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Svllabus: Probability

CDF: F(t) = Pr(X < 1),
PDF: f() = %F(t),

f(@)

Hazard rate — intensity: A\(t) = ,
y: A1) 1 70

Expectation: E(G(X)) =/ G(t) dF(t)

t

Moments: E(X") =/ t" dF(t)
t

Laplace transform: F~(s) = E(e™%X) = /eSt dF(t)
t

Z transform: N(z) = E(zV) = Zpizi
i



Svllabus: Properties of transforms

The distribution of a r.v. is uniquely defined by
e Distribution function (or PDF, PMF)

e Transform (Laplace, z, moment generating func-
tion E(eX?))

e Series of moments (if Z = 00)
%/E(X”



Svllabus: Moments and transforms

Relation of moments and transforms:

e moment generating function:

n=0

e Laplace transform:

e St f(t)dt
s=0 dSn t

d* ..
@f (s) s

/ (—t)"e " f(£)dt

= (—-1)" /tt”f(t)dt

s=0

— B = (1))

s=0



Svllabus: Moments and transforms

Relation of moments and transforms:

e z transform

dm n X '
—N(z = — 2 —
dz" ( ) z=1 dz" ;pz z=1

Y pii(i—1)...(i—n+1)z""
1=0

— bi 77—,
z=1 i=n (?’ - n)l

Factorial moments:

—y B(X(X—-1)...(X—n+ 1))=%N(z)

z=1



Svllabus: Conditional probability

Pr(AB)
Pr(B) '

Conditional probability: Pr(A|B) =

Unconditioning (total probability):

Pr(A) =) Pr(A|B;)Pr(B;) where Y Pr(B;) =1

Pr(A) = /Pr(A\x)dF(a:) where /dF(a:) =1



Svllabus: Continuous distributions

Exponential distribution:

f@)=Xe ™, F(t) =1—e M A1) = A,
_0*(X) E(X?)-E*(X) _
- E2(X) E2(X) -

F~(s) = E(e %) = /te_StdF(t) = -|): 3

Erlang(n) distribution:

2

c 1.

E(X) =

1
A Y

A(At)" 1
(n—1)!

e M B(X) = ; F~(s) = < A ) |

£t = —



Svllabus: Discrete distributions

Geometric distribution N € {1,2,3,...}:
: 1—1 1
pi=Pr(N=14)=(Q-p)p'" ", BE(N)= o
Geometric distribution N’ € {0,1,2,...}:
. : 1
pi=Pr(N'=4) =1 -p)p', E(N)=——-1,
p
Poisson distribution N € {0,1,2,...}:

)

A
pi = Pr(N =1) = ,—le_>‘, E(N) = ),
7!

Binomial distribution N € {0,1,2,...,n}:

p=Pr(N=1)=(")p(1—p)"", BQV) = np,



Svyllabus: Poisson process

3 identical representations:

e short term behaviour:
Pr(0 arrival in (t,t4+6)) =1 — X0 4+ o(9)
Pr(1 arrival in (¢t,t4+6)) = X6 + o(9)
Pr(more than 1 arrivals in(¢t,t 4+ 6)) = o(6)

e inter-arrival time:

inter-arrival periods are independent and exponen-
tially distributed with parameter A\

— time to the nth is Erlang(n) distributed.

e arrivals in t long interval:

number of arrivals in any t long interval is Poisson
distributed with parameter At

(At)* Y

Pr(k arrivals in (u,u+1t)) = o




Svllabus: Basic rules

Sum of discrete random variables (Z = X 4+ Y):

2= myik  Z(z) = X(2)Y(2)
k

Sum of continuous random variables (Z =X +Y):

h@=/h@%ﬁ—@w,ﬁﬂﬁ=@%ﬁwﬂ

Sum of random variables (Z = X 4+ Y):

&@=/auﬂwmm,fw@=@@@@>

Remaining lifetime:

Fo(t) = Pr(X — 7 < f|X > 7) = L4+ 7 = F(T)

