³���I A ������±�5¤��j�-��©Ø�X���j�
´I���³²~�=�j¢A¯¼�I =�5�v�j�¦��¯º�*���j�|�ß{xÄÿü®�G{|z*¨9ý��5���©����¯º�*���*¢9�¦����¤��j A£í�¡A�5���A��¯º�*���*�9¢��*�Ø�©¢��* =�5�¦É|¡¶���"�*�9¡��*¢��*�v�5�=�j¢Ø����¡A�5¢X�¦´��*�9�¦���5�|���#�A�"�¦�g�*�"�*¡��j¯¼�I��{+���g�*�X�5�v�5´I¯¦�5¢��¤)� �j�|£=�5¢�¯º�*���*�#�9É|¡A�5¢9�I¢I�¾�*�����5�|�|É|���5¢I���* A£¶¡A�5���A�+¯º�*�|Êt�j���)� �*�|£9¢��*�.���¤§r¥��s¡e�i��h����[b5 5f5¥e��f�lG�i�~¦�«¥�¡�l ¡A�5¢X�g�*�¦���¦�"�j���*�|�"�*�"�����_f5¥rh� £¦�j �ì� K �5�<�efih�f��r¬£¢¤fi���5�9���j�(�5¢I¢)�5�X��¯º�*�|¢��*�¾���j�
´I���³²G¢��*�¾�=�*�|����*¢I¢I���A{ÅÄN¡A�5���A��¯º�*�|¤��*�Ø�"�*¤)�5� �=�*�"���¦¢=�I¢��~�=�*�Æ�#�* A£í� �³ j�®�*���*���x�|���5 A�|¢)�5�¦�|�����"���¦�����+¤��j A£�9É|¡A�5¢)�5�|�&�I¢I�7�®�*¢I¢~�¦���j¯º�j¢È�5�|�|¢I�ß{ Ä � �* j�®�*���*���;���*´I�g�*�"�����"���¦���
� ¯º�*�ÕÜ#�|�|Ê��*�¦���¦���5¢��¦�*�®�j�º×���5�|�®¯¦�5¢)�5�Ø¢��*¡��*�����I��{«ª"��js4<f� ih[h� <§�l]�<�~bi¡� ��þ¦�h�¡� £¡�l.§e�¤h[§Àj ��l�f<¦� ��ì�W¬ó�~�W¬���l_�r§� ��~¦�l]�!ªs¦�j°�e��§�h�¡�h�� ih ¢5cg¥�¬y��f�j ­�l�f5¥þh� £§�l]�<�~b¤f� wb5c�d�d�����l_­gf�®

H (f) = −jsgn {f} =







−j
0
+j

ha
ha
ha

f > 0
f = 0
f < 0

ü®�G{|zg«�ý

ÄN¡A�5���A�
x(t)

¯º�*���*���³ ����¦��É|�"�¦�I�í�9�#�5�
y(t)

Ü#�|�|Êt�*�¦� �¦���5¢��¦�*�®�j�¦���5�|�®¯¦�g¡A�5���Õ�
�|¢=� �=�*´I�g�*�"����"���"�¦�g�*�+ü
y(t)

¡j�5���A��é ý³�Ä#��É| A£¥¢9£��*�¦�
z(t)

�=�j�
´I���³²©¯º�*���*���5�.�*�"���I�*�¦�
x(t)

¯º�*�
¥�¡��8�?jkfg­#4��� 5¥�¡�j°�£¢i¦�lG§r¥¶¢��*¡��*�����I��{Ä_���"�*�9¡��*¢��*�v�©���5�¦�"�j���5¢=£9Ê)�5¢X���*É|�¦¡A� �&�®�*¢9�¦����µI¡��*���*�"�*�g�
Z (f) = F {z (t)} = F {x (t) + jy (t)} = F {x (t)} + jF {y (t)} = X (f) + jY (f)ü®�G{|zg­�ý�5¤��j�

Y (f) = H (f) X (f)
ü®�G{|zn§Aý

¨=�
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�%N M%N<RTS�UWV%N�X¯®axP\PS[Z]Ugh0��hgUWVTkq_gb]°�n3Ugl!RThen3UahgUWVTkq_gb]°�Z]UF°²±��Q�Qz{^]kt�{Z

�%N �%NqRTS�UWV%N�X/Y)n3l>��\sZr³t��S�~�UgY)n3\Pw!Z]\sd{RT\P\PfPhWR3_WV
� b`b�Z]\

Z (f) = X (f) + jH (f) X (f) = [1 + jH (f)] X (f)
|��%NPO�´{�

X�zQVT\swQ_�S[Z]loZ]kqZ]hgµ�¶)Y{n3l>��\sZr³>YtxPloZ]kqZ]hgµ.|}zQVT\swTjeRTS<VTkoY{^]h�zQVT\swQ_�YtxPloZ]kqZ]hgµ���u<RT\sw3biVTh�hgUWVTkq_gb]�°�Z]U·°²±��Q�Qz{^]kt�)ZQ�
G (f) = 1 + jH (f) = 1 + j (−j) sign (f) = 1 + sgn {f} |��%NPO�¸{�

X¡|��%NPO�¸{�¹Ytx�°�Zºj0hgz{ZQ�
G (f) =







0
1
2

ha
ha
ha

f < 0
f = 0
f > 0

|��%N MQ»{�
X¡|��%NPO�´{�FVT\�VT�%jeRTk��

Z (f) = G (f) X (f) =

{
2X (f)
0

ha
ha

f > 0
f < 0

|��%N M%Oi�

¼ Z]�Q�)Zrk9lonQ_gh
x (t) = cos (2πf0t)

N�®�VThWRTUen3b`b`~�YmloZ]�&Z]k�kqZ]Y#V�jgZ]\PkqZ]Y#VTb
y(t)

®�x�\PS[Z]UghhgUWVTkq_gb]°�n3Ugl!RT\Ph²jeRThc^`_�V
z(t)

Y{n3l>��\sZr³.S�~�UgY)n3\swTjeRTh�½ � k�kqZ]Y¾VcjgZ]\PkqZ]Y¾VTb
X(f)

_g�[Z]YthgUg~�l!V|}\�R3_ep¿�a|��%N ¸{�g�r�
X (f) =

1

2
[δ (f − f0) + δ (f + f0)]

|��%N MQM{�
X¯®axP\PS�Z]Ugh�hgUWVTkq_gb]°�n3Ugl!RT\Ph�_g��Z]YthgUg~�l!V#|��%NPO��{�FVT\�VT�%jeRTk��

Y (f) = H (f) X (f) =
1

2j
δ (f − f0) −

1

2j
δ (f + f0)

|��%N MQ�{�
X¯®axP\PS�Z]Ugh�hgUWVTkq_gb]°�n3Ugl!RT\Phaxsp�dT°²±��Q�Qz{^]kt�{ZQ�

y (t) = F−1 {Y (f)} =
|��%N MTÀt�

ÀQÀ
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�G{ ¨�{)�5ÊI���G{±Ä_�=�j�
´I�9���³²9×ßÊI�I�¦�=�j��� �¦�g�*�
���*�|�"�*�"���"�&�&���"�*�9¡=�*¢��*�v�5���5�¦�"�j���5¢9£9Ê)�5¢

=

∞∫

−∞

Y (f) ej2πftdf =

=
1

2j

∞∫

−∞

[δ (f − f0) − δ (f + f0)] e
j2πftdf

õ��*�|¤)�j�¦��¢)�5�|¡A� �Øü®ªG{|zg«G{ ýß×r�j���I�|�¦¤t�5�®¯¼�I���

y (t) =
1

2j

[

ej2πf0t − e−j2πf0t
]

= sin (2πf0t)
ü®�G{ �A«�ý

á �*¤)�5�

H{cos (ω0t)} = sin (ω0t)
ü®�G{ �A­�ý

ÄÞ���j�
´I���³²¾ÊI�I�¦���j���I�
z (t) = x (t) + jy (t) = cos (ω0t) + j sin (ω0t) = ejω0t ü®�G{ ��§Aý

Ä ü®�G{|zg«�ýß×ßÊt�*¢_�I����¢I�v�5�|�¾�|�|¢��g�5�¦�����-���I�j�|¢9¡A�5�¦�v�5¢��¶¤)�5���j�n�5�¾�¦óI�|£=���I A A¡=�*¢=£=�íü®�P�¦�n�5�
É|���j�"�j�� �*�|���j�g���"�*¡��*�3ý³�
h (t) = F−1 {H (f)} =

1

πt
∀t

ü®�G{ �Aª�ý
Ä~¤)�5���j�n�5�
¢��*�Þ�A�5�I�n�5�|�����5�"�*¤)�5�
¢��*�Þ�"�g�5�|�|�n�5�|¤)�5�"�I{�Ä~�=�g¡=�*�¦���*�g��´��*�����5Ê)�5¢©�* A£(���*¤��*�"�"�* �����"�g�5�|�|�n�5�v�j���5�-���I���5�®¯¼�I�¶� �³ ¥�
Ü#�|�|Êt�*�¦�-�¦���5¢��¦�*�®�j�¦���5�"�j�¦¢)�5��{

¨=«
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�G{ «G{)�5ÊI���G{±ÄÞ�=�j�
´I���³²9×ßÊI�I�¦���j���
�ß�5���j�³�5ÊI���5¯¦�

�G{ ­G{)�5ÊI���G{±Ä�Ü#�|�|Êt�*�¦�¦×ß�¦���5¢��¦�*�®�j�¦���5�"�j���¦óI�|£=���I A A¡=�*¢=£=�
Æ�3�Æ�3 ÇÄ=:9<È�ÉËÊ�7 @óÉ4Í�EHÐ49<Ò<>/¦ Ò<9gEÀ7
Ï?F¿F?ÏLÉ4ÙË>?EHÔ¤Î[ÏLD�Ð�FGÎ[Ï_úgø�Ð[Ï
ã,�* A£��*¢��* A£(� �* A¡A�5���A�¦É|�¦¤)�5�"��ü3�|�|¢��g�5�¦�����5���I�j�|¢9¡A�5�¦�v�5¢��
���,�A�5�I�n�5�|���³ý:§�j ��j°¦�h�f� 5f5�<�¤h�¬8�<�]Á� £¬#�¦óI�|£=×���I A A¡��*¢9£��

h0(t)
{�¸(����¢I�v�5� ¯¼�I¢I�¶�*¢I¢��*�¥�"�* AÉ|�"�"�* ��*¡=�*���=�*�����j�¦�|�¥�¦��µI�"�j�����5�.�5�v�5ÊIÊI��� �9�I�j¢,�

hc (t) = 2h0 (t) cos (2πf0t)
ü®�G{ �A°�ý

hs (t) = 2h0 (t) sin (2πf0t)
ü®�G{ �A¬�ý

ü�Ü(�
h0(t)

�A�5�I�n�5�|���¾ü
h0(t) ≡ 0

¤)�
t < 0

ý����5�9���j�
hc(t)

�*�
hs(t)

���&�A�5�I�n�5�|���&�����¦��{ ýÚÄ#��5�|�I�v�5�"�*�"���¦���"�¥�5�¦¡9�|�"�*�|�����I A A¡��*¢9£��A�

H0 (f) = F {h0 (t)} =

∞∫

0

h0 (t) e−j2πftdt
ü®�G{ �Gzný

ã,�* A£��*¢,�
|H0 (f)| =

{
≈ 1
≈ 0

ha
ha

|f | < fa

|f | > fz

ü®�G{ �A��ý
Ü(�5���5�"�j�����I�¶� �* ¥���=�*�-�¦��µI�"� �5�"¡9�Æ���³�|�����I A A¡=�*¢=£=�*�-���-�����*�����I A A¡=�*¢=£¶¤)�5¢=£9�j�I�A���5�g{á �*�"�*���*�����I�¥�®�*���I¤��j A£

f0 > fz
ü®�©�¦��µI�"�
�n�5�"�j���5�¦�"�j���5¢9£=�5¢)�5�¾�=�*�g�I�*�"�ný³{

¨=­
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�G{ §9{)�5ÊI���G{±Ä
H0(f)

�5�|�I�v�5�"�*�"�*�g�¦�"� �A�5���5�9�"�*�¦���¦���¦�|�A�
áÌâ_ã
äHågæ?çHè

Hc (f) = F {hc (t)} =
ü®�G{ �A��ý

= 2

∞∫

0

h0 (t)
ej2πf0t + e−j2πf0t

2
e−j2πftdt =

=

∞∫

0

h0 (t)e−j2π(f−f0)ftdt +

∞∫

0

h0 (t)e−j2π(f+f0)ftdt =

= H0 (f − f0) + H0 (f + f0)

ã,�*���5¯¼�g�j�|¡A�G�#ü�¥%¥��5ÊI����ý�5¤��j�
f1 = f0 − fz Â ¬Ý� f2 = f0 − fa

�
f3 
 f0 + fa

���
f4 = f0 + fz

{

�G{ ªG{)�5ÊI���G{±Ä
Hc(f)

�5�¦¡9�|�"�*�|�����I A A¡��*¢9£��
ÄÞ���j�¦�|�¶�¦��µI�"�
���"�*�"�*Ê��*¢Ø¤)�j�"�j¢I�����5¢X�*� ¯¦�5�¦¡A�G�

Hs (f) = F {hs (t)} =
ü®�G{ �5¨9ý

= 2

∞∫

0

h0 (t)
ej2πf0t − e−j2πf0t

2j
e−j2πftdt =

=
1

j

∞∫

0

h0 (t)e−j2π(f−f0)ftdt − 1

j

∞∫

0

h0 (t)e−j2π(f+f0)ftdt =

= −jH0 (f − f0) + jH0 (f + f0)

¨9§
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ÄÞ���*�"���"�*�¦�-¤)�5¢=£9�j�I�A�g�

Q (f) =
Hs (f)

Hc (f)
=

{
−jH0(f−f0)
H0(f−f0)

= −j
−jH0(f+f0)
H0(f+f0)

= +j

ha
ha

f > 0
f < 0

ü®�G{ �A«�ý
ÖX�|¡��*�

H0 (f + f0) ≈ 0
¤)�

f Â ¬©��� H0 (f − f0) ≈ 0
¤)�

f , ¬G{Ä
Hs(f)

���
Hc(f)

�¦��µI�"�j�¥�"�*¤)�5�#Ü#�|�|Êt�*�¦�-�¦���5¢��¦�*�®�j�¦���5�"�j���¦��µI�"�j´)�5�¦���5�|�=�j�¦¢)�5��{

�%N ¸%N<RTS�UWV%N�Ã�Z]�QzQVT\swQ_gfPhgu<VThewo®axP\PS[Z]Ugh0��hgUWVTkq_gb]°�n3Ugl!RThen3U�_gb`µ�Ued3�<RTU
¼ Z]�Q�)ZrkyVTb

x0(t)
_g�[Z]YthgUg~�l!Vm_WR�zQRTheZ]UeZ`_gb`hedLjgZ]\P\sZ]�QµyVTb!VT\�RTS�S�x¹RTS�UWVm_gb�Z]UgxPkth�� � YtY)n3UcV

�%NPO�»%N<RTS�UWV%N�Xab
x0(t)

_g��Z]YthgUg~�l!V
z(t) ÄÆÅ�Ç�È ÉËÊ�ÌrÍ�Ç�È É Y)n3l>��\sZr³+jgZ]\¹_g��Z]YthgUg~�l!V�VTb&Z]\sd3b�d)Z]YyVT\�VT�%jeRTk��ÏÎqÐ�Ñ Í3Ò)Ó¾ÔWÕeÖ]× ÐWØ�Ù%ÚeÑ Í

�%NPOQOQN<RTS�UWV%N�Xab Å�Ç�È É#Ê�ÌrÍ�Ç�È É Y)n3l>��\sZr³LjgZ]\�_g�[Z]YthgUg~�l!V
Û ÕeÖ]Üt×gÝTÓ>Þ3Ô Ñ)Ð Õ�ÕeÖiÔrß Ð ÕWÕ�Ô Ñ Ü.àQÈ²á Ðrâ[Ð È²ã�È Û ×]È Ú áoà â Í Û ã â Û ÓcÓ3ä3Þ Ð È}Ó Ð Ö`È�å Ð]â�Ø Û@æ ã}ßså Ð ×]È¹È²× Û â ÕeÖ²ç Ú ×rèáoà3ß�È Û È¹érÕ Û Ó@Õ`à3ÞTàQÈ Ð × Ð ÕeÖ`È�ÝaÌ Ð ß}ß Ð�Ñ Ü#Õ�ê Ð ÓTÈ²×rëtá Ð Õ Ð È�Ô â È²ë�ì0Ìrë)Ó Ð ßPÝ{à3ß�ß í²È Û â ã | f2 > 0

�rN
î�ï�ðcï ñ�ò�óeôLõcö�÷�øúù�ûLû�üþý ÿ«ô � ó��������
XH´%NPOQNF��^]\spqRTS<VTk¾_gb�Z]UeZ]��\sd&X�Ã#�
	��t� lon)p%~�\�R3�]xsw3k<RT\�\�RThghg~�Y[¶<u<n3�Q�9V>ztxPz{d3ut~�\P\�RTl loZ]\P\sZ]hghl>xPkqp&V�Y{^]h�n3\spqVT\s_WR`z>loZ]��jgZ]\sZ]kth·V�lon)p%~�\�RT\Ph?jgZ]\PS�Z]k.|}\�R3_ep!V�´%NPOQN��[^]\spqVcRTS�UWRijeRThr�rN�®�V«�`_WVTYVTb·Z]�Q�txPYcn3\spqVT\s_WR�z)n3h�YtfPzQRTk3j0~�Y�Ytxs_g~��)RTUen3b`k�x�¶QY{^]b�Z]k%°�Z]Ytz)d�v3hg\sZ]h�\sZ]k�kqZFVTb{¶3uqn3�Q�LVTbFX�Ã#�
	��t�

À)´
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¯º�*���*�-�*¢I ����j¯¼�I�X�5�#�* A£¥�=���¦���*¢9£G����¡9óØ�¦��µI�"�j¢��I� �* ��¦�n�5Ê)�j�G�I�|¡A���³���g�*���©¡9�|¡��j¤9�I�|�v�5�&�"�j�Ñ��������j�¦�|�¶�j�����5������¡9�"�j�ß{ç(���*���* AÉ|�"�&�¦��µI�"���¦���5�g�j¢=Ê)�5¢¶�����5���| ��*¢�� �*�"���I�*�
���*¡A�5 =�j�¦ó ü3���5 =�j�±�®�j�G�¦�g�5��ótý��¦��µI�"�n¡��*��¦���G¢)�5¢I�¾�*���*�¦¢I���I�
�|¡=�*�Ñ��� �* ¥�5�"�*�"���¦���"�*¢I�
�9É|¡A�5¢9�����"�*�9¡��*¢��*�v�5���5�¦���j���5¢=£¾�"�*�v�5�¦É|¡��.¢)�5 A£��j¢���j�g�*�+¡A�5¢í�¾¡9�|¡=�j¤9�I�|�v�5�
¤��j��{X�� A£P�¦��µI�"�¾�®�j�G�¦�n�5���5�©�¾�"�*�v�5�¦É|¡P����¡G�¦�g�*�����"�"�* �� ¤)�5���5�"�j���n�� �* ����
�|¢��*���9���"�*ÊIÊ¾�5�.�5�¦� �*¢��*�¦�|���5�¦�"�j�¥�5¢=£=×r���g¡9���j�g�*´G���"�*�9¡=�*¢��*�v��¡9���¦�g�j¢9£=�s�I�5¢I¢)�5���=�j�|�"�"�³× ����"�*ÊIÊX�
�¦��µI�"�I{Ä �¦���I�G�"�* ����&�¦��µI�"���"�*���*���*�g�*�¦�&���*¤��*�"�j���* 7�5�¶�5�v�5´�����¡9Ê)�5¢í�*�"�I�*� �����*�|¡��* ��*��¢I�����5¤��j����®�*¢=�¦�,¡9���¦�g�j¢=£�¯º�n¡A�5��¢t�5 A£��jÊIÊ����*�g�*�¦���
�¦�*µ��"�j�¥���*¢=£=�* ����"�*¢X�* A£G�¦�g�*�¦µIÊIÊt�*�¶���*¤��*�¦¢��*��{Ä#�-Ä�ÖØ×º¹I¹9Ùí� �=�G�I�v�5�"�j�Õ�¦�g�j�A�j�"�A��� �* A¡A�5���A�¦É|���j���.�*���*�¦���5�v�5´�����¡9�)Ü#�|�|Ê��*�¦�º×ß´)�5�+�¦��µI�"�j�=×Êt�j�
���-�* A£¥�=�*�º�ß�5�����¦ó¾���*¡=�*�"�jÊt�j�Ñ�5�|�ß{ÄéªG{ �G{ ´��*�����
´��*�����
�*�"���G� �*¢9£=�³�|��¤)�j�¦��¢)�5�|¡A�s�t�©Êt�*� �*¢��.¯º�*�|Ê��j�Ñ�5�|�|É|�"�¦�I�¾�*�����5�

x(t)
����5�

y(t)
¯º�³���*�=�*�-�* A£¾Ü#�|�|Êt�*�¦�#�¦��µI�"�j´)�5�¦���5�ß{ Ä��=�j�
´I���³²G¢��*�¶�"�*�9�Æ¢9�"�*�¦�

z (t) = x (t) + jy (t)
ü®�G{ �A­�ý

¯º�*�|Êt�*¢�ü®�5¤��j A£Ú�v�5�¦�¦�I��ý¾�5�
y(t)

���*´I�g�*�"���¾�"���¦�PÜ#�|�|Êt�*�¦�Ø�¦���5¢��¦�*�®�j�¦���5�|�®¯¦� �5�
x(t)

¡A�5���A��"���¦��¢��*��{Ä �=�j�
´I���³²
z(t)

¯º�*���*�¶�¦�g�j�"�j�����I�Å� �*  �~�¦���|¢=�"�*¢����j�
´I���³²
ej2πfct = cos (2πfct) +

�G{|zg�G{)�5ÊI���G{±Ä�Ü#�|�|Êt�*�¦�º×ß�¦���5¢��¦�*�®�j�¦���5�|���*�����5�|�|É|���j���
j sin (2πfct)

¯º�*�|�|�*��é
w (t) = u (t) + jv (t) = z (t) ej2πfct =

ü®�G{ ��§Aý
= [x (t) + jy (t)] [cos (2πfct) + j sin (2πfct)]

ç(�|É|�¦¡A�
�©¡A�5���A�-�������*´I�g�*�"���-�"���¦���g�
u (t) = x (t) cos (2πfct) − y (t) sin (2πfct)

ü®�G{ �Aª�ý
v (t) = y (t) cos (2πfct) + x (t) sin (2πfct)

ü®�G{ �A°�ý
���g�*�9¢��*�¾�(¯º�*���*�9¢��*�¾�©�¦´��*�9�¦�¦�I��� �¾ü�¥%¥9ýß×ß¤��*�.¤)�j�"�j¢I�����5¢,�

U (f) =
1

2
[X (f − fc) + X (f + fc)] −

1

2
[−jY (f − fc) + jY (f + fc)]

ü®�G{ ¨=¬�ý
¨=°
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�5�"���"�j´I�"�j�¦�"�A�¦É|�¦¡A�;�5�¶�*�"���G� �*¢=£9� �¾´��j���|�¦É|¡P���©�¾¢��* =�5�¦É|¡7���"�*�9¡=�*¢��*�v�5�9���Ø���"� ¯º�*�|���5�¦���5���j��¦�g�*�¦�|¢=�g�

U (f) =
1

2
[X (f − fc) + jY (f − fc)] +

1

2
[X (f + fc) − jY (f + fc)]

ü®�G{ ¨�zný
ÄÞ���*´I�g�*�"���-�"���¦�.�¦´��*�9�¦�¦�I��� �¾ü�¥%¥9ýÕ�¦�g�*�¦�|¢9�g�

V (f) =
1

2
[Y (f − fc) + Y (f + fc)] +

1

2
[−jX (f − fc) + jX (f + fc)]

ü®�G{ ¨=��ý

V (f) =
1

2
[Y (f − fc) − jX (f − fc)] +

1

2
[Y (f − fc) + jX (f + fc)]

ü®�G{ ¨=��ý
�� A£G�¦�g�*�¦µ��*¢�Ê��*�v�5�¦¤)�5�"�]�=¤��j A£��(�=�*¡��*�"���±�I���5¢��A�5´��j�¦�,¯º�*�

v(t)
¯º�*�)Ü#�|�|Ê��*�¦�+�¦���5¢��¦�*�®�j�¦���5�|�®¯¦��5�

u(t)
¯º�*�|¢��*���

H{u (t)} = v (t)
ü®�G{ ¨A¨9ý

¤I���¦�g�*¢
H{U (f)} = −jsgn {f}U (f) =

=
1

2
[−j] [X (f − fc) + jY (f − fc)] +

1

2
[+j] [X (f + fc) − jY (f + fc)] =

=
1

2
[Y (f − fc) + Y (f − fc)] +

1

2
[−jX (f − fc) + jX (f + fc)] = V (f)

Ü(�©�����5�¾�5�&Ä�ÖØ×º¹I¹9Ùí¯º�*�,�*�����5�|�|É|���j�����©���*�|�I¢I���t�5�9���j�-�*���* ��*¢��I�������5�¾�©¡A�5���A���"���¦���#�*�����5�Æ×�|É|���5¢I�Õüß¹I¹9Ù�� �=�G�I�v�5�"�j�³ý³�Ä#¢I¢)�5�&Êt�*�v�5���j���s�A¤��j A£
U(f)

�����5���5���* A£9�|���j�����5������¡=�j�����5�¦���5�|���5���n�s��¡=�* A£9�I�!�� A£=�*���³��Ê��


�����
������������������ �"!$#�#&%('*),+-��)�)�.�/��10��
�324
�� 56�879!9�:'*;=<6>6?1@BA:C

Y (f) = −jsgn {f}X (f)
24
�� 5ED-7

��FHG��I+1)9C
Y (f − fc) = −jsgn {f − fc}X (f − fc)