1— F(7r)
Equilibrium distribution of X:
_1-Fx(t) o EX"H
TW="5x " "=

10



Svllabus: Properties of distribution

Ageless distribution:

A(t) is constant
— exponential distribution, ¢? =

Aging distributions:
A(t) is increasing

— e.g., Erlang(n) distribution, ¢? < 1
Deaging distributions:

A(t) is decreasing
— e.g., Hyper-exponential distribution, ¢2 > 1
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Svllabus: Semi-Markov process

Time homogeneous discrete state continuous time stochas-
tic process (X (t)) which is memoryless at state transi-
tion epochs (Tp = 0,T4,75,...).

Kernel K;;(t) = Pr(Th < t,X(T1) = j|X(0) = i) de-
scribes the joint distribution of the next state and the
time spent in the current state.

The state of the process at state transitions form an
“embedded” DTMC X(To),X(Tl),X(TQ),X(T3), ceen

The state transition probability matrix of the embedded
DTMC is P = K(o00). Let the stationary distribution of
the embedded DTMC be 7w, that is 7P =mn,n1 = 1.

The distribution of time spent in state 7 is K;(t) =
Pr(Ty < t|X(0) = i) = Zj K;;j(t) and its mean is 7, =
E(T1|X(0) = i) = [, 1 — K;(t)dt.

Transient distribution

5= lim Pr(X(T) =1i) =

T T3

> 5Ty
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Svllabus: Semi-Markov process

Based on the ergodicity of semi-Markov processes we
can write

1 T
Z; = |Im Pr(X(T)=1) = |II’YSO?/ I{X(t):i}dt

1 [
= lim — 7z —;
Ninoo TN/ {X(t)_l}dt

T,
N'E”OOT—NZ / Tixw=ndt

= lim —ZI{X(Tk y=i} (T — Tho—1 | X (Th—1) = 1)

N—o0 N 1
N
Z Tixcr =i (T — Tp—1| X (T—1) = 1)
=1 ]
= lim N
o N—00 N
> D Tixan =i (T = Tiea| X (Ti-1) = 5)
=1
— N7y,
T
> 5T
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Svllabus: Markov regenerative process

Time homogeneous discrete state continuous time stochas-
tic process (X (t)) which is memoryless at some instance
of time (To = 0,711,175, .. )

The global kernel, K;;(t) = Pr(Ty < t, X(T1) = 7|X(0) =
1), describes the joint distribution of the state at the
next memoryless instance and the time to the next mem-
oryless instance.

The process behaviour between memoryless instances
is described the local kernel E;;i(t) = Pr(T1 > t,X(t) =
71X (0) =1).

The state of the process at memoryless instances form
an “embedded” DTMC X (Tp), X(T1), X (12), X(13),....

The state transition probability matrix of the embedded
DTMC is P = K(oc0). Let the stationary distribution of
the embedded DTMC be 7, thatis 7P =n,71=1.

During a regenerative period starting from z the mean
time spent in state j is 7;; = ftEZ-j(t)dt.

Transient distribution
> T
Zj Dk T Tk

Z = TIEEO Pr(X(T)=1) =

14



Svllabus: Markov regenerative process

Based on the ergodicity of Markov regenerative pro-
cesses we can write

1 T
Z; = |Im Pr(X(T) =1) = IlrrgO?/ I{X(t)zz'}dt

1 [
= |lim — A —
N[poo TN/ {X(ﬂ_z}dt

T,
N"L“OOT—NZ / Tixw=ndt

= —ZZI{X@ D=4} / Lixw=ix(@-)=5y%
—oo Ty i k=1 Ty

Ty
Zj ZI{X(Tk—l)zj} \/t—T I{X(t)=7;|X(Tk—1):j}dt
k=1 =k

>4

-~

— Jim — N7
N—o0 N T
2. ZkaI{X(T“):j} /t . Txo=kx@o=pdt
=1 k-1
2T
Zj Dk TiTjk
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M/G/1 queue

Poisson arrival process, general service time distribution,
one server, infinite buffer, FIFO.

— X(t) is not a CTMC.

System behaviour depends on elapsed service time of
customer under service.

Memoryless instances: e.g. departure instances.

— embedded Discrete time Markov chain

Notations:
A arrival rate, B service time r.v. (T = E(B)),
(@ queue length r.v., W waiting time r.v.,

Wo remaining service time r.v.

16



M/G/1 queue: mean queue length

Server utilization: p = \Tg

Mean waiting time:

W=Wo+Q Tp

Little's law (Q = A\W) —

W
1—-0p
Remaining service time of customer under service:

Wo = P(server busy) R+ P(server idle) 0 =p R

S

Remaining service time of busy server:

Ts
2= (1+ch)

Applying Little's law again —

R+ @)
¢ 2(1—p)

Pollaczek-Khinchin formulae for mean queue length.

17



M/G/1 queue: mean queue length

Mean queue length (Q) versus utilization (p) with ¢% =
0.5,1,2

0.75 0.8 0. 85 0.9 0.95
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M/G/1 queue: stationary distribution

DTMC embedded in departure epochs:

X, nhumber of customers after the nth departure
¥ | Xn—=14Y, if X,, >0
ntl =7y, if X, =0
Xpt1=(Xn—1)T4Y

Transition probability matrix:

ap ai a2
ap ai a2
P = 0] ap ai
O 0 a

The number of customer arrives during a service period:

At)F
= P(k customer arrives) :/ _M'( )

O o dB()

19



M/G/1 queue: stationary distribution

Balance equations of the embedded DT MC:

Vg = voaog + viag

k+1

v = voay + Z viag—i+1, k=1
i—1

Multiplying the kth equation by z¥ and summing up re-
sults:

() =Y wh = Ga(2) + ~(G(=) — 10)Ga(),
k=0

where

Ga(z) = Zakzk =...
k=0

= e MI-2)gB(t) = B¥(A(1 — 2))
t=0

Pollaczek-Khinchin formulae for queue length distribu-
tion:
(z—1)B~(A\(1 —2))

Gl2) = v ——5 a1 - )

20



M/G/1 queue: busy period

H

u(t) ‘%‘@‘

M

S

A4
S6 S7

T

A
S1_1. Sy 12;

\
Ty T, T, T

e
3 T T5 T

6 7

The number of customer served between a departure
with n customers and the first time with n—1 customers

IS Qn.

First time to have n—1 customers in the system starting
from a departure with n customers is H,,.

Due to the regular ‘“level independent” structure of the

M/G/1 queue and matrix P H, and @Q, are independent
of n Il

21



M/G/1 queue: busy period

The number of customers arrive during the service time
suppose that B = 7 is Poisson distributed with Ar.

The conditional distribution of the busy period is

¢
T eAT

T+ Hq ATerT

T+ Ha4 Hi ke

HB=71 =

L

Using h*(s) = E(e ") = hi(s) = h3(s) = ... we have

E(G_SH‘B —_— ’7') = Z ( _T) e_ATe_ST(h*(S))Z

P 7!
— e—ATe—STe)\Th*(s) — e—T(s—l—)\—)\h*(s))
and

h*(s) = /O_OO E(e*#|B = 7)b(r)dr =

— / e—T(s—I—)\—)\h*(s))b(T)dT —
7=0

=b*(s+ X — A\h*(s))

22



M/G/1 queue: busy period

Similarly the conditional distribution of the number of
customers served in busy period is

(1 eAT
1 —|— Ql )\7'6)‘7-
1+ Q2+ Q1 e

QB=1 =1

\

Using Q(z) = E(z9) = Q1(2) = Q2(2) = ... it is
(AT)ZG_)\TQ(Z)Z'

1!