24
�� 5EJ-7
Y (f + fc) = −jsgn {f + fc}X (f + fc)

24
�� 5&KB7
DBL
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�����g�*�Ñ���9�|� �*¢���¯º�*�,�¦´��*�9�¦�¦�I���G�

U (f) =
1

2
[1 + sgn {f − fc}] X (f − fc) +

1

2
[1 − sgn {f + fc}] X (f + fc)

ü®�G{ ¨=ª�ý
ÄÞ¡9���¦���j¢9£=�j�A�5�#�5�&�5�v�5ÊIÊI�Ñ�5ÊI���j�"�j�"�j¢X���n¡��*�¦¤��*�®¯¼�I���ÄÚ�®�*¢=�"�*ÊIÊ¥���*���5¯¼�g�j�|�Õ� �=�G�I�v�5�"�j�¦���5���"�*¤)�5���(�®�*���"�&�j�����5������¡=�j��ü=M¶´I´t�*� c ���I��N �5¢��L��o�¹9Ù-ý

�G{|z*¨�{)�5ÊI���G{±Ä#�.Ä�ÖØ×º¹I¹9Ù��*�����5�|�|É|���j�����&���"�*�9¡=�*¢��*�v�5���5�¦�"�j���5¢=£9Ê)�5¢
¡A�5�v�j�¦���"�j�¦�¦�I�~�9�ß{~Ü(� �X� �9�G�I�v�5�"�j�¦Ê)�5¢��5�¾�9�|¡��j¢��x�5���5�
���j�¦���A�"�¦�g�g�j�I�7�5���5�
�=�j�¦�"�Ø���"�³×�"�*� ¯¼�I���
�5�9���j�&�5�¥�5���"�¾�j�����5������¡Èü Í ��Þ��*� c ���I�HN
�5¢��L�
ãÑ¹9Ù-ý#�����¦���¥�9�|� �*¢��Ø���g¡�{¾ü���¢I¢��*�ÊI�|�g�j¢=£9É|���j���5���5�&�j�|¡A�j�"�j����Ê�ÉÆ�����I��{ ý
Æ�3Bí!3 ÇÄ=:9<È�ÉËÊ�7 E�ÍËÏG@4Î49<Ó È�7HFG7
@8FGÎ[Ï
ã,�* A£��*¢;�5�&Ä�ÖØ×r¸.¹9Ù~¯º�*�ß�

UAM = [Uc + Um cos (ωmt)] cos (ωct)
ü®�G{ ¨=°�ý

·±�*�g���"�¦�I�x���X�*��� � ¯º�*���*�©�* A£x���I�g�5�|���©ÊI�I�¦�=�j���;�I�*�"�*�9�"�j� �5���5�
�=�j�¦�"��é ü�Ä  ��*¢��*���5�"�j� ���
��G���=���©Ê��*���"�
�*�|���*¢)�5�|�v�j���
�g�*�¦���g{ ýâ��5¯¼�g�j� ¯¼�I�¥���&�©� �=�G�I�v�5�|�Õ¯º�*�,�¦´��*�9�¦�¦�I���5�-¡A�5�v�5�
�|¢9���5�&�* A£=�*¢I�|���5¢=£9É|�"�
Ue(t)

�9�|� �*¢��
�®�³×�¦���I�|�"�"�* ��*¢��*�-¯º�*�v�5�v�5�5¯¦�5��éÑÖX�|�|£��*¢©�¦�g�³�
´��j¢9���¦�g�*�¦�|¢=��¡j�5�v�j�¦�����5¢)�#� �* ��5�ÕâZm ���5 
ü
τ = RC

ý���I���5�|�v�5¢��I�j¯¦�5���

«Gz
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�����D��������������O��P��RQE?1),SET�'*/�'*Q&/�?1�
UWV6XZY�[E\�]�^

UAM = [Uc + Um cos (ωmt)] cos (ωct)
24
�� DBL-7

= Uc cos (ωct) +
Um

2
[cos (ωc + ωm) t + cos (ωc − ωm) t] =

24
�� D��87
=

Uc

2

[
ejωct + e−jωct

]
+

Um

4

[

ej(ωc+ωm)t + e−j(ωc+ωm)t + ej(ωc−ωm)t + e−j(ωc−ωm)t
]

_ ;�;6'*Q"��)`��a�bR��;c�d0Ra:'*Q&/R�RP�F"C����?1Q&����;W���eG,T�+1a�G�)�),��;I��/�?1Q&����;=<���FHG�QE?1�
UAM (t) ≥ Ue(t),

��Q&Q-?1�d�3T�G,S&T6�3Q&G�;&A&G�/gfh0d�


�����J��������������OFi'*@-?1),T6�10�0Ra:'*Q&/R�RP�Fe�
Q-?1;6T�'*;��8��/�?1�ej4'*)�/�k1)�/�+ET�G�Q

UAM (t)
f*�R/�f*Q&��'B�l��FHG�QE?1�

UAM (t) m Ue(t)
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X(f) :

X (f) = F {x (t) , f} =

∞∫

−∞

x (t) exp (−j2πft) dt
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fh
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X (f) =

{
X (f)
0

ha
ha

|f | < fh

|f | ≥ fh
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x (t) =
∞∑

n=−∞

x (nT )
sin (π (t − nT ) fs)

π (t − nT ) fs
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x∗ (t) = x (t)
∞∑

n=−∞

δ (t − nT ) =
∞∑

n=−∞

x (nT )δ (t − nT )
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h(t)
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x (t) =

∞∫

−∞

x∗ (τ) h (t − τ) dτ =
∞∑

n=−∞

x (nT )

∞∫

−∞

δ (τ − nT ) h (t − τ) dτ =

=

∞∑

n=−∞

x (nT )h (t − nT )

n �¦�¥�7�G�|���j�³×r�I�*�|���Åü
δ(t)
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δ (t − t0) ≡ 0
¤)�

t 6= t0
��� ∞∫

−∞

δ (τ − t0)f (τ) dτ = f (t0)
{
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2

¤)�5���5�º���"�*�9¡��*¢��*�v�5¯¼ó��L�~�gf<¦�j �ì�Ë§�j ��j°¦�h�f� 5f5�<�¤h�¬I�

H (f) =

{
T
0

ha
ha

|f | < fs/2
|f | ≥ fs/2

ü3¨�{ ­�ý
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Ä#�����I�g�5�|���#�5�|�I�v�5�"�*�"���¦���"� �|�
´I�I�|�����#¡A�5���j�¦�n�©�I A£=�5¢I���

h (t) =

∞∫

−∞

H (f) ej2πftdf =

fs/2∫

−fs/2

Tej2πftdf =
sin (πfst)

πfst

ü3¨�{ §Aý

Ü(�
x∗ (t)

¯º�*���j�|�
�©���5�"�*���5�¦�|�A�5�|�v�5 ��
�|¢9����¡=�*�"�*���*�g�*�¦�+¯º�*���*���I�*¢I¢��*�¾�¦´��*�9�¦�¦�I���G�

X∗ (f) = F {x∗ (t) , f} =

∞∫

−∞

x∗ (t) exp (−j2πft) dt =

=

∞∫

−∞

∞∑

n=−∞

x (nT )δ (t − nT ) exp (−j2πft) dt =

=
∞∑

n=−∞

x (nT )

∞∫

−∞

δ (t − nT ) exp (−j2πft) dt =

=
∞∑

n=−∞

x (nT ) exp (−j2πfnT )

Ä#�
�|¢=�¶�v�5�"�¦���|�����x�
�|¢9����¡=�*�¦�©¯º�*�(�¦´��*�9�¦�¦�I���P�9�Æ�®�º¯º�³��¤��*�"�È�5� ���I�j�
�|¢=���5�9�A�5��ü®�P�G���¦���9�"�*�õ��j�I�¦���*�-�¦���5¢��¦�*�®�j�¦���j�*�����I����¢I���*���j¯¦�5���
���¦� �*�¦¤��*�¦�I¢I�¶����ý³�
X∗ (f) =

∞∑

n=−∞

x (nT )e−j2πfnT ü3¨�{ ª�ý
¡A�5 A£9���&�¦�n�5� �"�j�"�j�n�5�¦¤��j�¥�"�*¢��I�*�|�¦�I¢I�P�¦´��*�9�¦�¦�I� �j��é%o# A£=�5¢)�5�9�=�j���¾�
�|¢9����¡=�*�¦��¯º�³�Õ�¦´��*�9�º×

¨�{|zA{)�5ÊI���G{±ÄÞ�
�|¢=���g¡��*�"�*�|�
�"�*�"�*�����"�*�9¡��*¢��*�v�5���5�¦�"�j���5¢9£9���5�v�5�5¯¦�5¢)�5�¶�¦�g�*�
���*�|�"�*�"���"�
�¦�I���Øü3ÊI�|�g�j¢=£9É|���j�-¢��*�|�9�I�3ýÕ�9�Æ�®�º¯º�*��¤��*�"���&�®�j�|£9�"�j¢��A��¯º�*�,�¦´��*�9�¦�¦�I����¡A�5�,���g�

X∗ (f) =
1

T

∞∑

k=−∞

X (f − kfs)
ü3¨�{ °�ý
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¡A�5 A£9���#���
�|¢=���g¡=�*�"�*�|�*�g���#¤)�5���j���5��� ���®�j�|£9�"�j¢��A��¯º�*�,�¦´t�*�9�¦�¦�I���©´��*�¦���=�G�|�9���-�����¦��{
õ)�j¢=�"�A�±�³�5¢=�I�����5 ���Ä~¯º�*�I�®�*¢9�¦���"�*�=�j¢��¦�¦�¦�I���*���j¯¦�.�����5� �5�9���j�±���*¤��*�"�"�* ������=¤)�&��¯º�*�L�¤¦��¤ªs§�«h�¦� £¡�jôh®{����|���*¢I���*�g�©���"�*�¦Êt�*¢¥¤)�5�
����ü£§�j �~§r� 
 �5�vý�¯º�*�|�=�j�
´t�j¢��*¢��"�*�.¯º�j¢I¢��*� ���*�¦�"�(���
�|¢9����¡=�*�"�³×���*�g�����"�j���5¢,{#�����(�*�|���*�¦�I�|¤��*�®¯¼�I�;� �
�|¢=���g¡��*�"�*���*�g�����*���j�¦���5�|�A�5�|���5�g�j�¦���5�|�I�v�5�"�*�"���¦���"�7ü3ó,{ ¢,{§�l?h���«{§�j �~§r����l�dIýÕ�¦��µI�"�©¤)�j�¦��¢)�5�v�5���g¡A�5�ß{
ÄÞ A£=�5�=�j�¦�v�5�¦Ê)�5¢X���5¯¼¢��A�#�&�®�*¢9�¦��� �9�I�*�|�,¢��*�[�"�g�5�|�|�n�5�|¤)�5�"�]��� �*�¦�
zA{4�#�|¢����-¸��|���j�³×r�I�*�|���
 ��*¢��*���5�"�j�¦�I¢I�Pü3¡=�* A�"�*�|�*¢X�|�
´I�I�|�������5�
´I�|�|�¦ó��I�=ý
�G{-Ä#�����I�g�5�|�����5�|�I�v�5�"�*�"���¦���"� ¢��*�[�"�g�5�|�|�n�5�|¤)�5�"�;ü3¢��*�[�A�5�I�n�5�|���#�©¤)�5���j�n�5�³ý

Äô¡A�5���A���5 ��A���
�|¢9����¡=�*¡��5×ß���5�¦�"�xüß¹G�5�
´I�|�|¢I E�(Ü��j���tý����(Ä ' ¸��5���5�v�5�9É|�"�¥��µI���9�I���"�*¢��*�X¡A�5�*×�v�5���G�

¨�{ �G{)�5ÊI���G{±ÄÞ¡A�5���A���5 ��A���
�|¢9����¡=�*�"�*�
���-Ä�¸ô�5���5�v�5�9É|���j�
ÄÞÊ��*� �*¢��*�g�Õ�5�

x(t)
�®�j�|£9�"�j¢��A�-���I�º¯¼µ ¯º�*���)���9�|� �*¢��*�g�Õ�5�

x̃ (nT )
�¦�n�5� �"�j�"�j�n�5��ü®�5�
´G×�|�|�¦ó��I�jÊ)�5¢��G���¦���9�"�*�³ý³{�Äx¯¼�*��Ã³���5�¦���j���5���]Ã��5�-Ä ' ¸��5���5�v�5�9É|�"�(��µI���9�I���"���
�v�5�¦��¡A�5¢
�¦���I�G�"�* �{

Ä�¡A�5���A���5 ��A�Õ�"�*���j¢��¦�¦�¦�)�5�v�j�g��Ä_¸ ' Ä����j¢9¡��*�¦�"�*���* A£ ¢=�I�|�v�j�G�"�*¢��Gµ¾���5�¦�"�j�.üßÇt�*�"� ä#�"�I�*�Ü��j���)ý(¡A�5���A�¦É|�&� �* _�Ñ� �*�|£9¢��*�7�Æ�
´��I�|�*�)�&¡A�5�v�j�¦�n�Pü®�5�¥�* A£G�"�* A¢9£9�±Ê��*� �*¢��X�
�|¢=���5���;�j�I�j�¦�¡A�5�v�j�¦���
h0(t)

ý³{

¨�{ �G{)�5ÊI���G{±ÄÞ¡A�5���A���5 ��A�-¸#Ä-×¼�5���5�v�5�9É|���j�
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Ä_���"�*�9¡��*¢��*�v�©���5�¦�"�j���5¢=£9Ê)�5¢ �©¢=�I�|�v�j�G�"�*¢��GµX���5�¦�"���5�¦¡9�|�"�*�|�����I A A¡=�*¢=£=�A�

H0 (f) =

∞∫

−∞

h0 (t) e−j2πftdt =

T∫

0

e−j2πftdt =

[
e−j2πft

−j2πf

]T

0

=

= Te−jπfT sin (πfT )

πfT
= Te−jπfT

sin
(

π f
fs

)

π f
fsÄ#�.�*�"���I�
�"�*���j¢��¦�¦�¦�)�5���¥�5�|�I�v�5�"�*�"���¦���"� �¦��µI�"�I�

Her (f) = H0 (f) HLP (f)
ü3¨�{|zg¬�ý

Ü(� �
HLP (f)

�5�|�I�v�5�"�*�"���¦���"�¥�¦��µI�"���5�
´��Æ�|�¦ó)�I� �A�5���5�9�"�*�¦���¦���¦�|�A�5¯¦�5�(�5���5�v�5ÊIÊ��Ñ�A�"�¦�g�³���I A �����¦�g�*�¦�|¢=�,�| A£=�*�G�¦�*��¢I���9�v�5�v�5�9É|���5¢I���j�5�9���j�Ñ�Õ�=�j���5ÊIÊI��� �=�I�*�|�|Ê��³¢©�*���jÉ|�¦�
�*�"���I���A�5���5�9�"�*�¦���¦���¦�|�A�5��A�5´I¯¼�I��{

|HLP (f)| =

{
T

H0(f) ha |f | < fs

2

0 ha |f | ≥ fs

2

ü3¨�{|zAzný
Ä�¡A�5���A���5 ��A���¦��µI�"�&�g�*�¦���¦�"�j���*�|�"�*�"�&�ß�5�����¦�A�5���5�9�"�*�¦���¦���¦�|�A�5¯¦�&�G���¦��´t�*�¦�����j���j�=�j��{�ã��|¢��g�5�¦����ß�5�����¦�A�5���5�9�"�*�¦���¦���¦�|�A�.���"�*�"�*¢¾�&�G���¦��´��*�¦�����#¯º�*�|�=���¦���*�|�"�*�"���¦¢��*�
�®�³���*�t� �* �{�·Õ�5���A���5 ��A�Õ���"�*�¦Ê��*¢��¯º�*���"�*�=�j¢��¦�¦�¦�)�5�v�j�-¢��*� �"�j�=�*���*�"�����I� �*�¦�
zA{-Ä��¦��µI�"�©¢��*�[���I�g�5�|����ü��I���I�"�*�"�¦�g�j���* ����-´t�j¢9�"�A�"���5 A =�5�,�=�j�g�*�|É|�¦¤��*�"�=ý
�G{-Ä#�©Ä ' ¸ô�=�j¢=¡=�*�¦�����¶�5�
�5�
´I�|�|�¦ó��I�j�.�G���¦���9�"�*�¦�"�&�"���¦�������*�
�v�5�¦�(�9¡A�5¢=���5�v�j�¦�Ñ�n�5¯-���*���*�º×���*���|��{#ü�Ä#�.Ä ' ¸����j¢9¡=�*�¦�"�*�-�¦�g�j¤��A�"�¦��ó����5 =�5¢)�5�¶¢��g¡=�*�����"�*¡��*�Ñ���n�5¯����"�j�9�=�*¢=�¦¤)�³���I{ ý

àË3BA!3 ÇÄ=:9<È�ÉËÊÌ>?EHÒ£ØóÐ[Ï�×4Ð4>
á �*�9�|¢9�"�¦�I�&�5���5�v�5ÊIÊI�I�5ÊI���5¢��v�5�¦¤)�5�"�#�
�|¢=���g¡��*�"�*���*�g���"�*¢��I�¦�g�*�¦��é�Ä#¤��j�G���"�*���j¢��¦�¦�¦�)�5�����¦��µI�"�

¨�{ ¨�{)�5ÊI���G{±ÖX�|¢9����¡=�*�"�*���*�g�
�"�*¢��I�¦�g�*�#�"�*���5¯¦�
�n�5�"�j���5�¦�"�j���5¢9£=�
¢��*�[�"�j���*���*�"���g�

H (f) =







0dB
−20dB
−∞dB

ha
ha
ha

|f | < 4kHz
4kHz ≤ |f | < 12kHz
|f | ≥ 12kHz
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y(t)
�"�*���j¢)�¦�¦�¦�)�5�|�
¯º�*���#¤)�È�~Êt�*� �*¢��7¯º�*�ß�

x (t) = U0 cos (2πf0t)
�����

U0 = 2V, f0 = 1kHz, fs = 8kHz?

áÌâ_ã
äHågæ?çHè
x (t) = U0 cos (2πf0t) =

U0

2
e+j2πf0t +

U0

2
e−j2πf0t

Ä �
�|¢=���g¡��*�"�*���*�g�*�¦�
¯º�*�I�¦´��³�9�"�¦�I�����5���*�"���I�*�¦��¯º�*�I�¦´t�*�9�¦�¦�I���5¢)�5� �#�
�|¢=�³��¡=�*�"�*�|�G���"�*�9¡=�*¢��*�v��"�jÊIÊ��¦�g�j�"�A�"�*�|¡��*���*�|�"�j�|�Õ¡A�5�|�"�j�n�5���5�|¢)�5���¦���I´t�*�¦´��j��É��*���j¯¦�5���*¢9�Õ�A�5´I¤)�5���¥ü3���5 A£9�5�¦�I�����
�|¢9���n×¡��*�"�*�|�����"�*�9¡=�*¢��*�v�©�¦�g�*�¦�|¢=��´��*�¦���=�G�|�9���-�����¦�5ý����5¤��j A£¶�*�&�¶ü3¨�{ ��ý³{+�5ÊI���5¢Ø�v�5�¦¤)�5�"�I{±Ä_�9�|� �*¢��¯º�*�
���
�|¢9����¡=�*�¦�±¯º�*��� �* ��¦��µI�¦�-¡A�5�|�"�j�n�5���G{+Ä#�����I�j���5�¦�"�j���5¢9£9Ê)�5¢X�I A£=�5¢��*���

¨�{ «G{)�5ÊI���G{±Ä#�.�*�"���I�*�¦���)�©�
�|¢=���g¡��*�"�*���*�g�*�¦�����#�©�"�*���j¢��¦�¦�¦�)�5�|�+¯¼�*�
�¦´t�*�9�¦�¦�I���

y (t) = U0 cos (2πf0t) + 0.1U0 cos [2π (fs + f0) t] + 0.1U0 cos [2π (fs − f0) t]

y (t) = U0 cos (2πf0t) + 0.2U0 cos (2πfst) cos (2πf0t)Ö;�* n¯º�* A£9�g���g�ÑÄ ×¼�A¬(�IÙí�|�¦���A�
�|¡=�*�G�®���¦���I�|�"�"�* ��*�"�A�¦É|�"���¦�"�j��¡A�5¢ �¦�g�]�)zg¬n×r�¦���*�"���+���¦�|�|�v�5´IÉ|���j�¦¢)�5��®�*���*��� �* �{
àË3�Æ�3 ÇÄ=:9<È�ÉËÊÌÐ�FG9<É[øÀÎ49<Ó"È�Ð4>
Ä#���*���j�g�&´��*�|�)�5Ê)�5¢¶�¦�g�*�"�*´I���&�"�*¢��I�¦�g�*�¦�"��¡��*�g���¦�I�
�����5�

x (t) = U0 cos (2πf1t)
¯º�*���*���G�5¤��j�� �A�¦�

U0 = 2V
�
f1 = 7kHz

�
fs = 8kHz

é¶ü����*� ���5�¦�®¯¼�I�;Êt� �Ý�#£��=�I���¦�#�®�*�|�"�*�"�*�|��é ý~ÖX������¦�.�*ÊIÊ��*¢;�5�.���¦�¦Ê��*¢;���9�|� �*¢���¯º�*���
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áÌâ_ã
äHågæ?çHèÄ �
�|¢9����¡=�*�¦��¯º�*���¦´��*�9�¦�¦�I���íü®�5¤)�j A£í�íü3¨�{ ��ý³{~�5ÊI���5�"�j�������j�|¡A�j�¦¤)�5�"�=ý&�I A£=�5¢)�5�W�±�
�|¢9� �5��*���j�g�(´��*�����5Ê)�5¢����"�*¤)�5�Õ���9�|� �*¢���¯º�*�I���±�5�g�j¢��A�������¦�&üºz��GÜ#�����"�*�9¡��*¢��*�v�5¯¼ó©�®���=�j�
´t�j¢��*¢���é ý³�

y (t) = U0 cos (2πf0t) + 0.2U0 cos (2πfst) cos (2πf0t)�5¤��j�±�
f0 = 1kHz

{

¨�{ ­G{)�5ÊI���G{±Ä#�.�*�"���I�*�¦�Ñ���#���
�|¢=���g¡=�³�"�±¯º�*�,�¦´t�*�9�¦�¦�I���

àË3�àË3 ÇÄ=:9<È�ÉËÊÌÉ49<Í�95D�Ò<ÙZFGÉwØZ=HFG7:9<7:EH=:>
ã,�* A£��*¢¾�* A£ ���j�G���&¡=�*¡��j�=���¦���I���*�
ó,{ ¢,{��=�j�g�*´G���"�*�9¡��*¢��*�v�j�Õ�9�|� �*¢��*�"�*¢¶� �* 5¯º�*���³¢)��¯º�³���¦´��*�9�º×�¦�I���È��ü3¨�{ ¨9ý¶�5ÊI���È�¦�g�*�¦�|¢=�¦�ß{ �����X�;¯º�*���*�Ø�G�| A�|���5�|�|�n�5�|¢I�.�9É|¡A�5¢A¯¼�I���#¤��j A£��* A£��G�| A�|���5�|���¯º�*�Æ�®�*���I�j�| ��j���7´I�"�9�����"�¦�g�j�¦���5�����g¡A�5ÊIÊI��¯º�*�|�=�*�g�*�����¦�©¡=�* ��*�����I¢I�~���5¯¼���Èü3´I�ß{í�I�*� �=�G�I�v�5� ¯¼�I��ý³{ÖX�|�|£��*¢~�
�Æ¢9���g¡��*�"�*�|�Õ���"�*�9¡��*¢��*�v�5��¡A�5�v�j�"�¦���I¢I���Ñ¤��j A£P�Ø���* A�9���"�*ÊIÊ~�
�|¢=���g¡��*�"�*�|�Õ���"�*�9¡��*¢��*�v�� �*�|���*�¦����¯º�*�
�5���5�v�5´����g¡9Ê)���=�*�¦�I� ¯º�j¢G�
fa = 455 − 7.5 = 447.5kHz ff = 455 + 7.5 = 462.5kHz B = ff − fa = 15kHz