ERUB=71) =2 Z
1=0
— 5 e—/\TG/\TQ(z) — 5 e—T()\—/\Q(z))
and

Q(z) = /OO E(z°|B = 1)b(7)dr =

=0
e%e)

= z e TOARE () dr =
7=0

=z b"(A(1 = Q(2)))

23



M/G/1 queue: busy period

The moments of H and Q can be obtained from h*(s)
and Q(z). E.g.,

B(H) = h"()l=o
= —b"(s + X — Ah*(5))(1 — Ah*'(5))|s=0

= —b(0)(1 — Ah*'(0)) = Ta(1 + A\E(H))

Tp
1—p
Since p = M\T5.

24



M/G/1 queue: busy period

But they can be calculated directly as well:

E(HI B=71)=71+ Z (Ai—T)ie_’\Tz’E(H) =74+ ME(H)
1=0 )

and
E(H) = /—o E(H|B = 7)b(71)dr
=1+ XE(H)) /OO 7o(T)dT
7=0

= (1+\E(H))Tp

_ Tp

=7 — _
Similarly

1
E(Q) — 1——,0 .

25



M/G/1 queue: special cases

M/M/1 queue: B~(s) = ——, 2 =1
s+ u

M/D/1 queue: B~(s) =e %P, ¢4 =0, (p = AD)

— p
0 =
2(1-p)
z—1
G(z) = g ) 1

26



M/G/1 queue as Markov regenerative process

X (t) is the number of customers at time ¢t. There are
embedded time points, Tp,T1,..., at customer depar-
tures. The global and local kernels are

K;j(t) = Pr(Th <t,X(T1) = j|X(0) =1),
Eij(t) = Pr(T1 > t, X(t) = j|X(0) =1).

K1, (t) = Pr(B < t,k arrivals in (0, B))

t )\ k

:/ (A7) e MdB(7), k>0,
7=0 k!

FEq1,(t) = Pr(B >t,k—1 arrivals in (0,t))

_ ()\t)k—l

— m e At (1-B()), k>1,

27



M/G/1 queue as Markov regenerative process

FEoo(t) = Pr(0 arrival in (0,t)) = e~ A
first arrival at 7 and a service period starting from 1:

t
Eo;i(t) = / )\e_ATElj(t —7)dr, j>1,

t
Ko®) = [ AeVEy(-ndn >0,
7=0

1> 1
Kl,]—2+1(t)7 IfZZ 17] ZZ_ 17
Kij(t) —

othervise.

> ( ) El,j—i-l—l(t)) if 2 2 17] Z i)
(1) =
N 0, othervise.

Exercise: relation of the embedded and the stationary

distribution based on this MRP representation.
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G/M/1 queue

Renewal arrival process (i.i.d. inter-arrival times), ex-
ponentially distributed service time, m server, infinite
buffer, FIFO.

— X(t) is not a CTMC.

System behaviour depends on the time elapsed since the
last arrival.

Memoryless instances: arrival instances.

— embedded Discrete time Markov chain

29



Special case: G/M/1 queue

DTMC embedded in arrival epochs:

X, number of customers before the nth arrival

Xpi1=X,+1-Y =(X,+1-Y)*
where

e Y/ number of customer served between the nth and
n + 1th arrivals,

e Y number of Poisson(u) instances between the nth
and n <+ 1th arrivals.

30



Special case: G/M/1 queue

Transition probability matrix:

co bp 0 O
cit b1 bg O
P=| c2 bx b1 bo

cs bz by b

The number of Poisson(u) instances during an inter-
arrival period:

00 k
b = /O G_Mt%d‘A(t}

The more than k Poisson(u) instances during an inter-

arrival period:
oo
Cr = Z b;

1=k+1

31



G/M/m queue

Server utilization is p =

A
my’

where X is the mean arrival rate.