áÌâ_ã
äHågæ?çHèç��*���I�j�| ��j���=�*�|���"�*� ¯º���¦É|�"�*¢I�ß���5�
�*���"�]��¤)�j A£ �&¯º�*�±�5� �5�v�5´����g¡9Ê)���=�*�¦�I� ¯º�j¢��,�5�n�5���5�
fa���"�*�9¡��*¢��*�v�;�¾�
�|¢9���g¡��*�"�*���*�g���©¤)�5���j���5���Ø� �* 5¯º�*���*¢A¯º�*¢È�;¬Ø¤��*�|£��*¢~���g{Ø·Õ�5 A£9���g�

nfs = fa�5¤��j�
n
�* ����¦��{&Ö �j�¦�"���¦���"�j��Êt�©���*�|�����5�¦���5¢I�+���
�|¢=���g¡��*�"�*�|���"�*�"�*�|����¡A�5 A£9���.� �
�|¢I������¡=�*�"�*�|����"�*�9¡��*¢��*�v�5���Ø�"�*� ¯º���¦�I�|¢I�����=�*�|���

fs ≥ 2B
�®�³�|�"�*�"�*�|¢��*����� �* A¤��j���n�XóI A£W�Ñ¤��j A£x�
�|¢��*�Ñ¯º�jÊG×Ê)�5¢7� �* A�=�j�g�*�|É|�"�¦�I�7�*���&�5���*�|¡9�+�5���"�¶¤)�5���5�¦�g{ ã,�* A£=�*¢x�*���"�¾¡A�5�v�j�¦�����j�¦�I¢I�7�¥�
�|¢I�|���5�|�����5¢�¦���I�G�"�* ����

fs0 = 2B = 30kHz
é����9�=�j���9���¦�n�5�
É|�¦¤)�5�"�n¡A�©¡A�5�|�|�

n
�G¤I���¦�g�*¢

n =

⌊
fa

fs0

⌋

=

⌊
447.5

30

⌋

= b14.91166c = 14
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¨�{ §9{)�5ÊI���G{±Ä#�.�*�"���I�*�¦�Ñ���#���
�|¢9����¡=�*�¦�±¯º�*�,�¦´t�*�9�¦�"�I���
�����g�*�ß�

fs =
fa

n
=

447.5

14
= 31.96428

�GÜ#�
àË3Bí!3 C.D�9<=
@47:E�FG7HFGIËÊÄÉ4E¿7:×[ÚZ7:Ù�9<7HFG7:>.@"ØóÉ4Ù8FGÐ49<ÓUò]7:9BúgEHÉóò.Ø!Ò<>?EHÎ4Ù8ÚZÉ
ç±¡A�5¢9���5���j¢È�5���
�Ø� �*� �j�¦�v�X� �*¢=�"����¢��*�
�|�|¢��g�5�¦���
�* A£G�"�* ��*�©�*�¦�®¯¼�I���Ñ� �*�|£9¢��*�

y
�9�|� �*¢��*�¦��*�¦�"�*���*�,�G���¦���9�"�*�"�*�¥�����*�¦�"�*�9�I�¶�����5�¶�&�"�*�"�¦�g�j���* ����#�5�
´I�|É|�¦ó��I�j¯¼ó

x
Ê��*� �*¢��*�¦���
�|¢9����´I�|�|�v�n×¢)�5�¦¢=£9�
�*�¦�"�*�=�*�"�j�����I A �{Ä��9¡A�5¢9���5�����* A£��*¢I���*�"�����)¤)���©�9�|� �*¢��*�¦���G���¦���9�"�*�#�*�¦�"�*�=�*�Ø�����5�Ø�

q
�9¡A�5¢=���5�v�j�¦�
���*´t���"��* ����¦�g�¦�n�5�&ó¶�"�jÊIÊ��¦�g�j�"�A�"�*�t���*¤��*�¦¢��*�������5�#�� A���j�"�j�
¤��*�|£=�*�

q
�¦�g�*�¦�|¢=�Õ¡A�5�|�"�j��¢)�5��{��� A£ �|�|£=�*¢�9¡A�5¢=���5���j�#�I����¢I�v�5���5�&�5�v�5ÊIÊI�
�A�"�¦�g�³���I A ����g�

y = x + e = mq
��� − q

2
≤ e <

q

2�5¤��j�
m
�* ����¦�.�¦�n�5�Ø{±Ä#�&�5�v�5ÊIÊI���5ÊI���5¢~ü3¨�{ «�ý��*���#�©�A�5´t���"�j�v�5�"�j�#���5¯¼�g�j�|�¦�I�¥�����I�9���* ����¦��É|�¦¡���©�"�*�ÆÉ|�"���¦�Ñ�¦�n�5�A�j�"�¦�g�j�9�A�5�����5¤��j�Ñ�©�9¡j�5¢9���5���
�¦óI�|¡��*�g�*�¦���9�G�|��{ á ó��Æ¡=�*�g�*�¦�����-� �*¢9�"���#���"�*�¦Êt�*¢ �¡��*���*�¦���*¢�¡A�5�|�"�j�g�-¯º�*���*� �¦�g�³�����Õ�A�¦�����5�|£=�5���.�*�¦¡=�*¢=£=���Õ�5�(�(�=�j�g�³�|É|�"�����=¤��j A£��(�9¡A�5¢9���5�v�j�¦��¤I�|Ê)����j�¦�"�*�v�5�v�5�¦�v�5¢I¢)�j���"�*�9�Æ¢9�¦¤��*�"�.�-�9¡A�5¢9���5�v�5¢��I�Õ¯º�*�|���*�I�����* A£��j�I�G�|�¦É|¡.�®�*¤��*���n�5¯3¯¦�5�9�=�j�g�*�|ÉÆ�"¤��*�"��7¤)�5���j���G{ôü3¨�{ «G{_�5ÊI����ý³{_ÄN�®�*¢=�¦�#�A�5���5�9�"�*�¦���¦���¦�|�A�x���"�*�"�*¢��7�n�5¯©�g�*�¦����¡A�5�¦¤)�5�"�P�*�¦�"�*�9µ�®�j�|£=�5���5���I� �*�|£9¢��*�¶�"�*� ¯º���¦É|�¦� �*¢=£=�A�

E
[
ε2
]

=
q2

12

ü3¨�{|zg��ý
Ä#�.�*���*�¦¤��*�"��¯º�*�Æ×ß�n�5¯�¡9���¦�g�j¢=£¾���9¡A�5¢9���5�v�5¢��I��¯º�*�|�"�j�����I A �{
¹wK�½
K�JLKCB�\�PL��R�µL|�µLa�V:�eS?|��i^]P?�Ý\wV�ar^]t���}�S_¼L}�S?�y|�S]R�S?a%S?|�t�ar^_|�µLa1�ÕY[S?TUS?��DÄ�eS?|�´WS
�����"�Ø´��*�����5���*¢9�&���³�9�|¢9�"�¦�I�x�* A£x�j�|£=�5¢PÊ��*� �*¢���¯º�*���*�����5� �³�|£9�|�P�* A£��*¢I���*�"���©�³���A�¦���v�j�¦óÈ��� ×
A
� £

A 
 �|¢=�"�*�¦¡A�5�|�|�I��Ê)�5¢,{+��¢I¢��*�¾�¦µI�¦µ��"�* 
���I A A¡��*¢9£�� 1/(2A)
{±Ä ¯º�*���"�*� ¯º���¦É|�¦� �*¢9£��A�

E
[
ξ2
]

=

A∫

−A

x2fξ (x) dx =
1

2A

A∫

−A

x2dx =
A2

3

ü3¨�{|zg��ý
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¨�{ ªG{)�5ÊI���G{±Ä#�.�* A£��*¢I���*�"���-�9¡A�5¢9���5���©�A�5���5�9�"�*�¦���¦���¦�|�A�5¯¦�

¨�{ °G{)�5ÊI���G{±ÄÞ�9¡A�5¢=���5�v�j�����* A�"�jÊIÊ��¦�g�j�(�j�I�G�|�¦É|¡¥�®�*¤��*���n�5¯¼�=�*¢=�-� �=�I�*�|���*��¤��*�"�
Ä#¢I¢)�5�X�*�"�I�*�=�*Êt�*¢���¤��j A£ ���¦óI�|¡��*�g�*�¦�����¦�.�*�|�=�³�"�I� ¯r�����t�"�*� ¯º���¦�I�|¢I���©���*�|�±�5���

Nq = 2A
�A�5´G×���"�j�v�5�¦¢)�5���)�5�
�|Êt�j�ß�

A

q
=

N

2

ü3¨�{|z*¨9ý
�����g�*�Ñ��¯º�*�Æ×ß�n�5¯�¡9���¦���j¢9£��

SNR =
E
[
ξ2
]

E [δ2]
=

A2

3

12

q2
= 4

(
A

q

)2

= 4

(
N

2

)2

= N2 ü3¨�{|zg«�ý
Ü(�
���9¡A�5¢9���5�|�#�³�"�"�*���*�

b
ÊI�|�"�*¢;�5ÊI���5�g�j� ¯¼�I���t�5�9���j�#�©���*¤��*�"�"�* ����-�
�|¢=���5�¾�¦�n�5���G�

N = 2b {�������®�*�|¤)�j�¦��¢)�5�|¡A�G�
SNR = 22b �|�|���*�¦¡��

SNR[dB] = 10 lg SNR = 2b lg 2 = 6.02b
� �IÙ 
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´I�|�|�v�5¢)�5�"�*�¦�"�*���*� ���g{�}��*���j���

A
�5������´��j���|�¦É|¡��5�
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A = q
N

2

ü3¨�{|zg­�ý
ÄÞ�¦óI�|¡��*�g�*�¦���9�I���-¡A�5���A�¦��É|¢9µ��"�* ��A�
p = P (|ξ| > A) = P (ξ ≤ −A) + P (ξ > A) = 2P (ξ > A) = 2 [1 − P (ξ ≤ A)]

ü3¨�{|zn§Aý

P (ξ ≤ A) = Fξ (A) =
1√

2πσξ

A∫

−∞

e
− x2

2σ2
ξ dx =

1√
2π

(

A
σξ

)

∫

−∞

e−
t2

2 dt = Φ

(
A

σξ

) ü3¨�{|zgª�ý
Ä#¤��j�

Φ(x)
�&�¦���5¢����5�"�7ü��* A£G�"�* A¢9£9���¦�g�j���j�¦ótý±¢��j�¦���5�|�����*���A�¦���v�j���*���A�¦���v�j�º���I A A¡��*¢9£��A{±�������*����¦óI�|¡=�*�g�*�¦�����-¡A�5���A�¦��É|¢=µ��"�* ��A�

p = 2

[

1 − Φ

(
A

σξ

)] ü3¨�{|zg°�ý
�����jÉ|�¦�-¡A�5���A�¦��É|¢9µ��"�* ��*�"�*�"�*¢,�

α0 (p) =
A

σξ
= Φ−1

(

1 − p

2

) ü3¨�{ �A¬�ý
ÄÞ�¦óI�|¡��*�g�*�¦�����-¤)�5���5��� �*�����*�ß�

A =
N

2
q = α0 (p) σξ

ü3¨�{ �Gzný
�5�
�|Êt�j�ß�

σξ

q
=

N

2α0 (p)ÄÞ���n²G�|���5�|�����5¢X�*���*�¦¤��*�"�.¯º�*� ×ß�n�5¯�¡9���¦�g�j¢=£��

SNR =
E
[
ξ2
]

E [ε2]
= 12

σ2
ξ

q2
= 12

N2

4α2
0 (p)

= 3
22b

α2
0 (p)

ü3¨�{ �A��ý
Ä��IÙ+×ßÊt�*¢Ø�9�Æ�®�º¯º�*�g�*�¦�#�*�¦�"�*�

SNR[dB] = 10 lg SNR = 2b lg 2 + 10 lg
3

α2
0 (p)

= 6.02b − ∆ (p)
ü3¨�{ �A��ý

Ä#¤��j�ß�
∆ (p) = 10 lg

α2
0 (p)

3
= 20 lg

[

Φ−1
(

1 − p

2

)]

− 10 lg 3
ü3¨�{ �5¨9ý

õ��j¢9�"�A����¤��j A£7���9¡A�5¢=�³�5�|�¶�9�|¡��*�g�*�¦�����¦�����5�¦�"�j���5¢=£9�5���"�*�9�|¢9�¦¡=���|�|�����¦���¦¡��©���* A£��*¢P��Ê��*� �*¢��¯º�*�|¤��*��{+���|���*¢I���*�g�����"�*�¦Ê��*¢Ø A£=�5�9�³�5ÊIÊ)�5¢Ø���*´¾�®�*���¦óI�|¡=�*�g�*�¦�������I¡A�5 A£¶¢��*�N�*�®¯¼�I�¶�*�Ñ�5�&�*�|� �³×���*���*�¦�|���* ��*���*�¦¤��*�"�.¯º�*�Æ×ß�n�5¯Õ¡9���¦�g�j¢9£¶�*�¦�"�*���*�g{Ä#���|�|�����¦���"�����®�*�|�"�*�"�*���j�Õ���9¡A�5¢9���5���©�"�*�|É|�"���¦�,¤)�5���5���5�(�5�
A = σξα0 (p) =

√
3σξ10

∆(p)
20

ü3¨�{ �A«�ý
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àË3�î�3 ÇÄ=:9<È�É
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x(t)
¯º�*���*�-�5�&�5�v�5ÊIÊI�
�5ÊI���5¢¾�v�5�¦¤)�5�"�Øü3¤I�|Ê)�5� �*¢9�"���³ýÕ�G�| A�|���5�|���-�����n×�"�j�¦¢)�5¢7�9É|¡A�5¢A¯¼�I�;�5�¦¡9�|¢I¢I�ß{&Ä#�
x(t)

¯º�*���"�*� ¯º���¦É|�¦� �*¢=£ �¦µI�¦µ��"�* ¾�¦´��*�9�¦�¦�I���¶��¨�{|zAzA{©�5ÊI���5¢

¨�{|zg¬G{)�5ÊI���G{±Ä#�&�5�¦¡9�|�"�*�|�,�"�*¢��I�¦�g�*�
�v�5�¦¤)�5�"�]�)�5¤��j�

S0 = 2.10−5 · 2 ' Ü#��{��ýÕâ��5¯¼�g�j� ¯¦�����&�5�
y(t)

�9�Æ� �*¢���¯º�*�,�¦´��*�9�¦�¦�I���5���I¤)� �5�
fs
�
�|¢=���g¡��*�"�*�|�,���"�*�9¡��*¢��*�v�G�

¨�{|zAzA{)�5ÊI���G{±Ä#�
x(t)

¯º�*���"�*� ¯º���¦É|�¦� �*¢9£¾�¦µI�¦���"�*  �¦´��*�9�¦�¦�I���
�Gzný�ªA¬¶�GÜ#�{$��A��ý©zg¬A¬¶�GÜ#�{$��A��ý�¨=¬¶�GÜ#��{ Ä��"�*���j¢��¦�¦�¦�)�5���X�¦�|�
É|�"�Ø�¦��µI�"�¾���I�g�5�|�����5�|�I�v�5�"�³×�"���¦���"�]�

fs/2
¤)�5���5�º���"�*�9¡��*¢��*�v�g¡A�5�ß{Êtý+Ä#��Ä ' ¸é�5���5�v�5�9É|���j�-�j�=�j�����&�9¡A�5¢9���5�v�j�¦���n�5¯(ü®�5�&�j�I�j�¦��¯º�*���¦���|¢=��� �*�|���*�¦�³ý��©�G�| A�|���5�|����¯º�*�Æ×Êt�*¢¥§j���IÙ+×r����¯º�*�Æ×ß�n�5¯
¡9���¦�g�j¢=£9���*�"���G� �*¢=£=�*��{-ü�ÄÈ�9¡A�5¢9���5�v�j�¦�G�n�5¯,�®�*¤��*���n�5¯¼¢)�5�&�"�*�9�|¢=�¦¤��*�"�I{ ýÖ;�*�9���j���������¦�����9�|� �*¢���¯º�*�I¯º�*�Æ×ß�n�5¯Õ¡9���¦�g�j¢9£=�W��ný
Ü(���5�����I�g�5�|����Ê��*� �*¢���¯º�*�9� �*�|���*�¦���n�5¯
���Ñ�=�*�¦�I���#Êt�*� �*¢��*�¦�"����¤��j A£=�5¢��5�v�5�9�I���#�9�|� �*¢��*�¦�¯º�*�Æ×ß�n�5¯�¡9�|�¦�g�j¢9£X�©�®�*¢=�¦���
�
�|¢9����¡=�*�"�*�|�
���"�*�9¡��*¢��*�v� ���"�*�"�*¢G�PÄ�Ê��*� �*¢��*�¦�Ñ�n�5¯¼�"�j�
���*�|�"�*�"�*���*�*×���I���)¤��j A£Ø�¦´��*�9�¦�¦�I���
�®�*¤��*����­A¬5�GÜ#�¶zg�A¬
�GÜ#�����g¡9Ê)�5¢����5�g�j¢;�9É|¡9�I�
�g�*�¦���g{�ÄéÊt�*� �*¢��*�¦�¯º�*�Æ×ß�n�5¯Õ¡9���¦�g�j¢=£¾­A¬
�IÙ({

áÌâ_ã
äHågæ?çHè��ý+Ä_�
�|¢=���g¡��*�"�*���*�g����¤)�5�³�j���5���©�5�.�*�"���I�*�¦�+üv�®�j�|£9�"�j¢��A�³ý,¯º�*���¦´t�*�9�¦�¦�I���
fs
�¦�g�*�¦�|¢9��´��*�¦���=�G�Æ×�9���������¦�W�,�5�
�|�.�5���5�v�5ÊIÊI�±�5ÊI�³�¥�¦�g�*�
���*�|�"�*�g��Êtý#Äô�9¡A�5¢9���5�v�j�¦���n�5¯-�®�*¤��*���,�5�n�5�
�* A£=�*¢I���*�"����*���A�¦���v�j�¦óí���−fs/2, +fs/2
 ����¡9Ê)�5¢~�����*�¶�Ø�¦�|�
É|�"�X�¦��µI�"�j¢~���*�"���¦���¦�I�+�9�+���-¯¼�I�©�¾�9�|� �³×¢��*�¦�"���I�*�g�*�¦�-�&�9�|� �*¢��*�¦�I¯º�*�Æ×ß�n�5¯+¡9���¦�g�j¢9£ � �* ��* A£=�*���|�¾�&�9¡A�5¢=���5�v�j��¯º�*�Æ×ß�n�5¯+¡9���¦�g�j¢=£9��¡A�5��� §j��IÙ 
 ­A¬{£(�{£(�{£(�{£(�A�IÙ 
 {

SNRqki =
Py

Pqki
=

Px

Pq
= SNRq = 106 · 2 · 2 · 2 · 2 = 8 · 106

Pqki =
Py

SNRq
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�|¢9����¡=�*�¦�±¯º�*���*�¶�¦´t�*�9�¦�¦�I��� ªA¬s�,zg¬A¬
����¨=¬��GÜ#���
�|¢9����¡=�*�"�*���*�g�*�����"�*�"�*¢

¨�{|zg�G{=�5ÊI���G{�ÄÅÊ��*� �*¢=�¦�)�n�5¯º�¦´��*�9�¦�¦�I�ö���+�5�#Ä�¸#×r¸#Ä��5���5�v�5�9É|���j�±�I���5¢I�)�n�5¯º�¦´t�*�9�¦�¦�I� �j� ªA¬s�zg¬A¬
����¨=¬��GÜ#���
�|¢=���g¡��*�"�*���*�g�������"�*�"�*¢
�nýÕÄÞÊ��*� �*¢��*�¦�,�n�5¯º�¦´��*�9�¦�¦�I�Ø�

SNRbe =
Px

Pzbe
= 106

Pzbe =
Px

106
= N0 · 120kHz
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fs = 80kHz
���"�*�"�

Pzki = 2 · N0 · 60kHz
Py

Px
= Pzbe

Py

Px
=

Py

SNRbe

SNRki =
Py

Pzki + Pqki
=

Py

Py

SNRbe
+

Py

SNRq

=
SNRbe · SNRq

SNRbe + SNRq
≈ 60

�IÙ
�g��ý

fs = 100kHz
���"�*�"�A�ÄÞ¤��*�|£9���*�-�I A£9�5¢;�5���
�|¢9���5�.�*���j�g� ���"�*�¦Ê��*¢,{�g��ý

fs = 40kHz
���"�*�"�

Pzki = 6 · N0 · 40kHz
Py

Px
= 240 · N0

Px

Py
= 2 · Py

SNRbeÄ#�&�5�¦�v�5´t�j���9���j�¦Êt�j���j�I�9�I�
�n�5¯Õ� �A�¦�-���*�"�¦�g�*�"���"�&�5�.�*���j�g� ���"�*�"�*�9¤��*�.���*´����¦�g{
SNRki =

Py

Pzki + Pqki
=

Py

2
Py

SNRbe
+

Py

SNRq

=
SNRbe · SNRq

SNRbe + 2 · SNRq
=≈ 57

�IÙ

àË3{ï"3 ÇÄ=:9<È�É
Ä��I�j�¦�#�* A£¶���g¡9���j�¦�v�5�"�j�g�j�¦���5�v�5´����g¡9�I¯º�*�
�+� ¬s�G¨
�GÜ�� 
 ���"�*�9¡=�*¢��*�v�5���5�¦�"�j���5¢=£9Ê)�5¢��ý&Ö;�*�9���j���Ø�
�|¢9���g¡��*�"�*�|�����"�*�9¡��*¢��*�v�5�©�=�*�|�Õ¡A�5�v�j�¦�����5¢9�I¢I����¤)� ��¯º�*��¡9�|�"�¦�n�A�5�|�|É|���j���5��� �* A£zgªA¬j�IÙ ' ¸é���*¡A�5 =�j�¦ó¾� �*�"���I�*�G�"�* Aµ �5�|�I�v�5�"�*�"���¦���"���¦��µI�"� �5�|�,�"�*¢��I�*�|���*�g���¦�"���5� �*�|£9¢��*�¥���*¡A�n× =�j���7�;¨A�GÜ#�*×r���©���"�*�9¡=�*¢��*�v�5�"�j���=�*�g�I�=�G�|�_ü®�¥¯º�*�#�*�Æ¢9£=�j� �j�¦�¦¢)�5�í�"�*�9�|¢=�"¤��*�"�7¤)�;���* =�5�v�5ÊIÊ¨=¬j�IÙ����¦�|�|�v�5´IÉ|���j�¦�#�¦�g�*¢9¡=�*�tý³{Êtý±Ö;�*�9���j�����.�9¡A�5¢=���5�v�j�¦�9¯º�*�Æ×ß�n�5¯±¡9���¦�g�j¢=£ ¤)�.�
�|¢=���g¡��*�"�*���*�g�����I���5¢¶�* A£¥ª.ÊI�|�"���Õ�9¡A�5¢=���5���j��5�|�A�5�|���5���I¢I�_�
áÌâ_ã
äHågæ?çHè��ý

Hm(f) =
∑

k

H

(

f +
k

T

)

Ä#¤I¤��j�W�n¤��j A£����*�|���9�*¢&�*�|¢=£=�j��¯¼�I���Õ�
�|¢9���g¡��*�"�*���*�g���
�
�v�5�¦�,� �* n¯º�*���*¢��-�¦´��*�9�¦�¦�I�©×r�A�"�¦�g�*�"�*¡��j�=�*���

56���*56�������������OFHG�;E/����-'*/R/�b$'*)=0Ra:'*Q&/R�RP�Fe�
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´t�j¢��*¢��"�*�¾�����5�¾�
�¦��µI�"��n�5�"�j���5�¦�"�j���5¢9£=�5Ê)�j¢X���*���*�¦�=�*���g�*¢��*���

fm = 8
�GÜ#�

+
40
�IÙ

180
�IÙ ' ¸ = 8

�GÜ#�
+ 0.222

¸
= 8

�GÜ#�
+ 6.67

�GÜ#�
= 14.67

�GÜ#�
Ö;�* n¯º�* A£9�g���g�+�
¬G{ �A�A�
�I�*�A�j�X�5�¦¡A�5�|���j����Ã����"�*�9¡=�*¢��*�v�5���]Ãj�

log10

(
f

4
�GÜ#�

)

= 0.222 ⇒ f = 6.67
�GÜ#�

ÊtýÕÜ(�j�¦��¢)�5�|¡A� �5�
SNR = 3

222n �®�j�¦���I�v�5�
SNR = 98304 ⇒ 49.95

�IÙ
Ö;�* n¯º�* A£9�g���g�
�+�®�*¢=�¦�A�®�j�¦�&�I�v�5�"�j�9���,�*�¦¡��*¢9£����"�"�* ��*¢��*�(���j�¦�v�5���5�|�"�j���v�j�"�.�Ñ�®�º¯º�*�g�*�yÃ*���
���*�=�*���"�*�"�_Ã�×¯º�*��é
àË3�ð�3 ÇÄ=:9<È�É
�� A£Ø«©�GÜ#�.�
�|¢=���g¡��*�"�*�|�
���"�*�9¡��*¢��*�v�g¡A�5�
�I�j�| ��j�g� �
�|¢9����¡=�*�"�*���*�g� �"�*¢��I�¦�g�*�#Ê��*� �*¢��*�¦�Ñ���-�9�Æ×� �*¢��*�¦�
�¦��µI�"�j¯º�&�5�g�j¢��A�g�

H(f) =







1
¤)� |f | ≤ 2kHz

1.4 − |f/5| ¤)�
2kHz ≤ |f | ≤ 7kHz

0
�* A£��*ÊI�=�*¢9�

Ä��"�*¢��I�¦�g�*�-�5�
z#�GÜ#�#���"�*�9¡=�*¢��*�v�5¯¼ó¶�¦���|¢9���¦�g�A�ÕÊt�*� �*¢��(¯º�*���*���5�
´��Æ�|�¦ó)�I�j¤��*�|£����"�*¢¾¡9���¦���,�5�g{ÖX�|�|£��*¢ ¯º�*���A�"�¦�g�*�"�*¡��j�¥�=�*���³�"���*��¢��*���I¤)�
�©Êt�*� �*¢��*�(���=�g¡=�*�¦���*�g�I�
ube(t) = 2 cos(2πf1t) cos(2πf2t)

Ä_���"�*�9¡��*¢��*�v�5���
f1 = 1

�GÜ#�{$
f2 = 2

�GÜ#��{áÌâ_ã
äHågæ?çHèÄÅÊ��*� �*¢��*�"�*¢¥���*�±�=�A�¦�*�|¢9���¦�g�A�+�A�"�¦�g�*�"�*¡��.�¦�g�j�¦�n�5����¡A�5¢,{�ü��������(���*�����"�*�9¡=�*¢��*�v�.�5���5¢=£9�5�"�j����I A ��=�*¢P¢��*¡��*��¤��*�®¯¼�I� �=�*¡��*�"���¦¢��*�;¡A�5 A£ � �=�G�I�v�j�*���j¢)�5��{ ý Ä#� ���¦� �*�¦���j�I�GÉ��*���A�&�A�"�¦�g�³���I j× ����"�*���*�-¤)�j�¦��¢)�5�|¡A�©É|�¦¤)�5�"�I�
ube = cos(2π(f1 + f2)t) + cos(2π(f1 − f2)t)

·+�5 A£9���#�5�g�j¢��A���5�
´I�|�|�¦���I�n¡j�5�Õz.���#���GÜ#�*×r�������j�
´��j¢��*¢��"�*�¶¡A�5¢I¢)�5�¾��Ê��*� �*¢��*�"�*¢,{ÄÞÊt�*� �*¢��*�¦�Ñ�¦��µI�"�
¤)�5���j���G�
• �5��z(�GÜ#�*×r���-�A�"�¦�g�*�"�*¡�� �5�
´I�|�|�¦���I�j¯¦�ØzQ$
• �
�©�GÜ#�*×r���-�A�"�¦���*�"�*¡=� �5�
´I�|�|�¦���I�j¯¦�ØzA{ ¨j×¼� ' « 
 ¬G{ ª

­Aª
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ÄN�
�|¢=���g¡��*�"�*���*�g����¤)�5���j���5���x� �¦´��*�9�¦�¦�I�]´t�*�¦���9�G�|�9���"���;¡A�5�|�|�È� �
�|¢=���g¡��*�"�*�|�-���"�*�9¡��*¢��*�v��¦�g�*�¦�|¢=���Ñ¡A�5 A£9���&�¾�
�|¢=���g¡��*�¦�#¯º�*�+�A�"�¦�g�*�"�*¡=�j�ß�

n · 5kHz ± 1kHz
�|�|�ß{

n · 5kHz ± 3kHz
�¡A�5 A£9�������"�*�¦�I¢I�9Êt�*¢~�¥�9�|� �*¢��*�¦�+�¦��µI�"�Ø�5�"�*�"���¦���"�¾�|�|�ß{
�5�¦� �*¢��*�¦�±�³�5�¦�"�j���5¢=£9�5Ê)�¾���"�¶���j�©×´t�j¢��*¢��"�*���-z��)�s���s�G¨_�)­s��ª©�GÜ#�*×r���"�*��{Äô�9�|� ���¾�¦�*µ��"�¾�5� �5�"�*�"���¦���"�¾����¡5¯¦�5Ê)�¥���"�¥���j�
´��j¢��*¢��"�*���*�&�5�
´I�|�|�¦���I�j¤��*�|£=���"�*¢x¡9���¦�����5����5���5�¦� �*¢��*�¦�Ñ���5�¦�"�j���5¢=£9Ê)�����"�j���*���*�¦�|�|�v�5´IÉ|�®¯¦�s�)�|�|���*�¦¡����©�n�5�"�j���5�¦�"�j���5¢9£9Ê)�5¢;�"�j�=�*���*�"���#�*�Æ×¢=£=�j���j�¦��ÊI�|���"�A�¦É|�g{wÅr A£¾���9�|� �*¢���¯º�*�|Ê��*¢¾���5�v�5�|¤)�5�"� �=�j�
´t�j¢��*¢��"�*�Ø�5�
´I�|�|�¦���I�j¯¦�G�

• z(�GÜ#�*×r���g��z(·
• ���GÜ#�*×r���g� 0.8 · 1 ·
• ���GÜ#�*×r���g� 0.8 · 0.8 ·
• ¨
�GÜ#�*×r���g� 1 · 0.6 ·
• ­��GÜ#�*×r���g� 1 · 0.2 ·
• ª��GÜ#�*×r���g�±¬�·

àË3�õ�3 ÇÌÏ�7:È�Ò£@8F�;£ØÜ@ZÓ"È�Î49<Ð4>
ã,�* A£��*¢;�* A£¾�G���¦���9�"�*�-���I�º¯¼µ���¡=�*���³�"�|�*¢X¡A�5�|�"�j�g�]�)�¦���j�*���j¢)�5�¦�|���-�®�j�¦���j���5�|���5�Ñ�¦�g�j�| =�5�|���5�"�j�¦�Õ¯º�*����g�*�¦����¡A�5�¦¤t�5�"� �³�"�"�*�9µ

ξn
�"�j�"�j�n�5�g{á �*�"�*���*�����I�©�®�*����¤��j A£ �
ξn
�"�j�"�j�n�5�±�"�*� ¯º���¦É|�¦� �*¢9£
�¦µI�¦µ��"�* &�¦´��*�9�¦�¦�I�����r�¦��ÉÆ¢)�*�0��{������5���¯º�*���*¢=�¦����¤��j A£ �5�#�* A£����±�
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���¥�
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���"���G�I¢����5¢��*�v�5���j�
� �* ��¦�n�5Ê)�j�G�I�|¢I�ß{���&�© ��j¢��I�j�v�5�-¡=�*�¦���®�*�
�©´I�"���G�|���*���
�=�*�"�I���"�*�g{Ä#�

n
×ß�|�7�
�|¢=���g¡��*�"�*�|�Õ���I�j´t�j¢9�¦Ê)�5¢~�"�*¢��I�*�|���*�g���¦�I¢I�9�"�¶�5�|���

ξn
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É|���5¢)�5¢I�Ø�

ξ̂n
Ê������¦�I�|�-�*�¦�"�*���*�-���-�*���5�¾�

δn 
 ξn − ξ̂n
�9�I���j¢=Ê��"�* A�I¯º�*���*�¡9�|¢I¢��*¢I�¾�5���©�����5�"�j�¦¢)�5¢��)�5�9�=�j��¡A�5�¦¤)�5�"���5¢Ø =�5�g���j���5 ��A���5¢�¯¦�5�¦¢)�5¢I�¶�*�ß{
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P (z)
´I�"���G�|�9�"�j�¦�
¤)�j�¦��¢)�5� ¯¼�I��{xÄ���9�I�j��� ���#�©�I�*���9�I�j���
�¦���5¢��¦�*�®�*�����I A A¡��*¢9£��A�

HC (z) = 1 − P (z)

�|�|���*�¦¡��
HD (z) =

1

1 − P (z)Äé�=�=�I�j���¥����� �I�*�=�=�I�j���¶�*�"���I�¶�5�¦¡9�|�"�*�|�Ñ���I A A¡��*¢9£��
HE (z) = HC (z) HD (z) = 1

���5�
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HD(z)
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%ki
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δn 
 ξn − ξ̂n
�9�I���j¢9Ê��"�* A�G¯º�*���*���9���¦�n�5�
É|�¦¡A�©�

νn
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e 
 zný����*�g�*�¦�&���9�|� �*¢��*�¦���n�5¯#� �* ��* A£��*���|�7���=�*���³�"���*�g���(¤��*�|£=�*¢ ���*¡���n�5¯3¯¦�5�����5�
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ξ̃n = ξn + εn
ü3¨�{ �A­�ý
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SNRki = %ki =
E
[
ξ2
n

]

E [ε2
n]
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SNRki = %ki =
E
[
ξ2
n

]

E [ε2
n]

=
E
[
ξ2
n

]

E [δ2
n]

E
[
δ2
n

]

E [ε2
n]

= GP %q
ü3¨�{ �Aª�ý

Ä#¤��j�
GP

��´I�"���G�|�=�³���A�-¢9£��*�"���"�* ��

GP =
E
[
ξ2
n

]

E [δ2
n]

ü3¨�{ �A°�ý
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%q
���9¡A�5¢9���5����¯¼�*�Æ×ß�n�5¯�¡9���¦�g�j¢=£9�G�

SNRq = %q =
E
[
δ2
n

]

E [ε2
n]
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δn 
 ξn− ξ̂n
�9�I���j¢9Ê��"�* A�A¯º�*�G�9�����¦�I�|���¦�

ξn−
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sν (f) =
∣
∣
∣HC

(

ej2πfT
)∣
∣
∣

2
sξ (f) ≈ const

ü3¨�{ �Gzný
Ü(�
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Rξ(k)
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N
�
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�
�|¢9���5��é

ξ̂n =
N∑

i=1

wiξn−i
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δn 
 ξn− ξ̂n
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E
[
δ2
n

]
= E

[(

ξn − ξ̂n

)2
]

= E





(

ξn −
N∑

i=1

wiξn−i
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
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Ä��¦�n�5�
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E
[
δ2
n

]
= R0 − 2wT r + wTRw

ü3¨�{ �5¨9ý
�5¤��j�

wT = [w1, w2, ...wk, ...wN ]
�&�=�³���*�"�*�¦���* A£9�I�¦�"¤)�5�"�j�9Êt�j�
�5�|�=�j�"�j�¦�.ü��"�j�³ýr¡=�*�9�"�j���  �5�

N × N
×r���#�5�I�"�j���j�¦�"�*�v�j�*���A�#���5�¦�¦�Æ²��

R =



 Ri,j



 =





R0 R1 R2

R1 R0 R1

R2 R1 R0




ü3¨�{ �A«�ý

� �*�|£9Êt�*¢
Ri,j = Ri−j = Rξ (i − j) = Rξ (j − i)¡A�5�v�5�
�|¢=� Á

N
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rT = [R1, R2, ...., RN ]
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ç��*�"���"�¦�I�¾�5���#�d�[¡=�*�9�"�j�¦�����5� �*�|£9�|�¶�
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gradw

(
R0 − 2wr + wTRw

)
= −2r + 2Rw = 0
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r = Rw
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wopt = R−1r
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E
[
δ2
n
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= R0 − wT
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Rξ (k) = a|k| ∀k
��� |a| < 1
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áÌâ_ã
äHågæ?çHèÄÞÊt�*� �*¢��.¯º�*���"�*� ¯º���¦É|�¦� �*¢=£=�A�

E
[
ξ2
n

]
= Rξ (0) = R0 = 1

Ä ü3¨�{|zn§9{ ýß×ßÊt�j�ß�
R1 = Rξ (1) = a���
R2 = Rξ (2) = a2

Ä#�&�5�I�"�j���j�"�"�*���j�*���A�#���5�¦�¦�Æ²Ø����¡=�³�9���j�g�
R =

[
R0 R1

R1 R0

]

=

[
1 a
a 1

]

r =

[
R1

R2

]

=

[
a
a2

] ü3¨�{ ¨�zný
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R−1 =
1

1 − a2

[
1 −a
−a 1

]
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wopt =
1

1 − a2

[
1 −a
−a 1

] [
a
a2

]

=
1

1 − a2

[
a − a3

−a2 + a2

]

=

[
a
0

] ü3¨�{ ¨=��ý
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w1 = a
���

w2 =
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E
[
δ2
n

]
= R0 − wT

optr = 1 −
[

a 0
]
[

a
a2

]

= 1 −
(
a2 + 0

)
= 1 − a2 ü3¨�{ ¨=��ý
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GP =
E
[
ξ2
n

]

E [δ2
n]

=
1

1 − a2
> 1
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⌉

i = 1 . . . N
�¦�n�5Ê)�5�|£Ø�¦�g�*�¦�|¢9���

�5¤��j� d·e �&�®�*�Æ�®�*���(�=�*�"�*�9É|�"���¦��¯º�*���j�|�ß{
�G{-�� A£��"�* ����G� �*¢I¢=£9���"�* #�9���¦�n�5�
É|���j���G�

Fi+1 = Fi+pi
�5¤��j�

F1 = 0
�n���

i = 1 . . . (N−1)

�G{-ÄÞ���9�¶ ��*¢��*���5�v�j���G�
Ci =

⌊
2liFi

⌋
i = 1 . . . N

�5¤��j� b·c �©�����®�*�����=�*�"�*�9É|�"���¦��¯º�*���j�|�ß{
�� A£¥¢9�I� �*�¦�|�9���-´t�*�����G�Ä_�®�j�¦���j�-�*���A�¦���v�j�-�*¢9�¦�"�j´I�v�5¯¦�G�

i
zA{ �G{ �G{ ¨�{ «G{ ­G{ §9{ ªG{ °G{

pi
¬G{ ¨=° ¬G{|z*¨ ¬G{|z*¨ ¬G{ ¬�§ ¬G{ ¬�§ ¬G{ ¬5¨ ¬G{ ¬A� ¬G{ ¬A� ¬G{ ¬Gz

li
� � � ¨ ¨ « ­ ­ §

Fi
¬G{ ¬A¬ ¬G{ ¨=° ¬G{ ­A� ¬G{ §A§ ¬G{ ª5¨ ¬G{ °Gz ¬G{ °A« ¬G{ °�§ ¬G{ °A°

Ci
¬ � « zg� zg� �A° ­A¬ ­A� zg�A­

CBIN
i
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H (P ) =
9∑

i=1

pi log2
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= 2.3136
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«G{ �G{)�5ÊI���G{±Ä�Ü#�G÷����5¢I¢G×ß�=�=�I�j�v�j�¦�Ñ�5�| ��j�¦�|�¦�����#�¦�g�*�
���*�|�"�*�"���"�
Ö;�* n¯º�* A£9�g���g�¶Ä �=�=���j���j� ���"�*�¦�I¢I�9Êt�*¢È���j�¦�=�*¢=�
���
�*�|¡��* ��*��¤��*�"�7���*¢I¢����±¤I���¦�g�*¢È�"�jÊIÊG×�¦�g�j���®�j�"�G�I���*���7�j�|£=�5¢È���"�*���±¤��j A£í�n×ß¢��*���"�jÊIÊÈ�* A£=�®�j�¦���;���* A�9���"�³Ê�Êí¡A�5���A�¦��É|¢=µ��"�* Aµ �*���*����j���I�-�=�*�|���=�*�¦�"�j� �9�|¡A�5�v�j�¦�����5¢=�I¢I����� �A�"�¦�g�*���j�¦¢9�I¢I��{ ÄN���*¢9£��* ~�5�W�Õ¤��j A£È� �A�5´t�j�¦�¥�5�¦×�v�5 ��A�&�=�=�I�¦�g�j¤��A�"�¦�W�ÑÊ)�5�¦�
�|�|£=�*¢~� �* ��j�����j�¦��¡A�5�v�j�"�¦���I¢I�7�����Ñ�
�|¢��G�| ;�I A£9�5¢)�5¢I¢=£9�Õ�����¦� ü®�5��j´I�¦�|���5�|�|���j�¦Êt�j�
�=�n¡��*�¦�=�*�g�=�*¢tý³{���g�*�¶�I���5¢Ø���5�-�����5�¾�5���5�¦�v�5 ��A�-���9�I�¦�g�j¤��A�"�¦�n�5�¥�9���¦�n�5�
É|���j����¡A�5¢Ø¤)�5�¦���G�
• Ä#���I�g�*¢��*�-¤��A�"�¦�n�G� 1 · 5bit + 6 · 2bit + ... = 73bit

{
• Ä#�&�5�¦�v�5 ��A�-�=�=�I�¦�g�j¤��A�"�¦��� 73/23 = 3.17bit

{
• Ä�Ä�¹]m n<n ×rÜ#�G÷����5¢I¢¾���9�I�¦�g�j¤��A�"�¦�n�5�¾�5���5¢9£=� 7/3.17 = 221%

{
í!3�àË3 ÇÄ=:9<È�É
Ä��I�j�¦���* A£¾�*�
���*���*�g�*�¦� �*¢9�"���#�®�j�¦���j�&ü

X
ý��©�=�g¡=�*�¦���*�g���5Ê��³×ß¡��*�Ñ���-¤��j���n�©���5�¦���j����¡A�5���A�¦��� ×¢=µ��"�* ��*�9�=�*�ß�

x ∈ {A, B, C, D, E}; P (A) = 0.52, P (B) = 0.21, P (C) = 0.21, P (D) =
0.05, P (E) = 0.01

{��ý�Ü(�j�¦��¢)�5� ¯¼�I� �(�=�g¡=�*�¦���*�g���=�=�G�9���A�¦�����j�¦�g�
A → 00; B → 10; C → 11; D → 01; E →

101
{��� A£=�*�¦�"�*�|�&µ��*¢ �I�*���9�I�j�|¤)�5�"�5×r�&�*�&���=�=�?�Êtý±ã,�*¤��*�º×r���5����ýß×ßÊ)�5¢¶� �* =�j�I�j�¦�����9�I�¦�g�j¤��A�"�¦�n�5�9�A�5�)´I�"���I²9×ß� �*¢9�"�������9�I�j�Õ�����¦���|�"�*¢I���Pü�Ü(��| ��*¢��)�j�j¯º�j¢¾���©´t�*�����5��é ý�nýÕç����¦���|�"�"�*¢ ¹=¤)�5¢I¢��j¢G×rõt�5¢�� ���9�I�j���&�®�*¢=�¦���®�j�¦���j�¦¤��j�Wé�)ý�Ö;�*¢I¢9£9�|�"�-���j�g�*�|�|�¦�)� �* ©�&¹=¤)�5¢I¢��j¢G×rõt�5¢��&���9���5�¦�v�5 ��A�Õ�¦�g�j¤��A�"�¦�n�.�5�#�*�|¡9�|���* &���*¤��*�"�"�* �����5���"�©¤)�5���5�¦���

áÌâ_ã
äHågæ?çHè��ý�Äé� �* =�j�I�j�¦�(�=�=�G�9���A�¦�����j�#¢��*�R´I�"���I²9×ß� �*¢9�"�����t�"�*¤)�5��¢��*�R���*¤��*�(�* A£=�*�¦�"�*�|�&µ��*¢7�I�*�=�5×�I�j�|¢I�ß{ ü����ß{¥�5�Xzg¬Gzg¬Gzg¬G{|{|{¥Êt�º¯º�n¡��Ø�"�j�"�j�n�5�¦¢)�5�+¢��*�$�¦���j¯¼�I�7�*���I�j¢9�"�*¢I���
¤��j A£
B
×ß¡��*�±¡A�5 A£

E
×ß¡=�*�����*�g�I�9�G�|�=×r�&�5���I�g�*¢��*�g{ ý

ªA¬
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�"�*� ¯º���¦�I�������*¤��*���t¤)�
¢��*�%��5�9���j�(¢��*� ���*¤��*�g{¥ü�Ö;�* 5¯º�* A£9�g���g��Äöç(���n�����* A£=�*¢I���j�¦���*¢��"�* X�5�¦���¥¢��*�ÿ�j� �"�*�
�
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∑

i

2−li = 4 · 2−2 + 2−3 = 1.125

�"�*¤)�5���&ç��³�n�3�¦×r�³ A£=�*¢I���j�¦���*¢��"�* ©¢��*�����³� ¯º���¦�I���9¤I���¦�g�*¢¾�.�¦���I�
���&�*�¦���³�=�*¢��*� ���* j�®�*� ¯º�*ÊIÊ z³×r�*��¦�n�5Ê)�j�G¢)� �j�G¢I�ß{�ný�Äô¹=¤)�5¢I¢��j¢G×rõt�5¢�� �=�=�I�j�v�j���5�v�5´��j�¦���*�"���)¤��j A£¥�
�|¢��G�| ��"�*� ¯º���¦�I�Ñ�
ç(���n���º×r�* A£=�*¢I���j�¦���³¢)�"�* _�¤)�
�©���9�I�¦�g�j¤��A�"�¦�n�5�j�5�����=�g¡=�*�¦���*�g� �¦�n�5Ê)�5�|£¥� �* A¡A�5�v�j�¦�����j����¡A�5���5�|�|É|�®¯¼�I�¶�*���I�

li =

⌈

log2

1

pi

⌉

Ä#�.�j�I�j�¦���®�j�¦���j���¦���|�&Ê��j�|�I���5�|¢)�5�¾�*���5�®�j�"�G�I�v�j�¦��¡A�5���A�¦��É|¢=µ��"�* ��*�|�"�&�5�|�A�5�|���5��¡A�
���¦�n�5Ê)�5�|£9����"�*¢��G�"���.���n¡��*�¦�=�*�g���¦�g�j¤��A�"�¦�n�5�¥�j�I�=�G¢)�5����z�� �s� �s� «s� §9{±Ä����j¢I�9�"�*�Õ�=�=���j���* A£ ÊI�|¢)�5�¦���+�ß�5�"�j�ü3¤��j A£��(�=�=� ´I�"���I²9×ß� �*¢=���*�Õ���* A£=�*¢tý��j�|¡A�j�¦¤)�5�®¯¼�I�©�����G�j�I�j�¦�Õ¤��A�"�¦�g�A���5 Aó¥�5 =�5�A�5�Õ¡j�5�v�j�¦���¦¡A�G{� f~d£¢¤f�d�­e�e�5��®�±Ëfyb¤f�jkf£�£¢5cg¥�¬[§H�?« I ¥��e��l�f��,¡��Gh����þ¦�j �ì��²�)ýÕÄ#�.�*¢9�¦�"�j´I�v�
�¦�n�5�
É|���j���G�
H(X) = −

∑

i

pi log2 pi = 1.7188
ÊI�|�

Ä�¹�×rõP�=�=�¾�5�¦�v�5 ��A�����9�I�¦�g�j¤��A�"�¦�n�G�
l̄ =

∑

i pili = 2.1
ÊI�|���G�"�*¤)�5�#�.�=�*�¦�"���=�j�g�j�¦�¦���9�I���j¢9ÊG×�"�* �¬G{ �Aª©ÊI�|�g{

í!3Bí!3 ÇÄ=:9<È�É
�� A£

X
ÊI�|¢)�5�¦�����®�j�¦���j�

T
���I�j���j�g�j¢I�=�*¢=�¾�¦�g�j�| =�5�Æ�³�5�®¯¦�x�9�|� �*¢��*�"�*¢�� �®�j�¦���j�"�¦���|��Êt�j�|�I� �5×�A�5�g{xÄ �®�j�¦���j�"�¦���|��Êt�j�|�I� �j�P���I A ��*�¦���*¢��*�í�* A£9���j�¦�"�j�ß{~Ä �®�j�¦���j�
�*¢9�¦�"�j´I�v�5¯¦�;���n²G�|���5�|���g{Ä_�®�j�¦���j�"�¦���|�&Ê��j�|�I� �j�A�5�-�®�j�¦���j�¦�=�=�I�j�v�j�-¢��*�|�9�I�Ñ�(¯º�*�|�|�|�����¦���"�j�"���A�5´����"�j� ¯¼�I���)�5� �*�|£Ø�5��z³×r����®�j�¦���j�"�¦���|�&Ê��j�|�I�����"�*�"�*Êt�*¢
+1
·��
�Ø¬n×r���®�j�¦���j�"�¦���|�&Ê��j�|�I�����"�*�"�*Êt�*¢ −1

·[�5�
´I�|�|�¦���I�j¯¼ó��
T = 1

��¤��A�"�¦��ó����5 Aó¾¢��* A£G�¦�g�j A�|�
´I�I�|�����¦�(�j�X�©�����5�"�j�¦¢)�5���G{��ýÕÜ(�5���5�"�j���n�
� �³ ¥���®�j�¦���j�"�*���A�¦���v�j�¦��éÊtýÕÖ;�j¢��j¯¦�©� �* _�I�
�|�*�¦�#¢I�|¢����-�¦���I�G�"�* ©�®�j�¦���j�¦�=�=�I�j�v�j�¦���sé�ný�Ü(�5���5�"�j���n�Ø� �* 7�5�¶�5�¦¡9�|�"�*�|�������5�"�j�¦¢)�ØÊt�*� �*¢��*�"�*¢í� �* n¯º�*���*¢��
ξ(t)

�®�j�|£=�5���5��¡A�5�¦¤)�5�"��*�¦�"�*���*�#���-�¦�g�j���j�¦¢��* A£9�g�*�"�*��é�)ý
Ü(�5���5�"�j���n�#� �* &�5�-�5�¦¡9�|�"�*�|�I�����5�"�j�¦¢)��Êt�*� �*¢��*�"�*¢ � �* n¯º�*���*¢����®�j�|£=�5���5�+�5�I�"�j���j�¦�"�*�v�j�*���A����I A A¡��*¢9£��*��é
áÌâ_ã
äHågæ?çHè��ý�Ä#ÊIÊt�j����¤��j A£Ø���®�j�¦���j�#�*¢=�¦�"�j´I�v�5¯¦�
���n²G�|���5�|���©ü3¢9£9�|�|¡A�5¢;�5���5�g�j¢��A�#�¦�n�5��óX�¦���|��Êt�j�|�I�©×���5�G�"�*¢��I�*�|�=�*���(�®�j�¦���j�"�j�.�=�j�g�j�¦�����*�"���¦ ��*�|¡=�ný��j�=�g¡=�*�¦�=�³���|���j¤��j A£©���¦���|��Êt�j�|�I� �j�©�*���A�¦���v�j���

ªGz
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�* A£��*¢I���*�"���g{íü�Ä ÊI�|�g�j¢9£9É|���j�¦���v�j�"�~�Ø���5¢I���j¢9£9¡9Êt�*¢���¡A�5 A£7 ��j¢��I�j� ¯¼�I¢I�~�5�¦���s��¤��j A£~�¾���* j×¢��*¤��*�g�*ÊIÊ��;���n¡=�*�¦���*�g�7�¦���|��Êt�j�|�I� �j�¶�5�9�=�j�
� �* n¯º�A�"�j�|¢I���Õ¤)�7�* A£��*¢I���*�"���¥�5�X�*���A�¦���v�j�¦�I������"�*� ¯º���"�*¢UÃ³¡A�5���5�¦�v�5¢9�I��Ã�¯º�j¤��*�.Ê)�5�¦� �*�|£9�|�[$��*�¥�5�����"�*�.¤��j�"�I�j���n�;�¥���* A�"�jÊIÊP�|¢G�®�j�¦���j�*���j�g{��¢I¢��*�X�*�|���*¢=�"�*�¦�®¯º���t�
�|���j���"�*� ¯º���"�*¢XÊI�|���"�A���* A£Ø���"�*� �*¢9£¾Ê��*���n¡��*�¦�=�*�g���"�����5¢I¢)�5�¾�|¢G�®�j�¦���n×�*���j���5�¦���5�|���
�g�*�¦���g{ ýÊtýÕÖX�|¡=�*�
�&�®�j�¦���j�-�* A£=�*¢I���*�"�����I¢I�|¢����#�³�"�"�*�Æ� �.¡A�5�|�"�j�g� �¦�g�j¤��A�"�¦��ó����5 Aó¾�=�=�I�j�v�j�¦¢)�5��{�nýtÄx�®�j�¦���j��ÊI�|¢)�5�¦�����j���¦���Æ��Ê��j�Æ��� �j���*���5�®�j�"�G�I�v�j�¦�� A£9�5���j�¦�����5 =���* A£��*¢I���*�"�����j�5�n�5�

P (x = 1) =
P (x = 0) = 0.5

�,�������5�"�j�¦¢)�5�=�=�I�j�v�j��ü®�5�
��� �A�¦���*���*�
��¯º�*�v�5�v�5�X¤��j���n�5�"�*¢��I�*�����¦��¯º�*���*¢9�¦�±��®�j�¦���j�"�¦���|�&Ê��j�|�I�
¤��j�5ý-�¦���|�
� �*�¦�¦�|�9�������"�*¤)�5�(�
�����5�"�j�¦¢)�5���
���*�¦�I���.¯º�*�Ñ�5�¦�v�5 ��*�¦�"�*����¬©·
{IÄ�¦�g�j���j�¦¢��* A£9�g�*�g�
σ2

ξ = E
[
ξ(t)2

]
= E [1

·
]2 = 1

· 2�)ýÕÄ#�&�5���"�j���j�¦�"�*�v�j�*���A�-���I A A¡��*¢9£��
Rξ(τ) = E [ξ(t)ξ(t + τ)] =

{
1 − τ/T ha|τ | < 1s

0 egyebkent

)

.