Transition probability matrix:

Number of services when all servers are busy:

bk _/ mut(m:ut)k dA(t)

\

Poo Po1 0 oo --. \
P10 P11 P12 OO0 .
P20 P21 P22 0|0
: : : 0|0
Pm—1,0 DPm-11 Pm-12 bo | O
Pm,0 DPm,1 DPm,2 b1 | bo
b

Pm+1,0 Pm+1,1 Pm+1,2

b

S

32



G/M/m queue

After an arrival 1 4+ 1 < m customers:
all customers are under service
1 — 7 + 1 complete service, 5 do not:

1 o .
Dij — / jj__i_ 1 (1 — e_/Jt)z—J‘l‘le_,“tjdA(t)

After the arrival 1 4+ 1 > m customers:
1 — m -+ 1 customers are in queue, m under service.
T . time to empty the queue
(Erlang(i-m+1) distribution)

00 t
ri= ) (1) (= e yrie i () ded ACH)
t=0 Jz=0

where 7 is Erlang(i — m 4+ 1,mu), that is

fr(a) = Wé”_”b”;;zm e,

33



G/M/m queue: stationary distribution

Conjecture: geometric stationary distribution

1 1

m— m m
V0, V1y. ..y Um—2, KO ko™ ko™t

Verification (k > m):

oo
Vg = Vg—1bo + b1+ ... = Z Vibi k41
i=k—1

(0. @]
Using v, = kot: koF = g &aibi_k+1
i=k—1

Hence

— - 1y, OO —mut - (O'm,LLt)Z —
o= o= [ ey TN dar) =
i=0 0 i=0 '
/ e~ (mu=—muo)t g A(4) = A~ (mp — muo),
0
that is
o= A"(mu — muo).
Thevo,vy,...,v,_o State probabilities and « are obtained

from the linear system of the first m equations.
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G/M/m queue: waiting time

Probability of queueing an arriving customer:

Pr(queueing) = g v = E ko' = .
: —0
1=m

Queue length distribution (prior to arrival) if arriving

customer joints queue:

m—+k
i = (1—0)o"

Pr(Q = k|queueing) = ——

l1-0

Waiting time distribution if n — m customers enqueue
prior to arrival:

mu ) n—m-41

W™~(s|ln —m) = (s gy

Waiting time distribution if the customers queues:
W~ (s|queueing) =
0
Z W=~(s|ln — m)Pr(Q = n — m|queueing) =

n=—m

(1 —o0)mp
s+ (1 —o)mu

Exponentially distributed with parameter (1 — o)mu.
35



G/M/1 queue: v, versus

X (t) is a Markov regenerative process.

Exercise: global and local kernels of the MRP embedded
at arrival instances.

The stationary distribution, can be computed as:

2 ViTik
D Vi

where 7; is the mean time to the next embedded instance
starting from state j, and 7; is the mean time spent in
state k before the next embedded instance starting from
state j.

Tk

B
U(t
® 1,

|
34% L
T2
L
21
/ T

14% \]/
O €D
N N

T = 1/5\, since the time to the next embedded instance

is an interarrival time.
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G/M/1 queue: v, versus

analysis oflog ‘ t=X |
T | |
uE <
3—T . :
time to arrive level 1
2 | ) / time spent in level 1 before arrival or depar
/ / next departure
11T next arrival

/

A
L

a0

Analysis of 1;:

7 is the sum of 1 4+ 1 — k service times
— Erlang(i + 1 — k,v) distribution

o0 t t—T
Tik =/ / / e " dx frriit1r) () dT dA(T)
t=0 J7r=0 Jz=0

00 t
Tio = / (t —7) ferigt+10)(T) dT dA(2)
t=0 J =0

Level independent behaviour (k>0): Tix = Titjk+tjs VJ

37



G/M/1 queue

Single server: m=1
— vy = kot = (1 — o)o*

PASTA property does not hold:

A
vww=1—-oc#m=1—p=1——

mu
Indeed g =1—p and 7, = p(1 — o)1 (k> 1).