ä#���A�¦�=�=���j�¦�I¢I����¤)�
τ > 1s

���Ø�¦���|��Êt�j�|�I� �j�x���I A ��*�¦���*¢��"�* ����
�v�5�¦�
�¾���j�"�"�*���j�*��� �*�¦�"�*������#ÊI�|���"�A���5¢x¬G{�Ü(�
τ < 1s

���5�9�=�j���5¢I¢)�5�;� ¡A�5���A�¦��É|¢=µ��"�* ����t¤��j A£;�.¯º�*���*¢I���* A��´I�|�|�v�5¢)�5�¦¤��j����*´����¦�
τ
×ß¡A�5�,�����"�jÊIÊX� �* ¥�(¯º�*���*¢I���* A�Ñ�¦���|��Êt�j�|�I�N���5�¦����´��j¢=�"�A���5¢

1 − τ/T
{�ü�ÄQÃ³¡A�5�|���j�eÃ¡A�5���A�¦��É|¢=µ��"�* ��

τ/T
{ ý©Ä

τ = 0
���"�*�¦Ê��*¢X�5�.�5�¦�v�5 A�"�*� ¯º���¦É|�¦� �*¢9£9�-�A�5´I¯¼�I���I�5�
�±zA{�·+�5 A£9���-�5��5�I�"�j���j�¦�"�*�v�j�*���A�-���I A A¡=�*¢9£¥�|�|¢��g�5�¦�����5¢;�*�"�j�9�=�*¢��)�
¬n×ß¤��*�|£=�*¢;�5�&�*�¦�"�*��� z��)�5¤��j A£Ø�5���5�v�5ÊIÊI��5ÊI���5¢Ø�v�5�¦¤)�5�"�I�

t

1
R(t)

í!3�î�3 ÇÄ=:9<È�É
�� A£7¤)�5�"�j���5�|�v�5´t�j�"óP�®�j�¦���j���*���A�¦���v�j���

p1 = 0.5
�
p2 = 0.3

�
p3 = 0.2

�
�|�|���*�¦¡=�¥�¶�=�=�I�j�v�j��"�j���5¢¾¤��j���n�5¯¼�I�¶�"�*¢��I�*�|�-�=�=�I�¦�n�g¡A�5�¥¤��A�"�¦�n�
l1 = 2

ÊI�|���
l2 = 3

ÊI�|���
l3 = 4

ÊI�|�g{��ýÕã,�*¤��*�º×r�&�* A£=�*�¦�"�*�|�&µ��*¢;�I�*���9�I�j�|¤)�5�"� ���9�I�j�����5�v�5�|¢I���&�®�*¢=�¦�,���9�I�¦�g�j¤��A�"�¦�n�5�9¤��j���Êtý#ä#´I�¦�|���5�|�����=�=�I�j�v�j�����"�*�"�*¢X�
�|�|£=�*¢X¤��A�"�¦��ó����5 Aó;ÊI���j�9���j�9Ê)�
�=�*�|���*¢����©�®�j�¦���j�¦�#�=�=�I�j�|¢I���¤��j A£~�5�¶�* A£P�¦�*�|��Êt�j�|�I�
�³��¯¼�I�"� �5�¦�v�5 ��A�����9�I�¦�g�j¤��A�"�¦�¾�5�¶�*�|¡9���5���"�X¤)�5���5�¦¢)�5�����* j�®�*� ¯º�*ÊIÊz8³.×ß�A�5�,���* A£��*¢Ø¤��A�"�¦�n�5ÊIÊ,{
áÌâ_ã
äHågæ?çHè��ýÕÖX�|¡=�*�
�©ç(���n���#�* A£��*¢I���j�¦���*¢��"�* ��"�*� ¯º���¦�I���I�Æ ��*¢,�

∑

i

2−li <= 1

ªA�
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}��
¡A�5�v�j�¦�&�j�G¤)�5�"� óI A£¥�����I¤��j A£¶���5¯¼�g�j�|�I¢I�¾�* A£¶�j�|£9�5¢ØÊI�|¢)�5�¦�����ß�5���G� �*�|£=�*¢Ø¡A�5¢X�s�)�©� �* j×�j�I�j�¦� �¦�g�j¤��A�"�¦�n�5�9¢)�5�P� �* j�®�*���*���7¤��A�"�¦��ó����5 Aó �5 ��j¢È�I��� ¡=�* A´t�j¢9�g{�ü���ÊIÊ��*¢Ú�5�¾�* A£G�¦�g�*�¦µ���"�*�¦Êt�*¢7�*�© A£��j�"���5¢ � �* ����¦�|¢)�5�|¤)�5�"�]�,�"�j�X�¦���|�&Ê��j�|�I�
���5���"�*¢��I�*�|�=�*�g���®�j�¦���j�"�j�;�*�"�*�"�*¢7�*���� �=�I�¦�g�*�#¢��*� ¤)�j�¦��¢)�5�|¤)�5�"�I{ ýÊtý±ÙÕ���j�9� ���9�I�j�v�j�����"�*�"�*¢¥ÊI�|���"�A���5¢¶�"�*� ¯º���¦É|�¦¤��*�"�
�5�W�9¤��j A£¥�5�(�* A£��¦���|��Êt�j�|�I�
����¯¼�I�"�©�5�¦�v�n× ��A�����9�I�¦�g�j¤��A�"�¦�¾ü

λ(N) ���5¤��j� N
¯º�*���j�|�±� ÊI���j�9�9¤��A�"�¦���³ý�Ê����¦�g�j�¦É|�¦¤)�5�"�¾�5� �5�v�5ÊIÊI�����j�¦�v�5�"�j����j�g�A�

H(ξ) ≤ λ(N) ≤ H(ξ) +
1

N�±�"�*�¦�I¢I�9Êt�*¢��t�5� z8³.×r�A�-�9�¦�|�"�*�¦�|�I� �j���©���*´I���*�¦Ê���¤��*�|£��*�¦�"���¦É|�¦¡=�&�5�����A�5´I¯¼�I���G¤��j A£
1

N
≥ 0.01H(ξ) = −0.01

3∑

i=1

pi log2 pi = 0.01485

�5�
�|Êt�j�Ñ�j�I�9�G�|���I¤��j A£
N ≥ 68

{
í!3{ï"3 ÇÄ=:9<È�É
Ä��I�j�¦�#�* A£¥¡A�5�|�"�j�g� �¦�g�j¤��A�"�¦��ó����5 Aó¾�=�=�X���=�=�I�¦�n�g¡A�5�|¡j�5�ß�-zAzAzAz��)¬s�,zg¬s��zg¬A¬A¬s�,zg¬A¬Gz��,zAzAzg¬��ýÑÖX���*�¦��¢��*� ���*¤��*�+�* A£��*�¦�"�*�|��µ��*¢¥�I�*���9�I�j�|¢I�t���=�=�I�j��� n ¢��I�j���j� ¯¦��¡A�5�v�j�¦�n�5���=�����&�I���j�"�"�j¢´t�*�����5�-�"�jÊIÊ��*�¦�"�*�|�&µ;¤��*�|£9�g�*�¦�"�A{Êtý,ã,�*¤��*�º×r���* A£9�5�|���5�v�5¢©�|�|£=�*¢�¤��A�"�¦��ó����5 Aó©�=�=�I�¦�n�g¡A�5�9�A�5�9´I�"���I²G� �*¢=�"�������9�I�j�����¦�|¢)�5�|¢I���¾Ü(��| ��*¢��)�j�j¯º�j¢¾���©´t�*�����5�g{�ný�ÖX�|�|£=�*¢È���* A£��*¢Ú�;�®�j�¦���j�"�*���A�¦���v�j���+¤��j A£È�;�®�*¢=�¦�-���9�I�¦�g�j¤��A�"�¦�n�5�9�A�5�-���¥¹=¤)�5¢I¢��j¢G×rõt�5¢�����9�I�j�v�j�"���5�,�j´I�¦�|���5�|���-�=�=�I�j�-�A�5´I¯¼�I¢I�_�
áÌâ_ã
äHågæ?çHè��ý�ÄÚ¤)�5�¦���j�G�|� �=�=�I�¦�g�&�*���j���5 n¯¦����¢��* A£����G�|�9¢��*�����Õ�5���j�"�9�G�|�9¢��*��{�Ù��5¯±�5�9�=�j�+¡A�5¢���¤)��´I�ß{�5�¶zg¬A¬A¬��"�j�"�j�n�5�"�j�(¡����"�¦���I���)¢��*�R�¦���j¯¼�I�Ø�I A£=�5¢I���(�*���I�j¢9�"�*¢I����¤��j A£;���G{#�I���5¢)��� �* ¥�=�*��G{��=�=�I�¦�g�]�I¡A�5 A£¥�* A£¶¨�{��=�=�I�¦�g� �³�"���*�g�*�¦�º×r�A{ÊtýÕÄ�ç(���n���º×r�* A£=�*¢I���j�¦���³¢)�"�* ��"�*� ¯º���¦�I�����"�*���=�*�|��� �* A¡9�|�g�¦ =�5�|¢I�ß�

6∑

i=1

2−li = 1

�"�*¤)�5�(�*�©�"�*� ¯º�*�¦���~�t���*¤��*�(�|�|£=�*¢ �¦�g�j¤��A�"�¦�n�5�9�A�5�
´I�"���I²9×ß� �*¢9�"���(�=�=�I�j�(���¦�|¢)�5�|¢I�ß{(ÙÕ�|¢)�5�¦�����ß�5����5¯¼�g�j�|¡A�©�¦�n�5�����5�v�5¢Ø� �* ��j�����j�-�=�*´I�g�*�|¤��*�"� �*���I´I�ß{|�-zAzAzAz��)¬s��zg¬s�,zAzg¬A¬s�,zAzg¬Gz��,zAzAzg¬G{�nýÕÄô¹=¤)�5¢I¢��j¢G×rõt�5¢�� ���9�¾���"�*�"�*Ê��*¢;���=�=�I�¦�g�j¤��A�"�¦�n�5�A�5��ó� A£¥¤)�5���5�"�j�����I�¶� �* _�I¤��j A£
li =

⌈
1

pi

⌉

Ä#�
�*¢9�¦�"�j´I�v�5¢)�5� � �* Ø���*�|�±�* A£=�*��¢I�����Ø¹�×rõÚ���9�x�5�¦�v�5 ��A���=�=�I�¦�g�j¤��A�"�¦�n�g¡A�5�ß{©���¥���®�*�|�"�*�"�*����*´I���*�¦�"�*�,� �* j�®�j =�5�|���5��¡A�����=�g¡=�*�¦���*�g�I�
∑

i

pi log2

1

pi
=
∑

i

pili =
∑

i

pi

⌈
1

pi

⌉ ü®«G{ ��ý
ªA�
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∑

i

pi = 1
ü®«G{ ¨9ý

�
�|¡��*��¡A�5���A�¦��É|¢=µ��"�* j×r�*���A�¦���v�j�¦���=�*�"���¦�I¢I��{.Ä ���*´I���*�"�*�9Ê��j���v�5�"�¦���Æ����¤��j A£ � �®�*�v�j���5�¦¢)�5�;�"�j�� �* ��j�����j���X���*¤��*����¤I���¦�g�*¢í���"�*�¦�I¢I�9Ê��*¢È­X�¦�n�5Ê)�j�P´)�5���5� �*�"�*�©¡A�5¢����I A£9�5¢)�5�9���j�©�����5�7�=�*��* A£��*¢I���*�"�*�Ñ�=�*�|���9���*���* AÉ|�"�*¢I�ß{�Äí� �* ��j�����j�¦�
� �* A���5�v�5�|¢I�G� �* ��"�*���* A£G�¦�g�*�¦µ��A�j�I�9�G�|�&�5�g�j¢9Ê)�5¢�* A£¥�=�*�g�*¢G�®�*�9¡��©� �* ��j�����j�g{ á �*� ¯º���¦É|�"�¦�I�¾���=�g¡=�*�¦���*�g�©�®�*�|�"�*�"�*���*���*�g�

log2

1

pi
=

⌈
1

pi

⌉

= li

¡A�5 A£¾�5�¦É|�¦¡A�G�
log2 pi = −li���9���j���¶���n¡��*�¦�=�*�g�¶� �* ��j�����j�¦���
¯¼�I�¦�I¢I���

p1 = 1/16
�
p2 = 1/2

�
p3 = 1/4

�
p4 = p5 =

p6 = 1/16
���5� �*�|£xü��¦�g�*�"�*¢����"�*¢I�9�"�nýÕ�9���*���* AÉ|�¦�Ñ�¾ü®«G{ ¨9ý��* A£=�*¢I���*�"�*�-���g{
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µ (t) =
∞∑

k=−∞

ξkha (t − kT )
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ha(t)
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Ha(f)
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Ha (f) =

∞∫

−∞

ha (t) e−j2πftdt
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Hv(f)
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hv(t)
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hv (t) =

∞∫

−∞

Hv (t) e+j2πftdf
ü®­G{ ��ý
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H (f) = Ha (f) Hv (f)
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h(t)
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η (t) =
∞∑

n=−∞

ξnh (t − nT )
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ηk = η (kT ) =
∞∑

n=−∞

ξnh (kT − nT ) = ξkh (0) +
∞∑

n = −∞
n 6= k

ξnh ((n − k)T )
ü®­G{ ­�ý

ª�§



ªAª õ��±}��ÕÇt� á ­G{È¸ n ½ n¼á ¨ ã n ¹�Ä�¸#Ä á ¨ á · n¼á �±ãxÄ8��Ä�ã ¤ ½ m�¹9Ä á ä�â4� ¨ �
ÄÞ� �*� �j�¦�v�©� �*¢9�"���#�I�j¢=�"�
�9�|� �*¢��*�"�&�©Êt�*� �*¢��*�©ü3´I�|�|�v�5¢)�5�¦¢=£9�3ý��*���j¯º�*���*�"�j�,�3�� A ��

ξ̃k = A0 · sgn (ηk)
ü®­G{ §Aý

Ä ü®­G{ ­�ýß×ßÊt�j�
�v�5�¦¤)�5�"���5¢ �¾ü®­G{ §Aý��¦�g�*�¦�|¢9�¦�
�I�j¢=�"���¦Ê��*¢
ξ̃k = ξk

�G¤)�G�
hn = h (nT ) = δn0 =

{
1 n = 0
0 n 6= 0
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Hmv(f)

�5�¦¡9�|�"�*�|����I A A¡��*¢9£��®�*���*��� �* _�)�5� �*�|£¶�A�5���5�9�"�*�¦���¦���¦�|�A�©���I�g�5�|����ü n ¹ n � �*¢9�"���³ý����"�*�¦Êt�*¢,�

Hmv (f) =
∞∑

n=−∞

hne−j2πfnT = 1
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H (f)
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Hmv (f) =

1

T

∞∑

n=−∞

H

(

f − n
1

T

)

= 1
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Ä
H(f)
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[−1/T, +1/T ]
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n = 0, +1,−1
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H (f) + H

(

f +
1

T

)

+ H

(

f − 1

T

)

= T = const
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H (f) =







T ha 0 ≤ |f | ≤ f1

T
2

[

1 + cos
(

π |f |−f1

f2−f1

)]

ha f1 ≤ |f | ≤ f2

0 ha f2 ≤ |f |
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�5¤��j�
f1 = 1−β

2T

���
f2 = 1+β

2T

{�ã,�*���*�"�*�9É|�"���¦��ü3�"�j�|�Æ×r�5÷Õý�´)�5���5� �*�"�*�g�
β
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h (t) =

∞∫

−∞

H (f) ej2πftdt = 2

f2∫

0

H (f) cos (2πft) df = . . . .. =

=
sin π t

T

π t
T

cos
(
βπ t

T

)

1 −
(
2β t

T

)2
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Ha (f) = THv (f)
ü®­G{|z*¨9ý

Ä ü®­G{ ¨9ý��5�v�5´I¯¦�5¢;�5�&�5�
´I�|É|�¦ó��I� �A�5���5�9�"�*�¦���¦���¦�|�A�5���

|Ha (f)| = T

√

1

T
H (f)
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|Hv (f)| =

√

1

T
H (f)
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Hv (f) =







1 ha 0 ≤ |f | ≤ f1

cos
(

π
2
|f |−f1

f2−f1

)

ha f1 ≤ |f | ≤ f2

0 ha f2 ≤ |f |
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E [ξk] = 0
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ξ = E
[
ξ2
k

]
= A2

0
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Rξξ (m) = E [ξkξk+m] =

{
A2

0 ha m = 0
0 ha m 6= 0
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Sξξ (f) =
∞∑

m=−∞

Rξξ (m) e−jm2πfTs =A2
0 = const
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µ (t) =
∞∑

n=−∞

ξnha (t − nT )
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E [µ (t)] = E

[
∞∑

n=−∞

ξnha (t − nT )

]

=
∞∑

n=−∞

E [ξn]ha (t − nT ) = 0
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Pµ (t) = E
[
µ2 (t)

]
= E

[
∞∑

n=−∞

ξnha (t − nT )
∞∑

k=−∞

ξkha (t − kT )

]

=

=

∞∑

k=−∞

∞∑

n=−∞

E [ξkξn]ha (t − kT ) ha (t − nT )
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n = k

�|¢��I�³²Gµ����5 È���5���j��� �* _��5�
�|¡��*�ß�
Pµ (t) = E

[
µ2 (t)

]
= A2

0

∞∑

k=−∞

h2
a (t − kT )
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P̄µ =
1

T

T∫

0

Pµ (t) dt =
1

T

T∫

0

A2
0

∞∑

k=−∞

h2
a (t − kT ) dt =

A2
0

T

∞∑

k=−∞

T∫

0

h2
a (t − kT ) dt
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P̄µ =
A2

0

T

∞∑

k=−∞

T∫

0

h2
a (t − kT ) dt =

A2
0

T

∞∑

k=−∞

−(k−1)T∫

−kT

h2
a

(
t′
)
dt′ =

A2
0

T

∞∫

−∞

h2
a

(
t′
)
dt′
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∞∫

−∞

h2
a (t) dt =

∞∫

−∞

|Ha (f)|2 df
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P̄µ =
A2

0

T

∞∫

−∞

|Ha (f)|2 df
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P̄µ =
A2

0

T

f2∫

−f2

H2
a (f) df = A2

0

f2∫

−f2

H (f) df = A2
0
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a (f) = TH (f)
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ν(t)
ý��+� �*�|£9¢��*�È�¦´t�*�9�¦���5�|��� �"�*� ¯º���¦É|�¦� �*¢=£È�¦µI�¦µ��"�* 7���I A A¡��*¢9£��Pü

N0
ý���j¢��¦���5¢��g{

Sνν (f) = N0
ü®­G{ �A��ý

Ä�¡=�*¡��A�¦��µI�"���9�|� �*¢��*�"�*¢Pü®�&�
�|¢=���g¡��*�"�*���*�g�
Êt�*� �*¢��*�"�*¢tý��
γ ¾ h ¿(�n�5¯Õ�¦���|¢=�"�*¢Ø�¦���j�*���j¢)�5�¦�|�����½��5���"�º×r�*���A�¦���v�j�¦ó¾�����¦�W�I� �*�|£9¢��*�¶�¦´��*�9�¦���5�|�����"�*� ¯º���¦É|�¦� �*¢9£¶�¦µI�¦µ��"�* 
���I A A¡��*¢9£��A�

Sγγ (f) = |Hv (f)|2 N0 = H2
ν (f) N0 =

1

T
H (f) N0

ü®­G{ �5¨9ý
��¢I¢��*�Ø���n�5¯¼¢)�5�¾�5���5�¦�v�5  �"�*� ¯º���¦É|�¦� �*¢=£=��ü��¦�g�j���j�¦¢��* A£9�g�*�"�ný³�

Pγ = o2
γ = E

[
γ2
]

=

f2∫

−f2

Sγγ (f) df =
N0

T

f2∫

−f2

H (f) df =
N0

T

ü®­G{ �A«�ý
ÄÅ¯º�*�Æ×ß�n�5¯Õ¡9���¦�g�j¢=£9���©�����5�"�j�¦¢)�5Ê)�5¢X���*¡��©¤t�j�¦�*¢)�A��¯º�*�,���#���
�|¢9����¡=�*�"�*���*�g� Êt�*� �*¢��*�"�*¢X���*¡=��n�5¯Õ�"�*� ¯º���¦É|�¦� �*¢=£=�*¢��*�¶¤)�5¢9£=�j�I�A���5�=�*¢=�#�*�¦�"�*�|� �*�����I���

SNR =
P̄µ

Pγ
=

A2
0

o2
γ

=
A2

0T

N0

ü®­G{ �A­�ý
Äé¯º�*�Æ×ß�n�5¯�¡9���¦�g�j¢=£7�"�*¤)�5�
�¾� �9�G�I�v�5�"�j�¦�©���5´I�v�5����¯º�*�

A0
�5�
´I�|�|�¦ó��I�j¯¦�5�"�j���+�Ø�����5�"�j�¦¢)�5Ê)�5¢���*¡��
�n�5¯

N0
�¦´��*�9�¦���5�|���-�¦µI�¦µ��"�* ��*�"�j�
���#�5�

1/T
��÷,�³�9�"ÉÆ¡¶���g¡G�¦�g�*�����"�* A�"�j�����I A �{

¿ ��mveniÑm��Ñk;êIk�s3Ò)lgdg��Î=À
lgë=ú)À
Ä#� �5�v�5ÊIÊI�v�5�9Ê)�5¢~�5� n ¹ n � �*¢9�"���.�*���5���j�¦¢)�5Ê)�5¢P�¥�n�5¯#¤)�5���j���5���¥Ê��*���n¡��*�¦�=�*�g�¶�¦���|��Êt�j�|�I�©×�"�*¡����¦���"���.¡A�5���A�¦��É|¢=µ��"�* ��*¢��*� � �* A¤)�5���5�"�j�n�A����¡A�5�±�®�j A�v�5�|�=�j���I¢I��{ ç��*�"���"�¦�I�7�5¢I¢)�5�x�5�����"�³×� �*¢=£9¢��*�í�Ø¡A�5���A�¦��É|¢9µ��"�* ��*���+�5�
�|���j� �

ξ̃k
¡=�³�"���I�g�*¢��*�©¢��*� �* A£��*���|�P� �* 7�

ξk
�9�I���I�j�¦��I�g�*¢��*�¦�"�*�ß{Ú�����¥�5�;�5�v�5ÊIÊI�����* A£9���j�¦� �9�|�n�5�"�]�Õ�=�³�����"�*� �*¢9£~���*�|�"�*�"�*������¡A�5���A�¦�*É|¢9µ��"�* ��*¢��*��A�"�¦�g�* ��*���*¢9�-�¦���j¯¼�I���®�*�|É|�¦¢I��$

Pberr = P
{

ξ̃k 6= ξk

}

=
ü®­G{ ��§Aý

°5¨
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= P
{

ξ̃k = − A0| ξk = +A0

}

P {ξk = +A0}+P
{

ξ̃k = + A0| ξk = −A0

}

P {ξk = −A0}Ä��"�*���5�&ÊI���*�-�9�|� �*¢��*�"�*¢;�*�����5�|���
�I�g�*¢��*���®�j�|£9�5�
�����| =�5�W�I¤��j A£��
P {ξk = +A0} = P {ξk = −A0} =

1

2

ü®­G{ �Aª�ý
Ä$�I�j¢9�"���¦���¦�n�5Ê)�5�|£9�Ý�� A£��*���*��Êt� ¡=�*¡������x�®�*�|�"�*�"�*�����¾¡A�5���A�¦��É|¢=µ��"�* ��*�Ú�9�Æ�®�º¯º�*��¤��*�"�j���P�n�5¯�5�
´I�|�|�¦ó��I�j�¾�*���5�®�j�"�G�I�v�j�¦�,¡A�5���A�¦��É|¢9µ��"�* ��*�|¡��*�ß�

P
{

ξ̃k = − A0| ξk = +A0

}

= P {+A0 + γk < 0} = P {γk < −A0}
ü®­G{ �A°�ý

P
{

ξ̃k = + A0| ξk = −A0

}

= P {−A0 + γk ≥ 0} = P {γk ≥ +A0}
ü®­G{ ¨=¬�ý

Äöü®­G{ �A°�ýß×ßÊ)�5¢¶�®�*�|É|�¦��¡A�5���A�¦��É|¢9µ��"�* _��ü��I����¢�É|�*��� �¦�g�*�¦�|¢=�³ý��©½��5���"�º×r�*���A�¦���v�j�¦ó¶�n�5¯
Fγ
�*���A�¦���v�j�º×���I A A¡��*¢9£��*Ê��j�,¤)�5���5�"�j��¤)�5�"� � �* ��

P {γ ≤ −A0} = Fγ (−A0) =
1√

2πσγ

−A0∫

−∞

e
− x2

2σ2
γ dx

ü®­G{ ¨�zný
·±�*�g���"�¦�I�¾Êt���

t = x
σγ

ü+�
�n�5¯-�¦�g�j���j���5��� ¢��j�¦���5�|�³ý�¡A�5�|�"�j�g�j�����5�
�|¡��*���
���*�"���"�*�¦�#¡A�5���A�¦��ÉÆ×¢=µ��"�* ¥�©�¦���5¢����5�"�¾¢��j�¦���5�|���#�*���A�¦���v�j�#�*���A�¦���v�j�º���I A A¡��*¢9£��*¡=�*�,¡j�5�|�|�¥�9�Æ�®�º¯º�*��¤��*�"�n¡��A�

Fγ (−A0) =
1√
2π

−A0/σγ∫

−∞

e−
t2

2 dt = Φ

(

−A0

σγ

) ü®­G{ ¨=��ý
�5¤��j�
�
�¦���5¢����5�"�¾¢��j�¦���5�|���#�*���A�¦���v�j�#�¦µI�¦µ��"�* j���I A A¡��*¢9£��A�

Φ (y) =
1√
2π

y∫

−∞

e−
t2

2 dt
ü®­G{ ¨=��ý

ÖX�|¡��*�I�®�*�|�"�*¡����¦�I¢I�
�¦�g�*�¦�|¢9�Õ�(�n�5¯�¡A�5�¦¤)�5�"�.�*�¦�"�*�=���g�*�¦������É| A£ �(¡A�5���A�¦��É|¢9µ��"�* A�)�¦µI�¦µ��"�* ����I A j×¡��*¢9£P´)�5�"�A���Õ�*�g�*�¦���Èü®­G{ �A°�ýß×ßÊ)�5¢Ú��� �Èü®­G{ ¨=¬�ýß×ßÊ��*¢È�®�*�|É|�¦� ���"�*� �*¢9£��*�í¡j�5���A�¦��É|¢9µ��"�* ��Ø�³ A£=×�®�j�¦���G�
P {γk ≤ −A0} = P {γk > +A0} = Φ

(

−A0

σγ

)

= Φ
(

−
√

SNR
) ü®­G{ ¨A¨9ý

Ä�ü®­G{ ¨A¨9ýß×ßÊ)�5¢ �®�*�|¤)�j�¦��¢)�5�|�¦�I� �¥¯º�*�Æ×ß�n�5¯�¡9���¦�g�j¢9£�ü®­G{ �A­�ý©�¦�g�*�¦�|¢9�¦���5�v�5�5¯¦�5Êt�j�����5�Ø�|�
´I�I�|������5�
´I�|�|�¦ó��I�j¯¦�5¢)�5�������-�n�5¯
�¦�g�j���j���5¢)�5�.¤)�5¢9£=�j�I�A���5���(�j�I�=�I�(�A�"�¦�g�³���I A ����¦�g{Ñ�����g�*���5�Õ�I�g�*¢��*��"�*¡����¦���"���"�*¢��*�¶¡A�5���A�¦��É|¢=µ��"�* ����)�©ÊI�|�¦¤I�|Ê)� �5���5¢9£��
Pberr =

1

2

[

Φ
(

−
√

SNR
)

+ Φ
(

−
√

SNR
)]

= Φ
(

−
√

SNR
) ü®­G{ ¨=«�ý
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ωc
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µa (t) =

∞∑

k=−∞

ξkha (t − kT )
ü®­G{ ¨=­�ý

Ä������5�"�j�¦¢)�5Ê)���®�*�|�=�*¡��*�¦��¯º�*�ß�
µ (t) = µa (t) cos (ωct)
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ωc
¡9�|¡=�5���"�*�9¡��*¢��*�v�j��¯º�*���*�Õ�

µa(t)
¯º�*�G�ß�5�����¦Ê)�5¢� �=�G�I�v�5�ß{wo# A£9�5¢I������¤)�

µa(t)
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�5�|�v�5´��j�
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µa(t)
´��j���|�¦É|¡��+�X�9�|� �*¢��¶¯º�*�+�ß�5������� �X�"�³�®�*�"�*¢��*�v�X�ß�5�������¤)�

µa(t)
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�|�&�®�*�Æ�®�j A¤)�5�¦�I¢I�~�
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Â%N ´%N<RTS�UWV%N�X/��Ã��&ÄHlon)p%~�\�RThen3U�^`_�p�Z]lon)p%~q\sRThWn3U
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ωc
°²UeZ]Ytz{Z]kq�]x�VY{v3Ugkt�{Z]b�Z]he^]S[Z]k9\s^]z)do_WR�ztS<V@Y)Z]z{Z]Ugx�N·Xab�~�hew3S�S�x�_WR`ztS<VTk9\s^]z{d«jgZ]\sZ]h�V

hv(t)
_R¯�\P�)°²±��Q�Qz{^]kt�tµz{Z]z)dQ_gb`µ�Ued@Ytxs_gb`µ�Ugx�¶%xP�Q�#VdÃ�X�Ã*p�Z]lon)p%~�\�RThen3UgUWV&VTbcVT\�VT�q_WR�ztx=Ã[X�ÃÆjgZ]\¿Y)Z]Ug±�\�N

µ (t) cos (ωct) = µa (t) cos (ωct) cos (ωct) =
µa (t)

2
+

µa (t)

2
cos (2ωct)

|4Â%N À)´{�
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Ê�ï�î�ï ÷ÌË�Í�õ�ôgÎ[õ�ÏIÐgÎ[õ ý ÿ«ô � ó��������
¼ Z]�Q�{Z]k

i1(t)
^`_

q1(t)
Y{^]hozQVT\swQ_�¶·VTb

ω2
°²UeZ]Ytz{Z]kq�]x�RTUWV¾kq^]b`z{Z#_WR�ztu<VThWRTUen3\Ph«jgZ]\�¶�loZ]\P�tkqZ]Y_g��Z]YthgUg~�l!VTx

I1 Ç ω)
^`_

Q1 Ç ω) Ñ |9�%R�ztu<VThWRTUen3\Ph�� I1 Ç ω) Ä Q1 Ç ω) Ò~Ó u<V |ω| > ω2
N � |²Xab

i
jgZ]\PZ]h«VTb>VTb�n3kqnQ_�°�RTb`xs_R¯�|}xPk%����u<V3_eZi�r¶�V

q
jgZ]\sZ]h«VoYtzQV3p%UWVThR¯�UWV.|�Ô)~<V3p%UWVThg~�UeZr����u<V3_eZi��jgZ]\PkqZ]Y_gb�n3YQR3_·kqZ]z)Z]b`k�x}�rN�X/lon)p%~q\sRThWn3U�YtxPloZ]kqd�jgZ]\sZQ�

u (t) = i1 (t) cos ωct − q1 (t) sin ωct
|4Â%N À)¸{�

VTuqn3\?V@ztxPz{d3ut~�\P\�RTl |²��VTUgUgxsZ]Ur��°²UeZ]Ytz)Z]kq�]x�RijeVm�
ωc Õ M ω2X�°²UeZ]Ytz{Z]kq�]x�V@hWVTUghen3l!RTk)�tS<VTk�|�Vo´%N À)´%N�VT\�VT�%jeRTk��r�

U (ω) =
1

2
[I1 (ω − ωc) + I1 (ω + ωc)] + j

1

2
[Q1 (ω − ωc) − Q1 (ω + ωc)] =

=
1

2
[I1 (ω − ωc) + jQ1 (ω − ωc)] +

1

2
[I1 (ω + ωc) − jQ1 (ω + ωc)]

|4Â%N �Q»{�
É Z]�Q�t±�Y#^`_gb`UeZLV9|4Â%N �Q»{����S[Z]k�¶�uqn3�Q�9VTb@Z]\Pztx�\sZ]�!°²±��Q�{Z]hg\sZ]k

i1(t)
^`_

q1(t)
jgZ]\�_g�[Z]YthgUg~�l!VVLY{Z]z)Z]Ue^`_F~�hWRTk#~��Q�)VTk<VTb`h�VL°²UeZ]Ytz{Z]kq�]x�V3_WR�z{n3hF°�n3�Q\�VT\ jeV@Z]\¹|

ωc ± ω2
^`_·�

ωc ± ω2)
N

¸{�
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­G{ °G{)�5ÊI���G{±ÄÞ�9¡A�j�G���5�¦óI���©� �=�G�I�v�5�"�j�����-�I�*� �9�G�I�v�5�"�j�
Äö�I�*� �9�G�)�5�"�j�¦Ê)�5¢~�*���A�¦�g�j�&�¥���j¤��*�"�*¢������=�*�º�ß�5�����¦ó7�A�¦�g�*�|�|�v�5�"�j�-¯º�*���*¡��*�+�5�v�5´�����¡9Ê)�¥�=�³×¡��*�¦�I¢I���

i2 (t) = u (t) cos ωct = i1 (t) cos2 ωct − q1 (t) sin ωct cos ωct =

=
1

2
[i1 (t) + i1 (t) cos 2ωct − q1 (t) sin 2ωct]

ü®­G{ «Gzný
q2 (t) = −u (t) sin ωct = q1 (t) sin2 ωct − i1 (t) sin ωct cos ωct =

=
1

2
[q1 (t) − q1 (t) cos 2ωct − i1 (t) sin 2ωct]

ü®­G{ «A��ý
Ö �j�"�=�G�|�~���*´����¦Êt�*¢Ú�5�|�I�v�5�"�*�"���¦���"�x�¦��µI�"�j�9�=�*���
�|¢��G���*�������5�"�j�¦¢)�5Ê)�5¢ � �* ��¦�n�5Ê)�j�G�I�|�I¢I�Å��
ωc
���"�*�9¡=�*¢��*�v�����j�¦¢9£��*�g�*�"�*Ê��*¢¶�*�|¤��*�|£��*���=���I�&���j�
´��j¢��*¢��"�*�9�"�j�ß{�Ü(�&�5�(�5�|�I�v�5�"�*�"���¦���"�&���I�³×�5�|���g�

i3 (t) =
1

2
i1 (t)

���
q3 (t) =

1

2
q1 (t)

¹=�n��¡A�5�9Ê)�5¢��*�#�5����¯º�*���*¢9�¦���A¤��j A£
���=�*�±�����5�"�j�¦¢)�Õ¯º�*���*�+��¡=�*¡����j�����5���j¢��¦�|���*�¦�I�|�����5�³�j�I�*�9���n×�v�5¢=�I��¤��*�|£9�"�g�5�|�|É|���5¢I�ß{±ÄÚ�¦´t���*�v�5�|���+�I�*� �=�G�I�v�5�"�j�Õ�I A£=�5¢)�5ÊIÊ��j�t�����"�*�9¡��*¢��*�v�j���g¡9Êt�j���
�|¢��G���*�¯º�*���*�Õ�9�)�¦���j¯¦�.¢=£=�*�¦¢I�ß{:���*�ö���I�g�5�|�����¦��µI�"�j�����"�*�"�*Êt�*¢xü3¡A�5���A���5 ��A�Õ�¦��µI���j��ý±�.�9�|� �*¢��#¯º�*���*�=×Êt�*¢;�©�¦��µI�"�j�¶�|�|¢��g�5�¦���-�"�j�¦��É|���j���
���������¦���*�|�"�*�"���"�.�*�"�*���"�*�¦�Ñ�©¤)�5���j���5�g{Ä��I�*� �9�G�I�v�5�"�j�¦Ê)�j¢í�¶�=�j¤��*�"�*¢��.���*¡=�*�"���¦���"�*�"�*���*���¦�I¢I� �®�*���
¡A�5 A£9�|���5�����,¤��j A£x�¶¡=�*¡���j�����5���j¢;�����*�º�ß�5�����¦óØ�A�¦�g�*�|�|���5���j���5���j¢)�A���ß�5�����¦Ê)�5¢¾�"�*�g�* ���� �9�G�I�v�5�"�j�#�A�¦�g�*�|�|�v�5�"�j����¡A�5�ß{+Ü(��ß�5�����¦¤I�|Ê)�(¡A�5¢���´I���
¤)�.�(�I�*� �9�G�I�v�5�"�j�Õ�A�¦�g�*�|�|�v�5�"�j���
ϕ
�¦�g�j A ��*�)�¦���*�Õ�(� �=�G�I�v�5�"�j�±�ß�5�������5¤��j����*´����¦�g�

i2 (t) = u (t) cos (ωct + ϕ)
���

q2 (t) = −u (t) sin (ωct + ϕ)�5�9���j�#�
�¦��µI�"�����I���5¢;���9�|� �*¢���¯º�*���*�7ü®�©���*¡��*�g�*�"���-� �*�|���j�g���"�*¡��*�3ý³�

i3 (t) =
1

2
[i1 (t) cosϕ − q1 (t) sin ϕ]

ü®­G{ «A��ý

q3 (t) =
1

2
[q1 (t) cos ϕ + i1 (t) sin ϕ]

ü®­G{ «5¨9ý
¡A�5 A£9���Ë¦�h�ªs§rj�j°¦r��jk���þb¤f�j��©�����5�"�j�¦¢)�5�¶���j�g�j�¦��é
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Ø©�)�j�G���5�¦�I�"�WÙ�¤)�j�"� c ¤I�Æ���cÚ¾�*£9�|¢I 9ý¾�=�*��tÄ�Öÿ� �9�G�I�v�5�"�j�¦���5�Ñ���-�* A£¥�9¡A�j�G���5�"óI����� �9�G�I�v�5�"�j�¦���5�
¤��j��¤)�5�¦�I¢I�¾���*�¦�"�A�

J�����L��������������ÜÛ Ý�#&ÞßFi?ET�P�)�P�)`��/�?1�
�àÝI� �áFi?&T�P�)`��/�?1��?1Qo),'*@BA-'*;6'*QcQ-f*/�0R�hG�;&/Rp6'*Q:�vâ
@BAuFHG�;6T�Q-f*/�Ý:� �á�I'*Fi'*;6'*/�f*��'e'x@BAE!'*@BAq��G�/�<I���8���gkB0�0R��'h0�'*;"Q-f*/���G�/v2�T�G���G�/x7�f*�RQ-'*�hG�Q"�d�I'*Fi'*;6'*/R��'

T
0R�hG�Fv�IS1)�P�FãG,T�+1;�QEf*;E/����b$'*)�),'*QEf*aI'*��+"j4?1Q-?1�8��/gFHG�;6T�QEf*/gQ&G�Fi'*;6'*/�'o2

i0
fh0

q0
7 ±A0

f*�R/�f*Q&�ä),'*>6'*/H�z�:'*Fi'*;6+cT�G���G�//����R/���)�Fe��/�S1)&j�p�@B@-+E'*;=�ZÞ�f*aI'*�h�hp�Qd���
i0
fh0

q0
Fi'*;�;EA&G,0�f*@-'*Q&�:+1)�������),���6��G&Q-?1FHa�),'xwv0R�8��Fi?1/�C

z0 (kT ) = i0 (kT ) + jq0 (kT )
24J�� DBD-7

_ �h/i�cQ-?1FHa�),'xwå0R�8��Fi?1/i����������?1)��B�o'*@BAäQE?1FHa�),'xwW0R.�QE?1;=<�QB��a�b|P�QW���zP=� ;=�äQ-?1;60R/�'*)�)`�1y*G,SB0T�G`��@B����FHFi?1/�C

J����B�B�������������ÜÛ Ý�#&ÞÜQE?1;60R/�'*)�)`�1y*G,SB0�T�G`��@B����F�bR�
�~QE?1;60R/�'*)�)`�1y*G,SB0iT�G`��@B����F·�c),'*QEf*aI'*��fh0e'*��'hT�Fif*;EAEf*/iFgP�/x��/4bR��<����8���B<�>6?1@BAE��;åj�p6@B@ä�T�G���G�/�f*�R/�f*Q-f*/�+1)����e��)`��a60��h�&G

z0
b$'*)�j9���hG,0���� _ ;�;6f*)��eFi?ET�P�)`�1y*G,S1;��1)��

z0
b$'*)���FHa�)�G�/R{6T�S1bR���)�)`��;6T�Sl2 √

2A0)
<��uj9���hG,0RP�@B���10�?1Qå0R�hG�Fg�:S1)�P�FáG,T�+1;�QEf*;E/RG�P�@B���10���C"L 0 <�æBL 0 < ��çBL 0 G�)�),'*/R�-'�-K1L 0 ),'*>6'*/��
z0 (kT ) = i0 (kT ) + jq0 (kT ) =

√
2A0e

j(π
4
+d(kT ) π

2 ) 24J�� DBJ-7
��>6?1)�è�é4ê�ë6ì&C6L�<��B< ��< 
i�HT�G���G�/�f*�R/�f*Q-'B��(Q&�B�1T�����/R{�����Fi?ET�P�)`��/�?1�xí�T�'hFi?&T�P�)`��/�?1��Fv��Q-k&T�fh0�f*/�����'*),+1��+E'*Q&�:'*;qFe����/����R@BA&��)�/RP�Q:��ßT�'*Fi?&T�P�)`��/�?1�

i3(t)
fh0

q3(t)
Q&G�Fi'*;6'*/�'*G�/�FHG�;&/��h�Ef*/�'*),'*�h�-'u24�q0R�h����+1QcQ-fh0R),'*)�/�'*/�fh0�f*/�+1)�'*)î!/�'*Q&G�;E/R�E'87��&G,0�0R�8��QB��a�b|P�Q3���

i0
é4ê�ë6ìgfh0

q0
é4ê�ë6ì�b$'*),'*Q-'*/��
æBæ
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i3(t)
���

q3(t)
¯º�*���*� �®�³�|¤)�j�¦��¢)�5�v�j���g¡A�5�¡��* ��*�����I�¾�*�ß{ÄÈ�I�j¢=�"�-�®�j�=�j�n�5�,�®�*�v�j���5���s�5¤)�j A£�� �* =�5�|�v�5´IÉ|�"���s�j¤��j A£&�5�

i0 ¾ ¥���¿�£ j q0 ¾ ¥��6¿Õ�=�j�
´I���³²¡��*�9�"�j�±� �*�|£9�|�
�¦É|�9¢��* A£����GÊ����&�I���5�n{�Ä��¦É|�9¢��* A£������5�v�5´I¯¦�5¢��*���I�j¢9�¦¤��*�"�]�=�
��¡=�j�|�+�(�9�I���I�j�¦��G�|ÊI�|�#�*�¦�"�*���A{#ü�¸(�j¢9�"� 
 ¡=�*�9�"�j���9¡A�5¢=�³�5�|�]���* A£¥¡=�*�9�"�j�-�*�¦�"�*�=�*�"�j�����I A ��©�9�|� �*¢��*�g{ ýn �¦��¯º�* A£��*�����I��� �* _�G¤��j A£¶�&¡9�|¡=�j¤=�I�|�v�5� �ß�5�������5¢)�5��¡9���"�¦�n�A�5�|�|É|���j���¶ü3� �* ©���I�g�5�|�������j�¦�I�Æ×� �*¢=£=�*�¶�=�j���j�"�-���³ý������5�
π ' � �* ��*�¦���¦�n�5�&óX�"�jÊIÊ��¦�g�j�"�A�"�*¢��*�¾ÊI�|�g�j¢=£9���5�v�5¢����5 =�g¡A�5�
���*¤��*�"�"�³× ����g{ ���g�*�¦�&¡A�5���A���5 ��A���"�*¢��I�¦�g�*�"�*�9Ê��*¢í�¥�=�A�¦�"�*�|�v�j�*���A�.´t�j¢9�"�j�9¤��j� ¢��*���¾�G�|ÊI�|�&�*�¦�"�*�=�*���*��"�*¢��I�*� ¯¼�I�
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�9�����¦�Æ�-Êt�j¢9£��j�|�I�|���5ÊIÊ,{Ä �9�I���j¢9Êt�j�g�Pþ�Ä�ÖÛ�"�*¢��I�¦�g�*�"�*���*���X���j¢��¦�"�*�|�v�j�*���A�
�G�v�5 A���5��¯¦�5�|�È�5�v�5´I¯¦�5¢í�9�I���j¢=Ê��j�*×�"�*�®¯¼�I�¶� �* �{�Ä#���5�v�5ÊIÊI���5Ê����5���j¢X¢��*¤)�5¢9£W�t�
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�5�9���j�-���n¡��*�¦�=�*���|��Ê����I¤)�
«n×ßÊ��j�,���* =�5�v�5ÊIÊ;�©¤I�|Ê)�j�g�
PE =

5∑

i=1

(
5
k

)

pk (1 − p)5−k = 10 · 0.001 · 0.81+5 · 0.0001 · 0.9+0.00001 = 0.00856
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Ä#�n�5�&�5�&�*�"���I�*�¦�,¤I�|Ê)��¡A�5���A�¦��É|¢9µ��"�*  �9Ê;�¶zg�n×r���¾�"���¦�g�*�"�.���"�j�9���*¢9�g{Ê,{ ý�ÄíÙ-¹]m±×ß�"���5¤)�-�*�|¡9�|���* ������* n¯º�jÊIÊ&�=�=�I�j���5�|�A�5�|���5�����I���A�5�9���j�Ñ�5�Õ�*�"���I�*�¦�9���,�9�|�"�*�®¯º���¦���"�*�¦��I�g�*¢��*�-¤)�5¢9£=�j�I�A���

C = K
N = 1 − H (p)

���5�
�|Êt�j�
H (p) = p log2

1

p
+ (1 − p) log2

1

1 − p
= 0.33219 + 0.1368 = 0.46899

���
N =

K

1 − H (p)
=

1013

0.53101
= 1.8832 · 1013.

á �5¢9�I�����5 ��
Ä#�Õ«n×r�¦�g�j�"�j�g�����A�5�n�5���5�Õ�*�"���I�*�¦�G�5�¦¡9�|�"�*�|�G�"�*Êt���"�"�* ��j�"�=�I�*�"�+¡A�5���#���"�j�9���*¢9�"���"�¤��*�|£��*�¦���,�*�|¡9�|���* ¾���5�&�5���5�¦¡9�|�"�*�|�±�"�*Ê����"�"�* ¥�®�*���*�"�
���"�j�9�=�³¢9�"���"�*¡=�*�����(ÊI�|���"�j¢����5 ��A�&�j���5���5�¦×¡9�|�"�*��¡A�5���A�¦É|�¦¤)�5�"�
� �* �{�A{ ýxÖX�|¡=�*�±�
p
¤I�|Ê)��¡A�5���A�¦��É|¢9µ��"�* Ø�9�|���¦�±���

N
¢)�5 A£g��¡A�5�v�5�
�|¢=�

pN = 10−3 < ∞ ���*�g�*�¦�&�¤I�|Ê)�5��¯º�©�=�j�g�*�|É|�"���"�"�*�,���j���"�"�j¢Ø�*���A�¦���v�j�¦ó)�5�¶�����¦��¢��*���
P (
¤I�|Ê)�5�¾�¦�n�5���

= k) =
λk

k!
e−λ

�5¤��j�
λ = pN

{±æ±��¡��* A�I�
P (
¤I�|Ê)�5�¾�¦�n�5���

< 3) = (10−6 + 0.510−6)e10−3
= 1.5015 · 10−6

ï"3�Æ�3 ÇÄ=:9<È�É
Ä

z
×r�����5�"�j�¦¢)�©�j�|£9�5¢¶¢��*� �¦���|�
� �*�¦�¦�|�9����ÊI�|¢)�5�¦���-�����5�"�j�¦¢)�s���5� �*�|£¶�©¬&ÊI�|�"�*���*��¤I�|Ê)�5�"���5¢9�I����*´����X�5�¦¡9�|¢I¢I�����5�Åz³×r���"�*�9¢��*��¡9���¦�g�j¢9�¾¤I�|Ê)�5���|�

p
¡A�5���A�¦��ÉÆ¢9µ��"�* A ��*�ß{[ã,�* A£=�*¢_� �A�¦�

p =
0.1
é.Ä#� U �®�j�¦���j���,�5� �*�|£9¢��*�7�5�©�I�g�*¢��*�"�*�|�.�¦�g�*�"�*�¦¢��*¢I� �*�g�*¢P�¥�*���5���j�¦¢)�5¢7�"�g¡A�5ÊIÊIÉ|���5¢I�+����n¡��*�¦�=�*�g�
�*���A�¦���v�j�"���5���"�*¢��I�*�|�=�*���|���

P (u = 0) = 0.8 P (u = 1) = 0.2Ü(�5���5�"�j���n�©� �* ¥��ÊI�|¢)�5�¦���
z
×r�����5�"�j�¦¢)��G{ ý&�A�5´)�j�*�|���j���5�.ü®�&¡A�5�v�j�¦�n�5Ê)�5¢¶�9�|¤)�j�¦��¢)�5�|¤)�5�®¯¦�s�G¤��j A£¶�5�.�j�I�j¢)�5���¦���I�j���j����¡A�5¢¾�&¡��*�"�*�|��j�����5���j¢¶�"�j�¦�"�*¢����"�*¡=���Õ���³���³�=�*���j�"�j�������*¢I¢��*��� �* j�®�*�|�*���9�*¢
¯¦��¡9É|�"���"�j�"�j�n�5�"�j���¦���¥�9�I���I�*¢I�3ý��Ê,{ ý�����¤I�|Ê)�g¡A�5���A�¦��É|¢=µ��"�* ��*��é

áÌâ_ã
äHågæ?çHèÄ �����5�"�j�¦¢)�;�* A£
N
¤��A�"�¦��ó~�I�g�*¢��*�¦Ê��*¢

pp1N
¤I�|Ê)�5��¡=�*�¾ü

p1 = 0.2
�5� z³×r���©�¦���|��Êt�j�|�I��*���5�®�j�"�G�I�v�j�¦�,¡A�5���A�¦��É|¢=µ��"�* ��ný³{+Ä ¯¦�g¡9É|�"�j�I�g�*¢��*�"�*���*�#�9�I���I�©�®�j�¦���j�-�*���A�¦���v�j���G�

p
(2)
0 = 1 − pp − 1; p2

1pp − 1��¢=�¦�"�j´I�v�5¯¦�G�
H(p) = −(1 − pp1) log2(1 − pp1) − pp1 log2 pp1 = 0.1414Ä#�Õ�*���jÊIÊI���*�9Êt�*¢©Ê��*�&�I���5�"�j�¦�� ��j¢��I�j�v�5�¦� �*¢����±�5�v�5´I¯¦�5¢
���A�5´)�j�*�|���j�Ñ� �A�¦�Ñ���

C = 1−H(p)
×¢��*�¾�j�I�=�G�|���)�5�n�5�

C = 0.8586
{ÄÞ¤I�|Ê)�5�n�j�¦�,¡A�5���A�¦�*É|¢9µ��"�*  ¢=£9�|�|¡A�5¢,�

pp1 = 0.02
{
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ï"3�àË3 ÇÄ=:9<È�É
Ä��I�j�¦�+�* A£©ÊI�|¢)�5�¦���+�¦���|�
� �*�¦�¦�|�9���+�����5�"�j�¦¢)�

p
¤I�|Ê)�5�n�j�¦��¡A�5���A�¦��É|¢=µ��"�* A ��*���=� �*�|£=�³¢

K = 250ÊI�|�-¤��A�"�¦��ó¾�I�g�*¢��*�"�*���*���¦�g�*�"�*�¦¢��*¢I�Ø�5�¦�9�I���I�*¢I�ß{�G{ ý�ã,�* =�5�v�5ÊIÊ � �*�9�=�j���5��� ���*�|�#�5�¾�����*¢��*�"�*�=�*� ¢��n¡��*�|¢I���5¤I¤��j�W�+¤��j A£
p = 0.01

� �*�|���*�¦�¤I�|Ê)�5�¦�v�5¢;�5�¦¡9�|�"�*�|�-�¦���A¯r��¢I�¶�*���*�¦¢I���Ê,{ ýxÖ;�*�9���j�������*¤��*���¥�����5�"�j�¦¢)�¥¤I�|Ê)�g¡A�5���A�¦��É|¢=µ��"�* ����,¤)�¾�5�©�I�g�*¢��*�"�*� ¤��A�"�¦�n�5¢)�5�X¢��n¡��*�=�³×�I���"�*Êt�j�Ñ�j�I�9�I� �"�*Êt���"�"�* ����"�j�9�=�*¢�����¢��*�[���*¤��*���A¬-³.×ß¢)�5�,�"�jÊIÊG�Ä#�
f(x) = x log2

1
x + (1 − x) log2

1
1−x

���I A A¡=�*¢=£¶ A���e�����j¢A¯¦� �5�&�5�v�5ÊIÊI���5ÊI���5¢Ø�v�5�¦¤)�5�"�I�

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
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0.5

0.6

0.7

0.8

0.9

1

§9{ «G{)�5ÊI���G{
f(x) = x log2

1
x + (1 − x) log2

1
1−x

áÌâ_ã
äHågæ?çHèã,�*¡��*�g�*�¦�¦�I�È�XÊI�|¢)�5�¦���
�¦���|�
� �*�¦�¦�|�9��� �����5�"�j�¦¢)�X�A�5´)�j�*�|���j���5��$��*�Ø�X� �*¢I¢9£9���"�*  ´t�j¢9�"�A���5¢�5��� ���I���5�®¯¦�7� �* _�Õ¤��j A£í� �*¢I¢9£9�|¡��*�#�=�*�|�-¤��A�"�¦�n�5ÊIÊ �I�g�*¢��*�"�*�=�*���9�I���I�*¢I�(� ÊI�|���"�j¢����5 ��A��j���5���5�¦¡9�|�"�*�
�*�"�I�*�=�*Êt�*¢íü3���* =�5�v�5ÊIÊI���#�*�|¡9�|���* 9ý³{

C =
K

N
= 1 − H(p) = 1 −

(

p log2

1

p
+ (1 − p) log2

1

1 − p

)

= 0.92

N =
K

C
= 272
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C =
K

N
= 1 − H(p) = 1 −

(

p log2

1

p
+ (1 − p) log2

1

1 − p

)

≥ 0.3

p log2

1

p
+ (1 − p) log2

1

1 − p
≤ 0.7

Ä#�&�5ÊI���5�"�j�,�����j�|¡A�j�¦¡A�
���®�*�|�"�*�"�*�
�5�9�=�j���"�*� ¯º���¦�I���I¤)�
p < 0.2

{
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Ä#�(�³���j�g�&�®�º¯º�*�g�*�¦Ê��*¢¥���5�¦ A£9�5�|�������5�"�j�¦¢)�5�A�5´)�j�*�|���j�#�5���Õ�&�I���5�¦���&� �* _�9¤��j A£��*�|¡9�|���* ©�
�|�|£��*¢¤��A�"�¦��óP¯¦��¡9É|�"�A�"�j�"�j�n�5�¦���5���=�*�|�#�
�|¢��I�*¢I���*´I´��*¢��9�|�* ����¦��É|�"�*¢I���5�;�I�g�*¢��*�"�*�|¢I���*�¾�7¤��ÆÊt�5�¦�v�5¢�j���5���5�¦¡9�|�"�*�+�*�"�I�*�=�*Êt�*¢,{�Ä#�¦�"�j�+�5�g�j¢)�5¢P¢��*�ÿ���"�*�¦�.�¦�g�]�,¤��j A£=�5¢x�=�³�|�±�|�|£��*¢Ø¯¦��¡9É|�"�A�"�j�"�j�n�n×�"�j�A�5�������¦��É|�"�*¢I�ß{����
�
¤I�|Ê)�5¯¦�g¡9É|�"�����9�I�j�v�j�����*�"�I���¦�=�j�"�A{ n �¦�#� �A�¦�(�����5�X�
���* ��* A£G�¦�g�*�¦µIÊIÊ���|�|¢��g�5�¦���-¤I�|Ê)�5¯¦��¡9É|�"�
�=�=�I�j�9�A�5���®�j A�v�5�|�=�j���I¢I��{
á �*�"�*���*�����I�¶�®�*�~�I¤��j A£

K
¤��A�"�¦��ó����5 AóØÊI�|¢)�5�¦���

ui �I�g�*¢��*�"�*�=�*��ü3�I�g�*¢��*�#¡��*�9�"�j�"�j�A�5�³ýÕ�9ÉÆ×¡A�5¢=�I¢I���5�¦�9�I���I�*¢I�G�* A£.�G�| A�|���5�|���������5�"�j�¦¢)�5¢��j� �*�|£&�����5�"�j�¦¢)�5Ê)�5¢
�* A£=×r�³ A£.ÊI�|���5�¦¡9�|�"�*���
p > 0¡A�5���A�¦��É|¢=µ��"�* A ��*��¤I�|Ê)�j�¾ü��¦���|�
� �³�"�¦�|�9������� �*� �j�¦�v�X� �*¢=�"������ÊI�|¢)�5�¦���©�����5�"�j�¦¢)��ý³{;ç#�9�I�j�v�j�¦��*� ¯¦�5���j�"���5�=¤I�|Ê)�-�*�|���*¢I�=¡=���I�*�|� �*�
�9É|¡A�5¢9�I¢I�(� �* A¡A�5���A�¦É|���5¢I�����5�n�5���5�I�"�j���5�¦�|�n�5�|¢��G�¦�g�*�"�*�¦¢��*¢I���¤I�|Ê)�#�®�*�|���¦� �*�"���"�*�+���+�5¢I¢)�5�����*¤��*�"�A�"�* &�¦�g�*�¦�|¢=�¦���9� ¯¦�g¡9ÉÆ�³�j���5�g{ÑÄ#�-�*�"���I�*�¦�|���* 

K
�G�|� �*¢I�����A�ü3ÊI�|¢)�5�¦���³ý-�"�*�(�
�|¢��I�*¢7´t�j¢9�®¯¦�5¤��j�
�*�¦�"�*�|� ���(�I�g�*¢��*��¡��*�9�"�j�(���5�¦�"�j���|��{.Äô¤I�|Ê)��b¤f�j �ì����f� <�5��fü����-�9� ¯¦��¡9É|���j����ý��5�g�j¢9Ê)�5¢;�����5�Ä§r¥�¥�¡� Ëjkf5ª]fih�����dgf5�i�)¤)���©¤I�|Ê)� �j�|£=�5¢X�I�g�*¢��*�"�*���*�"���G� �*¢9£��*�W��5�
�ól�f�� �� ih�f�j ��f5�5ª]fih�¬¾�*�¦�"�*�|� ���(���9�G¢)�5��{#Ä#¢I¢)�5�X�*�"�I�*�=�*Êt�*¢��t¤��j A£+�r�*�¦�"�*�|� �*��¤��*�"���¦���*¢%�´t�j¢9�"�j�X�����=�*�|�*�¦�=�*���g�*¢��*�����* A£X¢)�5 A£��jÊIÊ7�G�|� �*¢I�����¾�¦�n�5��ó �"�*�¦Êt�¾ü®���=�=�I�j�

N
�G�|� �*¢I�����A��"�*�"�*Êt�ný��=�*´t�*�����I�¾�����5���*�"���I�*�¦�Ñ�I�g�*¢��*�"�*���*�
ü

N > K
ý³{������(�
���*´����¦�#¢��*¡��*�����I�¾�=�=�I�j�v�j�º×¢)�5���
�5���*�"���I�*�¦�

ui �I�g�*¢��*��¤��*�|£��*�¦����¤��j���n�5�"�*¢��I�*�|� ci �=�=�.¡=�*�9�"�j�¦�
�9�I���j¯¼�I�&�5���#�����5�"�j�¦¢)�5¢ü
ui ⇒ ci ý³{}��*���j� ¯º�

x
��¡��*�¦� ü��������"�*�¦���* ¾¤I�|Ê)�j�³ý

N
�G�|� �*¢I�����A���I�g�*¢��*�"�*��é&Ü��

x
¢��*� ���5�¦�"�j���|�7�5��*�"���I�*�¦�|���* �� �* AÊ����¦�g�*�|�#�=�=�ØÄ�Ù4m±×ß¤��*�¶ü��j�|£=�5¢X´t�j¢9�¦���
�&�I�³�5���
���9�G�"�*�¦Êt�*¢��t�5�
�|¤��*��¢I�|¢�������9�¶�"�*¢��I�*�|¡=�ný��)�5�9�=�j�"ªg��4£¦�h��gfih�f5¥rh�¦�jôh���l]¥5{

Ä,ªg��4£§ê¢i§�����h�¦r�¤§ �*�g�*�7�I���5¢íóI A£7�"�j�¦�"�*¢I¤��*����¤��j A£7� �* A�=�*�"���"�¦�I���Ñ� �*�|£9�|�
ck �=�=�G¤��j�¡A�5¢X���* A�=�j�g�*���*ÊIÊ

x
{-ç(���

p
�*�¦�"�*�=�*�9¢��*�Ñ�I A£=�5¢I���(�"�j�9�A�5�
¢)�5 A£��jÊIÊ7� ¡A�5���A�¦��É|¢=µ��"�* ��©�5¢I¢)�5���¤��j A£;���*¡=����ÊI�|��¤I�|Ê)�j�"�9�I�j�¦��� �* Ø���.�*�g�*�¦�

x
�ß�=�j�g�*�������5���j�P�5� �*�"���I�*�¦���=�=�I�¦�g�j¤��j��{¾ü�Ä#��I�g�*¢��*���þ§�­���������«�j �ì¥�f�j �ìªs¡�¡e�¶Êt�����¦�����"�ný³{±ç��*�
N
�G�|� �*¢I�����A�-ÊI�|¢)�5�¦����¡=�*�9�"�j�.ü��¦�n�5�¥ý�ª�§���«����l�d�h�¦��r¡�j �¤¦�dW¦�lx�5�����

d
�* ����¦�.�¦�n�5� �j�#�*�¦�®¯¼�I���)�5�
�,� �* =�j�j¯¦�s�I¤��j A£¶¤)�5¢=£¶���9�j�"�G�|¢)�5���5¯¦�ü3¤��*�|£9���*�¦�"�*���ný��9�I���j¢=Ê��j���|�Ø���=�*��¡��*�9�"�j�¦¢)�5�xü��¦�n�5�
¢)�5��ý³{#ü

0 ≤ d ≤ N
ý

á �jÊIÊP�5�¦¡9�|�"�*�|�±¤I�|Ê)�¶���"�*�"�*¢
x
���&��¤��*�|£=���

ci �=�=� ���g¡��j�����5 =�¥¢��n¡��*�G�¦���|�����I A£9�5¢)�5�9�=�j����j���=�=�I�¦�n�g¡A�5�9¤��j�
x
�* A£9�"���=�j�g�³���*ÊIÊX���*�¦�I�ß{

Ä �=�=�~Ä�Ù4m±×ß�"��§$����l_���þ¦�j �ì�@ª!§����ê�ìl�d�h�¦��r¡�j �¤¦�dÚü
dmin
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�g�7�j���5�g{íü�Ä �=�*�
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ªG{|zA{)�5ÊI���G{±ÄÞ���9�I�j���5×r�I�*���9�I�j��� ÊI���j�9�=×r�G�v�5 A���5��¯¦�
���* A���j�g�*���*ÊIÊI�
���9�¶���g¡��j�����5 =�G{ ýÄÞ���9�¶¤I�|Ê)�5¯º�*�|�g�
�=�*´t���"�"�* �� ü®�5�&���¦�����*�|�-¤I�|Ê)�5�¶�¦�n�5����ý³�

dmin − 1
ü®ªG{|zný

ÄÞ���9�¶¤I�|Ê)�5¯¦��¡9É|�"�
�=�*´t���"�"�* ���ü®��¯¦�g¡9ÉÆ�"¤)�5�"�©¤I�|Ê)�5�¾�¦�n�5����ý³�
⌊

dmin − 1

2

⌋ ü®ªG{ ��ý
�5¤��j�ß� b·c �����³�®�*�������*�"�*�9É|�"���¦�±¯¼�*���j�|�ß{Äô¤)�5�"�*�=�j¢=£G���5 ¾�*�"�I�*�=�*Êt�*¢x�j�|£9�5¢ ���9�I�¦�n��¡A�5�A�5�(�=�³�|��¡A�5�v�j�¦�����5¢I����¤��j A£

dmin
�����*¤��*�"����* A¢)�5 A£��jÊIÊX���* A£��*¢,{

ð�35243 þÝÒ<Ù�7:Ð[Ï�Ò<>�>?EHÒ<>?E�FG7wD�É�FGÒ£@!Í�>�@ZÓ"È�Î[@
ÄÞ�®�*¢=�"�*ÊIÊ;���*É|�¦�#���9�I�j�v�j�¦�Ñ�*� ¯¦�5���j�#¤)�5�¦���5¢=£9�s��¤)�j A£Ø�
���*�"���"���

2K �GÊX�"�*�v�j�*�����9���³�"�"�*���*�����"�*��| ��*¢=£9�|���Iü®�5�
�|�"�+¢)�5 A£G�"�*Êt���"�"�* Aµ©�j���5���5�¦¡9�|�"�*�|¢��*���5�|���5�v�5Ê)�5¢�¢I�|¢����Ñ�*���* #���I�=ý�¡A�5 A£&� N � �*�"�*�¦µ���5ÊI�v�5�n�5�"�j�A�5�-�=�*�|�����5�"�j�|¢I��ü3¢I�|¢����-�*���*  ¤��*�|£�ý³{Ä��|�|¢��g�5�¦�����G�¦�����¦���"�*���5�¦�|�9����¤I�|Ê)�5¯¦�g¡9É|�"�����9�I�j�¥�5�|�A�5�|���5�n�j���g¡A�5�,�.��µI¡=�*���³�"���| ��*¢=£¥�����5�´t�j�|�|¢��j�
�v�5�|�����5¢7¢)�g¡=�*�G�¦���Æ�;�5�©�I�g�*¢��*�"�*�X¤��A�"�¦�n�g¡A�5��ü��*�|���*¢9�"�*�¦Êt�*¢~�5�©�*���j�g�¾���"�*�¦�"�*���,�5¤��j�±�¢��g¡=�*�����I���#��²G´��j¢��*¢��*�v�5�|���³ý³{�� A£í���9� j ��l�f<¦� ��ì�i�+¤)�
ci ∈ C

���
cj ∈ C

�*�9�=�j�
ck = ci + cj ∈ C ∀i, j

{Þü�Ä#��A�"�¦�g�* A�g�����5�¦¡9�|�"�*��¢��*�|�9�I�|�#�A�"�¦�g�g�j���j�¦��¯º�*���*¢=�g�¾ÊI�|�"�*¢I���*¢9�¦��ð�ä�â[�&µI¡=�*���*�g{ ý År A£��
c0 =

ci + ci = 0 ∈ C ∀i
{ã,�* A£��*¢,�

ui =
[

ui
1 ui

2 . . ui
K

] ���
ci =

[
ci
1 ci

2 . . ci
K . . ci

N

] {ã��|¢��g�5�¦���Õ�=�=�I�j�����"�*�"�*¢¾�.�=�=���=�*´I�g���"�(�
K ×N

�G�|� �*¢I�����A� ¸  ��*¢��*�"�*���5�"�j�����5�¦�¦�Æ²¥�"�* AÉ|�º×�"�* ��*¡��*�,�"�j�¦�"�*¢I�|���
c = uGK,N ü®ªG{ ��ý

�]�i�ì�<�¤h�f��þ§�h��ì¥e�g�"¥�����lG§r¥¥¢��*¡��*�����I�Ø�5�&�j�|£=�5¢Ø���9�I�j�A�5�����5¤��j�Ñ�©���9�¾�*���º¯º�(���5 =� �5�.�I�g�*¢��*�g�
c = [u,p] =

[
u1 u2 . . uK pK+1 . . pN

] ü®ªG{ ¨9ý
zg¬A°
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�*�9���j� ¸ �¦´����*�v�5�|�����®�*���*´IÉ|�"���¦µ,�

GK,N =
[

IK,K A(N−K),K
] ü®ªG{ «�ý

�5¤��j��ÿ K,K �* A£
K × K

�G�|� �*¢I�����A�
�* A£G�"�* A���5�¦�¦�Æ²�{PÄ[¡��*�"�*�|�-�j�����5���j¢Å�5�Ø�5�¦¡9�|�"�*�|��¤I�|Ê)�5��®�*�Æ�®���I���"�*�"�±����¯¦�g¡9É|���j���5���-�5�(ü
N−K)×N

�G�|� �*¢I�����A� � ü3ó,{ ¢,{��s§� ���h�¦r�[f�j�jkf�lG¬� <��¬=ý����5�¦�¦�Æ²I�j�¤)�j�¦��¢)�5� ¯¼�I��{±���¦�"�j�Ñ�5�����=�n¡��*�"�*� ¯¼�I���G¤��j A£¥�"�*� ¯º���¦�I� ¯º�j¢,�
HcT = 0

ü®ªG{ ­�ý
�5¤��j�

T
���¦���5¢��¦��´��j¢)�5�|���5�+¯º�*���j�|�ß{�Ä üß§9{ ¨�{ ý
�5�v�5´I¯¦�5¢ØÉ|�¦¤)�5�®¯¼�I���

HcT = HGTuT = 0 ∀u ü®ªG{ §Aý
�5�
�|Êt�j�ß�

HGT = 0
ü®ªG{ ª�ý

�� A£G�¦�g�*�¦µ��*¢ØÊ��*�v�5�¦¤)�5�"�]��¤��j A£¾�©�¦�g�j�¦�n�5���5�9�=�j�#�j�j¯¦�
�©�g�*�¦�������5�¦�¦�Æ²I�j���I¤)�G�
H(N−K),N =

[

A(N−K),KT
I(N−K),(N−K)

] ü®ªG{ °�ý
År�®¯¼�I� �®�*�
�5���7¡��*�¦�-�I�g�*¢��*�"�*���©�9�I���I�j�¦� h ���9�¾���-�* A£ À ¤I�|Ê)�g¡��*�9�"�j��ü��*�¦�"�j�³ý��A�"�¦�g�* ��³�=�*¢9�g�

x = c + e
ü®ªG{|zg¬�ý

Ä#¤��j�t�5� À ¡��*�9�"�j�¦Ê)�5¢o��zr���(�=�=�j�"�G�|¢)�5���&�*�¦�"�*�����9�j�¦���5���5�9�"�)�5�|�|�+ÊI�|���5���*�|���*¢I���*�g�j¯º�*�"�#¡A�5�|����5�n�5�¾¤I�|Ê)�X�=�*���*�¦���*���|��ü�ð�ä�â �&µI¡=�*���*�³ý³{ o# A£=�5¢)�5�9�=�j� �íü®ªG{|zg¬�ý��A�"�¦�g�³���I A ������®�j�"�GÉ|�"�j�¦�®¯¦����
�*�¦¡��*¢9£����g{PÜ(�X���¦� �*�¦¢��*¢I�È�5� À ¡��*�9�"�j�¦���Õ�5�9���j�©¡9���"�¦�n�X�¦���G¢)�5¢I�È�5�|�|É|���5¢I�#�5����¤I�|Ê)�j��I�g�*¢��*�¦Êt�j����¤��ÆÊt�5�¦�v�5¢Ø�=�=�I�j�nü�ð(ä�â(ý³�
c′ = x + e

ü®ªG{|zAzný
·±�* A£9�I�7���¦���"���
¤��j A£x�5� À ×ßÊ��*¢P���*¡��m��zr�®×r���"�*�x�¦�n�5���G���5� �I�g�*¢��*�¦Ê��*¢P���*¡=�¾¤I�|Ê)�5�7�¦�n�5���5��j�j¯¦�G{~Ä[¤I�|Ê)� ¡��*�9�"�j�
� �* A¤)�5���5�"�j�n�j���5�¥�5� l �<�i��lG�� <���þ§���f5¥rh�¡� ;�9���¦�n�5�
É|���j���g¡A�5���®�j n¯¼�I����*�g�I�*¢I�ß{

s = HxT ü®ªG{|zg��ý
Ä ü®ªG{|zg¬�ý����#�¾ü®ªG{ ­�ý��5�v�5´I¯¦�5¢,�

s = HxT = H
(
cT + eT

)
= HcT + HeT = 0̄ + HeT = HeT ü®ªG{|zg��ý

Ä#�
�*�"���G� �*¢9£9�I�±�A�5´t�j�¦�
s = HeT �A�"�¦�g�³���I A ����¦Ê��j�+�¥¤I�|Ê)��¡=�*�9�"�j�¦�.�* A£G�¦�g�*�¦µ��*¢x¢��*� �¦���9×¯¼�I�¶�9�Æ�®�º¯º�*��¢I���)�
�|¡��*��� � ´)�5�¦�|���j���*�|���*¢��j�¦�g�¥���5�¦�¦�Æ²Ø¢��*�R¢��* A£9�g�*�"���#���5�¦�¦�Æ²L�)É| A£X�5�&¢��*��|¢=¡=�*�¦���5�|¤)�5�"�I{;ü3·����¦�g�j¢=���¥�"�*�¦¡=�*�g���(�ß�5�������5Ê)�5¢x�9���¦�n�5�
É|�¦¤)�5�®¯¼�I�7�������5ÊI�v�5�n�5�¦Ê)�¶�®�j A�v�5�|¤)�5�º×¯¼�I�X�5�
�A�"�¦�g�������³¤)�³���"�³ ����(¤I�|Ê)�g¡��*�9�"�j�¦¤��j�
���5�¦�"�j�g�¶�¦���|¢��G�"�j����¡=�*�9�"�j�¦���t� �*�|£X���5ÊI�v�5�n�5�¦Êt�j��.�®�j�"�GÉ|�"�j�¦�±�|���5¢9£9Ê)�5¢i�.�9���¦���j¯¼�I�
�j�|¡A�j�¦¢I�t�5���j�I�j�¦�+�¦���|¢��G�"�j���5¤��j���"�*¢��I�*�|�+¤I�|Ê)�(¡��*�9�"�j�¦�n{ ýÄ ¡=�*�"�*�|���j�����5���j¢È�*�|¡=�* ��*�����I�~�~ü®ªG{|zg��ý.��µI¡��*���*�"�*�������5¯º�í�5� l �¦���|¢��G�"�j���X¡=�*�9�"�j�����¦� �³×�"�*�"�*Êt�*¢í�5� �|¢9¡��*�¦�����5ÊI�v�5�n�5���"�* AÉ|�"�"�* ��*¡��*�±� �* A¤)�5���5���j�*�g�I�P�5� À ¤I�|Ê)�¾¡��*�9�"�j�¦�g{�Ä ü®ªG{|zg¬�ý

zAzg¬
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ªG{ �G{��5ÊI���G{±ÄÞ�=�=�I�j�v�j�#���-�I�*���9�I�j�v�j�#�¦�g�*�
�|�*�|�"�*�"���"�
�®�*�|¤)�j�¦��¢)�5�v�j����¡A�5�+�9���¦�n�5�
É|�®¯¼�I�x�©¯¦��¡9É|�"�j�¦� h�� �=�=�G¡=�*�9�"�j�¦���Ñ�5�
�|Ê��j�Õ�* A£G�¦�g�*�¦µP���"�j¢I�=�j�v�j�"���5��9�|¢=£=�*�¦¤��*�"� �5� p �I�g�*¢��*�&ü®�¦�*���¦���"�*���5�¦�|�9�����=�=�)ý³{±Ä��®�*¢=�¦�,�*� ¯¦�5���j���"�*�¦� ���¦�g�*�"���"�*¢;�5���A�"�¦�g����*�|���*´I�g�*�|¤��*�"��¤I�|Ê)�5�#¢��*�N�¦���j¯¦�
�9� ¯¦��¡9É|���5¢I�ß{�Ä#�.�|¢9¡��*�¦�&���5ÊI�v�5�n�5�(�*�|�����¦��É|�"���"�.�I A£9�5¢I���-¢��*��* A£��*�¦�"�*�|��µ,{±Ä#�

N
�G�|� �*¢I�����A��¤I�|Ê)�g¡��*�9�"�j�"�j�¥���*¤��*�"�"�* ������¦�n�5���©� N �I�5� ü N −K)

�G�|� �*¢G×�����A���¦���|¢��G�"�j���#¡��*�9�"�j�"�j�.���*¤��*�"�"�* ������¦�n�5���-¡9���¦�g�j¢9�������5�&� (N−K) { n  A£&�5�Õ�|¢9¡��*�¦�Õ���5ÊI�v�5�n�5�¢��*� �����¦�&�* A£��*�¦�"�*�|��µ,�+�5�g�j¢��A�#�¦���|¢��G�"�j���5�9¤��j�&�"�jÊIÊØ¤I�|Ê)�©¡��*�9�"�j�-�|�����5�¦�"�j���|��{Ä#�X�* A£������¦���|¢��G�"�j���5�9¤��j�7�5�X�A�"�¦�g�*���5�¦�"�j�g�x¤I�|Ê)�g¡��*�9�"�j�"�j�È�=�j���I���5���¶� ¤I�|Ê)��¡=�*�9�"�j�¦�¡A�5�v�j�¦���®¯¼�I���=� �*�|£=�*�9Êt�*¢X�5����zr�®×r���"�*�¥�¦�n�5���©�&���*¤��*�"�©���* A�9���"�*ÊIÊ,{:o# A£9�5¢I���Õ�9���Õ¤I�|Ê)�g¡A�5���A�¦��ÉÆ×¢=µ��"�* AµØ�����5�"�j�¦¢)�
���"�*�"�*¢X�&�=�*¡�����¤I�|Ê)�5¢)�5�¶�"�j�9�A�5��¢)�5 A£=�jÊIÊX��¡A�5���A�¦��É|¢=µ��"�* ����
�|¢=�#���"�jÊIÊ¤I�|Ê)�5¢)�5�xüB�þ§�­���������«�j �ì¥�f�j �ìªs¡�¡e�¶Ê������¦�����³ý³{
ð�3BA!3 ÇÄ=:9<È�ÉËÊ�¦ ÒgE�Éóò]ÉwØ«;{FGÓ 9<Ò<Ù�7:Ð[Ï�Ò<>�@ZÓ"È�Î49<Ó,FG7
ÏGØZ7:EH=:>?7
á �*�¦¡=�*�����I¢I���|�|¢��g�5�¦���,¤I�|Ê)�5¯¦�g¡9É|�"�-���9�I�j���j���¥ü®«s� ��ýt�=�=�I�j��¤)�j�¦��¢)�5�v�5����¡A�5��ü

N = 5
���

K = 2
ý³{ÄÞ���9�I�j���© ��*¢��*���5�"�j�#���5�¦�¦�Æ²��©���* A£=�*¢,�

G =

[
1 0 0 1 1
0 1 1 0 1

] �5¤)�j�
A =

[
0 1 1
1 0 1

]

�G{ ý�Ä-�j¯¼�I��� �* ¥�©���9�I�¦�n��¡A�5�A�5��é±ã��|¢��g�5�¦���º×r�&���=�=�?�Ê,{ ý�ÖX�|�|£=�*¢¾¤I�|Ê)�5¯¦�g¡9É|���j�¦�,����¤I�|Ê)�5¯º�*�|�g���¦�,�=�*´t���"�"�* A ��*�,�"�*¢��I�*�|���*���|�Ø�©���9�?��A{ ý�Ü(�5���5�"�j�����I�¶� �* ¥� � ´)�5�¦�|���j�"�*�|���*¢��j�¦�g� ���5�¦�¦�Æ²I�j��é��{ ý á �*�¦¡��*�����I�¶� �* ¥�©�¦���|¢��G�"�j��� �I�*���9�I�j�v�j�¦�,���5ÊI�v�5�n�5�"�j��é�A{ ý.Ü(�#�-� �*� �j�¦�v�5� �*¢9�"�������¦���|�
� �*�¦�¦�|�9�����jÊI�|¢)�5�¦���������5�"�j�¦¢)�-¤I�|Ê)�g¡A�5���A�¦��É|¢=µ��"�* ��
p = 10−3 �� �*�9���j���������¦�&�5¢I¢)�5�¾�&¡A�5���A�¦��É|¢9µ��"�* ����G¤��j A£¾�©�����5�"�j�¦¢)�5Ê)�5¢Ø�=�³�"�"�j¢��*���"�jÊIÊ¾¤I�|Ê)���=�*���*�¦���³×���|�_�

áÌâ_ã
äHågæ?çHè�G{ ý Ä#�¾�I�g�*¢��*� ¡=�*�9�"�j�"�j���
u0 =

[
0 0

] �
u1 =

[
0 1

] �
u2 =

[
1 0

] ���
u3 =

zAzAz
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[

1 1
] �IÄÞ���9�¶¡=�*�9�"�j�"�j� h 
 p ¸ �5�v�5´�¯º�5¢
�

c0 = [0 0]

[
1 0 0 1 1
0 1 1 0 1

]

= [0 0 0 0 0]

c1 = [0 1]

[
1 0 0 1 1
0 1 1 0 1

]

= [0 1 1 0 1]

c2 = [1 0]

[
1 0 0 1 1
0 1 1 0 1

]

= [1 0 0 1 1]

c3 = [0 1]

[
1 0 0 1 1
0 1 1 0 1

]

= [1 1 1 1 0]

Ä �=�=� �|�|¢��g�5�¦�����,� �*�¦�g� h 0 = 0
���(�"�*� ¯º���¦�I�+�

ck = ci + cj ∈ C
�®�*�|�"�*�"�*���Ñ�5¤��j�ß�

i, j, k 
¬s�|z�� �s� �G{±ÄÞ�=�=�¾�¦�����¦���"�*���5�¦�|�9�����I� �*�¦� h i 
 � p i � ( i 
 {Ê,{ ý©Ä_�=�=�I�¦�n�g¡A�5�¶Ü(�5�
�
�|¢I  ���g¡��j�����5 =�G�

d(0, 1) = 3, d(0, 2) = 3, d(0, 3) = 4

d(1, 2) = 4, d(1, 3) = 3,

d(2, 3) = 3

A ����l_���þ¦�j �ì�aª�§�������l�dþh�¦��r¡�j �¤¦�dt�
dmin = 3

�A ¥��e�þªg��4<§£¢¤f�j ��¬þ¥����]f5�5����dgf��
dmin − 1 = 2

�
A ¥��e�þªg��4<§£¢i§�����h��þ¥����]f5�5���~d�f�� ⌊dmin−1

2

⌋

= 1
{

�A{ ý©Ä_´)�5�¦�|���j�#�*�|���*¢��j�¦�g� ���5�¦�¦�Æ²��

H3,5 =
[

AT
3,2 I3,3

]
=





0 1 1 0 0
1 0 0 1 0
1 1 0 0 1





��{ ý;Ä#�
s = HeT �A�"�¦�g�³�3�� A ��*�¦Ê��j���9���¦�n�5�
É|�®¯¼�I�;���¦���|¢��G�"�j���¥¡��*�9�"�j�"�j�A�5���j�|£=�5¢7�"�j�¦�"�*¢��9×Êt�*¢��I¤��j A£Ø��¤I�|Ê)�g¡��*�9�"�j�"�j�9Ê)�5¢ �5����zr�®×r���"�*�¾�¦�n�5����¢��n¡��*�=���j¯º�*¢,�

zAzg�
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À ü��I���ný À ü3ÊI�|¢tý ��zr�.�¦�g�5��� l ü3ÊI�|¢tý l ü��I���ný¬G{ ¬A¬A¬A¬A¬ ¬ ¬A¬A¬ ¬G{zA{ ¬A¬A¬A¬Gz z ¬A¬Gz zA{�G{ ¬A¬A¬Gzg¬ z ¬Gzg¬ �G{¨�{ ¬A¬Gzg¬A¬ z zg¬A¬ ¨�{ªG{ ¬Gzg¬A¬A¬ z zg¬Gz «G{zg­G{ zg¬A¬A¬A¬ z ¬GzAz �G{�G{ ¬A¬A¬GzAz � ¬GzAz ×«G{ ¬A¬Gzg¬Gz � zg¬Gz ×­G{ ¬A¬GzAzg¬ � zAzg¬ ­G{°G{ ¬Gzg¬A¬Gz � zg¬A¬ ×zg¬G{ ¬Gzg¬Gzg¬ � zAzAz §9{zg�G{ ¬GzAzg¬A¬ � ¬A¬Gz ×zn§9{ zg¬A¬A¬Gz � ¬Gzg¬ ×zgªG{ zg¬A¬Gzg¬ � ¬A¬Gz ×�A¬G{ zg¬Gzg¬A¬ � zAzAz ×�5¨�{ zAzg¬A¬A¬ � zAzg¬ ×§9{ ¬A¬GzAzAz � zAzAz ×zAzA{ ¬Gzg¬GzAz � zAzg¬ ×zg�G{ ¬GzAzg¬Gz � ¬A¬A¬ ×z*¨�{ ¬GzAzAzg¬ � ¬GzAz ×zg°G{ zg¬A¬GzAz � ¬A¬A¬ ×�GzA{ zg¬Gzg¬Gz � zAzg¬ ×�A�G{ zg¬GzAzg¬ � zg¬Gz ×�A«G{ zAzg¬A¬Gz � zAzAz ×�A­G{ zAzg¬Gzg¬ � zg¬A¬ ×�AªG{ zAzAzg¬A¬ � ¬Gzg¬ ×�A�G{ zg¬GzAzAz ¨ zg¬A¬ ×zg«G{ ¬GzAzAzAz ¨ ¬Gzg¬ ×��§9{ zAzg¬GzAz ¨ zg¬Gz ×�A°G{ zAzAzg¬Gz ¨ ¬GzAz ×�A¬G{ zAzAzAzg¬ ¨ ¬A¬A¬ ×�GzA{ zAzAzAzAz « ¬A¬Gz ×
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ü3¤��¦�5ýÑ�* A£��¦�g�jÊ)�5¢
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�+ü��I���ný	�+ü3ÊI�|¢tý ¤��¦� h l À h » ¯¦��¡9É|���j���I���5¢ ¤I�|Ê)�(¯º�*�|�g���¬G{ ¬A¬A¬A¬A¬ ¬ ¬A¬A¬A¬A¬ ¬A¬A¬ ¬A¬A¬A¬A¬ ¬A¬A¬A¬A¬ �j� ×zA{à¬A¬A¬A¬ a z ¬A¬A¬A¬A¬ ¬A¬Gz ¬A¬A¬A¬Gz ¬A¬A¬A¬A¬ �j� ×�G{à¬A¬A¬ a ¬ z ¬A¬A¬A¬A¬ ¬Gzg¬ ¬A¬A¬Gzg¬ ¬A¬A¬A¬A¬ �j� ×�G{ Ô ¬A¬GzAz z zg¬A¬GzAz ¬GzAz zg¬A¬A¬A¬ zg¬A¬GzAz �j� ×¨�{à¬A¬ a ¬A¬ z ¬A¬A¬A¬A¬ zg¬A¬ ¬A¬Gzg¬A¬ ¬A¬A¬A¬A¬ �j� ×«G{à¬ Ô zg¬Gz z ¬GzAzg¬Gz zg¬Gz ¬Gzg¬A¬A¬ ¬GzAzg¬Gz �j� ×­G{ ¬A¬ a)a ¬ � ¬A¬A¬A¬A¬ zAzg¬ ¬A¬GzAzg¬ ¬A¬A¬A¬A¬ �j� £§9{ ¬ Ô z a z � ¬GzAzg¬Gz zAzAz ¬Gzg¬Gzg¬ ¬GzAzg¬Gz �j� £ªG{à¬ a ¬A¬A¬ z ¬A¬A¬A¬A¬ zg¬Gz ¬Gzg¬A¬A¬ ¬A¬A¬A¬A¬ �j� ×°G{à¬Gz Ô ¬Gz z ¬GzAzg¬Gz zg¬A¬ ¬A¬Gzg¬A¬ ¬GzAzg¬Gz �j� ×zg¬G{ ¬ a ¬ a ¬ � ¬A¬A¬A¬A¬ zAzAz ¬Gzg¬Gzg¬ ¬A¬A¬A¬A¬ �j� £zAzA{ ¬Gz Ô�a z � ¬GzAzg¬Gz zAzg¬ ¬A¬GzAzg¬ ¬GzAzg¬Gz �j� £zg�G{à¬GzAzg¬ Ô z ¬GzAzg¬Gz ¬A¬Gz ¬A¬A¬A¬Gz ¬GzAzg¬Gz �j� ×zg�G{ ¬GzAzg¬Gz ¬ ¬GzAzg¬Gz ¬A¬A¬ ¬A¬A¬A¬A¬ ¬GzAzg¬Gz �j� ×z*¨�{ Ô zAzAzg¬ z zAzAzAzg¬ ¬GzAz zg¬A¬A¬A¬ zAzAzAzg¬ �j� ×zg«G{à¬GzAz a z z ¬GzAzg¬Gz ¬Gzg¬ ¬A¬A¬Gzg¬ ¬GzAzg¬Gz �j� ×zg­G{ a ¬A¬A¬A¬ z ¬A¬A¬A¬A¬ ¬GzAz zg¬A¬A¬A¬ ¬A¬A¬A¬A¬ �j� ×zn§9{ zg¬A¬ Ô z z zg¬A¬GzAz ¬Gzg¬ ¬A¬A¬Gzg¬ zg¬A¬GzAz �j� ×zgªG{ zg¬A¬Gz Ô z zg¬A¬GzAz ¬A¬Gz ¬A¬A¬A¬Gz zg¬A¬GzAz �j� ×zg°G{»zg¬A¬GzAz ¬ zg¬A¬GzAz ¬A¬A¬ ¬A¬A¬A¬A¬ zg¬A¬GzAz �j� ×�A¬G{ a ¬ a ¬A¬ � ¬A¬A¬A¬A¬ zAzAz ¬Gzg¬Gzg¬ zAzAzAzg¬ iÑm��Ñk £�GzA{ aGÔ zg¬Gz � ¬GzAzg¬Gz zAzg¬ ¬A¬GzAzg¬ zg¬A¬GzAz iÑm��Ñk £�A�G{ z Ô zAzg¬ z zAzAzAzg¬ zg¬Gz ¬Gzg¬A¬A¬ zAzAzAzg¬ �j� ×�A�G{ zg¬ a zAz z zg¬A¬GzAz zg¬A¬ ¬A¬Gzg¬A¬ zg¬A¬GzAz �j� ×�5¨�{ a)a ¬A¬A¬ � ¬A¬A¬A¬A¬ zAzg¬ ¬A¬GzAzg¬ zAzAzAzg¬ iÑm��Ñk £�A«G{ a z Ô ¬Gz � ¬GzAzg¬Gz zAzAz ¬Gzg¬Gzg¬ zg¬A¬GzAz iÑm��Ñk £�A­G{ zAz Ô zg¬ z zAzAzAzg¬ zg¬A¬ ¬A¬Gzg¬A¬ zAzAzAzg¬ �j� ×��§9{ z a ¬GzAz z zg¬A¬GzAz zg¬Gz ¬Gzg¬A¬A¬ zg¬A¬GzAz �j� ×�AªG{ zAzAz Ô ¬ z zAzAzAzg¬ ¬Gzg¬ ¬A¬A¬Gzg¬ zAzAzAzg¬ �j� ×�A°G{ a zAzg¬Gz z ¬GzAzg¬Gz ¬GzAz zg¬A¬A¬A¬ ¬GzAzg¬Gz �j� ×�A¬G{»zAzAzAzg¬ ¬ zAzAzAzg¬ ¬A¬A¬ ¬A¬A¬A¬A¬ zAzAzAzg¬ �j� ×�GzA{ zAzAzAz a z zAzAzAzg¬ ¬A¬Gz ¬A¬A¬A¬Gz zAzAzAzg¬ �j� ×
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�|���j��Ê��*¢~�5���5�¦¡9�|�"�*�±¤I�|Ê)�j�g{ �Ñ�*�����5�I�+¤)�¾�¶�9�I���I�j�¦���=�=� � ¬A¬A¬A¬A¬ 
 ���&�¥¤I�|Ê)�5��¦�n�5���Ø¨íü3óI A£g��¤��j A£P�Ø���5ÊI�v�5�n�5� �A°G{X�"�j���X�¦�g�*�¦�|¢9�¦�
�Å¡=�*�9�"�j�¦�&�A�5´I¯¼�I��ý��±�m�"¯¦�g¡9É|�"�j�¦�0� h »� ¬GzAzg¬Gz 
 �����¦��{
�+ü��I���ný��+ü3ÊI�|¢tý ¤)�¦� h l À h »î¯¦�g¡9É|���j���I���5¢ ¤I�|Ê)�(¯º�*�|�g����A°G{ a)a)a ¬ a ¨ ¬A¬A¬A¬A¬ ¬GzAz zg¬A¬A¬A¬ ¬GzAzg¬Gz iÑm��Ñk ×

�A{ ý�Äé� �*� �j�¦�v� � �*¢=�"�����)ÊI�|¢)�5�¦�����t�¦���|�
� �*�¦�¦�|�9���������5�"�j�¦¢)�5Ê)�5¢ �* A£¾ÊI�|�(�5�¦¡9�|�"�*���*���j�����*���*�º×���*�g�©¤I�|Ê)�©¡A�5���A�¦��É|¢9µ��"�* ��(���* A£=�*¢,�
p
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á �jÊIÊ¾ÊI�|�#�5�¦¡9�|�"�*���*�=�j�#�©�����5�"�j�¦¢)�5Ê)�5¢;��¤I�|Ê)�5�¶�*�Æ���5�³�j���j���©�Æ�|���*�¦¡=�(Ê��³�=�n¡��*�¦�=�*���"���* A£=×���j�¦�"�j��b5c�d�dgfih�jkf�l�f5��f�����l_­�l�f5¥X�"�*�9�|¢9�¦¤��*�"�I{©Ä#¢I¢)�5�X¡A�5���A�¦��É|¢=µ��"�* ��
�*�g�*�¦���,¤��j A£X�
�|¢��P�5�«�ÊI�|�-¤I�|Ê)�5�¦�v�5¢,�

P0 = P (e1 = 0
���

e2 = 0
���

e3 = 0
���

e4 = 0
���

e5 = 0) = (1−p)5 = 0.9860

Ü(�j�"�j¢I�����5¢��I¤)���
�|¢��X�5��«�ÊI�|�-¤I�|Ê)�j�g�
P5P (e1 = 1

���
e2 = 1

���
e3 = 1

���
e4 = 1

���
e5 = 1) = p5 = 10−15

Ü(�
�5��«�ÊI�|�¦Êt�j�
k
���5���5ÊØ¤I�|Ê)�j�&ü��*���5�&���"�*� �*¢=£&�¼«
�5�v�5�¦���

k
�®×®�®�*���(�=�*´I´t�*¢Ø���*¤��*�"�"�* ����³ý³�

Pk =

(
5
k

)

pk (1 − p)5−k

År A£��
P1 =

(
5
1

)

p (1 − p)4 =
5!

1!4!
p (1 − p)4 = 5p (1 − p)4 = 4.980 · 10−3

P2 =

(
5
2

)

p2 (1 − p)3 =
5!

2!3!
p2 (1 − p)3 = 10p2 (1 − p)3 = 9.997 · 10−6

P3 =

(
5
3

)

p3 (1 − p)2 =
5!

3!2!
p3 (1 − p)2 = 10p3 (1 − p)2 = 9.998 · 10−9

P4 =

(
5
4

)

p4 (1 − p) =
5!

1!4!
p4 (1 − p) = 5p4 (1 − p) = 4.995 · 10−12

á �*¤)�5�(�5¢I¢)�5�¾�©¡A�5�|�A�¦��É|¢9µ��"�* ����I¤��j A£Ø��¤I�|Ê)�5�¶�¦�n�5���©¢)�5 A£=�jÊIÊØ�
�|¢=�-�=�*�¦�"�I�
P (
¤,{ �¦��{

> 2) = P3 + P4 + P5
∼= 10−8

ð�3�Æ�3 ÇÄ=:9<È�É
�� A£¥�|�|¢��g�5�¦�������¦�����¦���"�*���5�¦�|�9���-ÊI���j�9�=×ß�=�=�GÊ)�5¢;��´)�5�¦�|���j�"�*���*� �*�Ø�¦�n�5���¾zg­G{�G{ ý&Ö;�* A¤)�5���5�"�j��¤)�5�"�j×r���(�=�=�I�¦�n�g¡A�5�©¤��A�"�¦�n�5¢)�5�
���¦� �*�"�*�"�#¢��*�|�9�I���=�
�|�|£��*¢�� �*�"�*�¦µ¾��¤I�|Ê)�n×¯¦��¡9É|���j�¦���®�j�|£9�5���5�-�"�j�³�5¢Ø�*�����5�|�|É|�"�j�¦���¦���|¢��G�"�j����¡=�*�9�"�j���Ê,{ ý¥ÖX�|�|£=�*¢X���9�I�¦�g�j� �*�"�*��¡A�5�v�j�¦�����j��� ���"�*�"�*¢XÊI�|���"�A�¦É|�¦¤)�5�"�]�t¤��j A£X�
���9� ¯¦��¡9É|�"�"�j¢X�
�|¢��I�*¢�* A£9¤I�|Ê)�j�-¤I�|Ê)�5�
�|¢=���5����A{ ý©ÖX�|�|£��*¢¾�=�=�I�¦�g�j� �*�"�*�"�*�¾���"�*�"�*¢Ø�=�*´I�g�*�|¤��*�"� �*���I¤��j A£¾�©���9�¶�
�|¢I�|���5�|���-���g¡��j�����5 =� «W���{ ý ¨ �|���5�v�5¢��A�¦É|�"���
�
�ný+�=�*�"�I���¦�"�.�j�I�j�¦�-¡A�5�v�j�¦�n�5��é
áÌâ_ã
äHågæ?çHè�G{ ý©ÄÞ�¦���|¢��G�"�j���g¡=�³�9���j�¦¢)�5�Ø�5¢I¢9£9�,�*���*� ��¡A�5¢��I�
�|¢=����´)�5�¦�|���j�"�*���*� �*�Ø�¦�n�5���s�I�"�*¤)�5�&zg­G{Ê,{ ý~Ä#� �* A£9¤I�|Ê)�j��¤I�|Ê)�5�
�|¢9���5�7�¦�n�5���¶���* j�®�*� ¯º�*ÊIÊP�5¢I¢9£9�����*¤��*���Ñ�5¤)�5¢9£Èü3¢��*�ÿ���¦�I´)�¶¢=�I�|�v����j�
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216 − 1 = 65 535
{ á �*¤)�5�

n
jkf~d£b¤f�j ¢ifi4�4
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{
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�5�9���j�����* j�®�*� ¯º�*ÊIÊ7�=�*�(¤I�|Ê)�j���=�=�I�¦�n�g¡A�5��¯¦�g¡9É|�¦¤)�5�"�j��{��������®�*�|���º×� �*�¦¡��(¤)�j�"�j¢I�����5¢Ø ��j¢��I�j�|���9�G¤)�5�¦�I¢I���I�
�|¢9�#�5�.�*���jÊIÊ,�+�&���* j�®�*� ¯º�*ÊIÊ¾�=�*�¦¤I�|Ê)�j��¤I�|Ê)�5�
�|¢=���5��¦�n�5���

n +
n(n − 1)

2
=

n2 + n + 2

2
≤ 216 − 1.

���
n 
 �A­Gz#×ß�"��� �* ©�| =�5�W���A­A�n×ß�"�(���5��¢��*�Ø{ á �*¤)�5�����* j�®�*� ¯º�*ÊIÊØ�A­Gz�ÊI�|�"����ÊI���j�9�=�j�����"�*�"�*¢���*¤��*��ü����"�*�¦���* 9ýÕ«��.���9�G����¡=�j�����5 _�9¤��A�"�¦�n�5ÊIÊ¥ÊI���j�9�9¢)�5���"�*�
�
�|�=�*´I´t�*¢¾�"�*� ü3���* =�5�v�5ÊIÊI����É| A£g�¤��j A£¥� �* A�=�j�"�j�¦�¦�I�Ø��´)�5�¦�|���j�"�*���*� �*�Ø�¦�n�5���5�³ý³{��{ ýÈÙÕ�|�g�j¢9£=�5���¾�"�jÊIÊG�®�*���¥�5�|���5�v�5¢��A�¦É|���j�¦�+���*¤��*�"�A�"�* X���(�®�*�|� �*�¦�I�|¤��*�g{¶�� A£ ���*�g�*¢G�®�*�9¡=�¾¡A�5�Æ×�"�j�n�5� �5�¾óI¢,{xÜ(�5�
�
�|¢I 7�=�j�¦�v�5���+�5� �*�|£í�¦�g�*�¦�|¢=���5¤I¤��j�W�±¤��j A£~�* A£PÊI�|¢)�5�¦���©�=�=�

t
¤I�|Ê)�5�¯¦��¡9É|�"�"�j¢Pü®�©���9�G����¡=�j�����5 =�©���* =�5���5Ê�Ê

2t + 1
���*�|�,���* A£��*¢tý��I�"�*� ¯º���¦�I�|¢I�����=�*�Æ�Ñ�

t∑

i=0

(
n
i

)

≤ 2n−k,

�"�*�v�j�*���j¢)�5��{
ð�3�àË3 ÇÄ=:9<È�É
Ä��I�j�¦�#�* A£¥�|�|¢��g�5�¦���-���9�Ø�

H =





1 1 1 0 0
1 0 0 1 0
0 1 0 0 1





´)�5�¦�|���j�¦���5�¦�¦�Æ²���¡A�5�ß{�G{ ý�Ü(�5���5�"�j���n�
� �* ��© ��*¢��*���5�"�j�¦���5�¦�¦�Æ²I�j�eéÊ,{ ý
¹=�n�5�
É|�"���
�9�
�����9�I�¦�n��¡A�5�A�5��é�A{ ý�Ä-�j¯¦��� �* ¥���
�|¢I�|���5�|���-�=�=�G���g¡��j�����5 ��j��é��{ ý ä#´I�¦�|���5�|���¥�I�*���9�I�j�v�j�¦���5�| ��j�¦�|�¦�&���¦��¤)�j�¦��¢)�5�|¡A� ¤)�5¢=£È���5���5Ê ¤I�|Ê)�5� ���*¤��*�.¯º�*���*��¢I�#���¤)�5¢=£¾���5���5ÊØ¤I�|Ê)�5�-���*¤��*�-�9� ¯¦��¡9É|���5¢I���
áÌâ_ã
äHågæ?çHè�G{ ý�Äô½(�*¢��*���5�"�j�¦���5�¦�¦�|²��
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