Queue parameters:

_ p — 1 1

K = T = —
l—-o0 uwl—o

o="° Ww=1_0°
l—-o0 ul—o

38



Special G/M/1 queues

A
M/M/1 queue: A~ -
/M/1 ¢ (s) Y
A
O':AN — O e
(n—op) E——
A
0L = —=29p (oo =1)

A\ 2
E>/M/1 queue: A~(s) = ( )

s+ A
by A 1 1
= - =, =2 — — /2 -
g Lo 2u 7 '0+2 ’0+4

D/M/1 queue: A~(s) = e *P

p=pD, oc=A(p—op) = e HP(1-0)

A A
Ho/M/1 queue: A~(s) = P11 + p2A2

s+ A1 s+ Ao

— 2A
pr=p2 =05, A1 =2x=A=1, )\:?
by 2\ 0 0,2 1
p="=22 o=y 2224

po 3 8 64 4

39



Special G/M/1 queues

o Versus p

in H/M/1, M/M/1, Eo/M/1, D/M/1 queues

40



Special G/M/1 queues

Relation of inter-arrival time distributions:

g, =122>cp,, =1>c; =05>c5,=0

pdf

| anbda

=
NN

© o o o
N D OO 00 B
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G/G/1 queue

Renewal arrival process, general service time distribu-
tion, one server, infinite buffer, FIFO.

— X (t) is not a CTMC.

System behaviour depends on service time of customer
under service and the last arrival time.

42



G/G/1 queue: Unfinished work

s, service time of the nth customer,
tn41 inter-arrival time after the nth customer.

Unfinished work, U(t): the amount of time to complete
the service of customers in the system.

u(o)

N

n+2

t t
n+1 n+2
C n C n+1 C n+2

” — wn+5n_tn—|—1 if wn"'sn_tn—i—lzo
ntl 0 otherwise

Wp+4+1 = max(O, wy, + un) = (’wn + Un)+

Stability condition: E(u,) <0
43



G/G/1 queue: Lindley integral equation

Distribution of wu,:

Cn(z) = Pr(u, <z) = / B(t+ z) dA(t)
t=0
Distribution of wy41:
Wht1(x) = Pr(wp4+1 < x) = / Cn(xz —1t) dW,(t)
t=0-

(Wp(x) =0 for x < 0.)

Stationary behaviour (n — oo)

o

W(z) = Pr(w < ) = /

C(x —t) dW(t)
t=0-

Lindley integral equation

44



G/G/1 queue: Lindley integral equation

Solution of Lindley integral equation:

Spectral solution, based on A~(s) and B~ (s).

Numerical approximation:

w1 = max(0,ug + wo)
wo = max(0,u1 + wi1) = mazx(0,u1,ur + uo + wo)
w3 = max (0, us + wr)

= max(0, ug, us + w1, us + u1 + uo + wo),

where wu, are i.i.d. random variables with E(u,) < 0.

One can approximate W (x) based on a finite series, since

lim Pr (Z;L > o) =0
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Phase type distributions

Time to absorption in a Markov chain with N transient
and 1 absorbing state.

If the Markov chain is

e CTMC — Continuous Phase Type distribution (CPH)

e DTMC — Discrete Phase Type distribution (DPH)

Representation:

Initial probability distribution (a) + Markov chain de-
scription

e CPH — generator matrix (A)

e DPH — transition probability matrix (B)

Only for transient states.

46



Properties of phase type distributions

CPH distributions:

Generator matrix: A = [ ‘8‘ 8 ] (a= —AT1)

PDF: f(t) = ae?a
CDF: F(t) = 1 — ae?1
power moments: u, = k! a(—A)*I=k! a(—A)* 1a

det(sI - A)ﬂ
det(sI — A) ]

LST: f*(s) =a(sI—A) la=« [

DPH distributions:

Generator matrix: B = [ ]S’ ll) ] (b=1T-B1)

PMF: pp, = Pr(X = k) = aB*'b
CDF: F(k) = Pr(X <k) =1-— aB*1
factorial moments: v, = k! a(I — B)*B* 11

det(I — ZB)]’L b
det(I — zB)

z-transform: F(z) = za(I-zB) ‘b=z « [

a7



Properties of phase type distributions

CPH

DPH

rational Laplace tr.

rational Z transform

closed for min/max, mixture, summation, ...

f(t) >0

pi=Pr(X=1)>0

infinite support

finite or infinite support

exponential tail

geometric tail

1
N

CVipin = F(N,u) >0

C me <

Erlang distr.

Discrete Erlang or
Determined structure

48




Operations with phase type distributions

Summation:

Z = X +4+Y, where X and Y are independent, X is
PH(a,A) and Y is PH(3, B)

then Z is PH(vy, G) with

y=|a 0]
a=[5 %

49



Operations with phase type distributions

Mixture:

7 — X with probability p,
1 Y with probability (1 — p),

where X and Y are independent, X is PH(a, A) and Y
is PH(S, B)

then Z is PH(vy,G) with

y=|pa (1-p)B ]
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Operations with phase type distributions

Minimum:

Z = Min(X,Y), where X and Y are independent, X is
PH(a,A) and Y is PH(3, B)

then Z is PH(vy, G) with

Yy=al g
G=A®B
where

AnB ... A1.,B
Kronecker product: AR B = : :

AnB ... A..B

Kronecker sum: A@B=ARIz+I.XB
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Operations with phase type distributions

Maximum:

Z = Max(X,Y), X and Y are independent, where X is
PH(a,A) and Y is PH(3, B)

then Z is PH(vy, G) with

y=[a®B|0]0]

G =

AdB | adl | Idb
0 B
0 0
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Multi terminal phase type distributions

There is a Markov chain with N transient state and K
absorbing ones, whose generator matrix is

_A ar ... aK_
A O 0 ... O K
A=1lo + . 2= = —AT
O 0 ... O

T is the time to leave the transient group (first NV states)
and T} is the time to reach absorbing state k. (T =
ming Ty, if T, =T then Tjj,j#k = OO)

defective PDF of T}:

1
— lim —Pr(t<T, A) = ae’t
ka(t) AITO A ’I“(t <1<t -+ ) ae T ayx

because
Pr(T,=T) = fr(t)dt = a(—A)_lak.
t=0
non-defective PDF of Tj|T; = min; Tj:
fr.(t)
C(t) = b e
20 = 5 = 1)
1 aelMay
lim —Pr(t<Tp,<t+4+ A|T, = minT;) =
A—=0 A rt < i + AT j ) a(—A)lay
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Operations with phase type distributions

Conditional distribution:

Z = X|X <Y, where X and Y are independent, X is
PH(a, A) and Y is PH(3, B)

f5(t) can be obtained from the multi terminal PH dis-
tribution

vy=a® g,
G=A®B,
ga — a@ ]Ia
because:
1
lim —P X A X
im — re<X<z+A,X<Y)
= (a® 0)eA®B)7(q ¢ 1)
and

PrX<Y)=(a®B)(—A®B) '(ao 1),
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Operations with phase type distributions

Conditional distribution:

Z = X|X > Y, where X and Y are independent, X is
PH(a, A) and Y is PH(3, B)

f5(t) can be obtained from the multi terminal PH dis-
tribution

v = (a® B|0),

A®B|Igb
0 | A |’

o-|

because:
1
lim —P
AlgwoA rle< X <z+A,X>Y)
= (a ® B3|0)eb*v
and

Pr(X >Y)=(a®B|0)(-G) v,
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Properties of phase type distributions

The simplest CPH distribution is the exponential distri-
bution:

f@&)=xe ™™, Ft)=1—e, f*(s) =X/(s+ )

p=Er=1/)\ and cv? = 1.

cv? is independent of the )\ parameter.

The simplest DPH distribution is the geometric distri-
bution:

(1 —b11)z
1—0b112

pr = Pr(X =k) =071 —b11), F(z) =

u=ETrT = 1/(1—1)11) and cv? =b1=1-— 1/,LL.

The minimal cv? is a function of p !
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Properties of phase type distributions

An example:
7o and mp are CPH and DPH r.v. with representations

(v,A) and (a, B), respectively:

—A A
v = [1,0] , A=[ - _;2]
_ _ | 1-p B1
a—[l,O],B—[ 0 1_52]
1 0 1 0
: )\1 )\2 § %Bl% 552
1-51 1—=p
1 1 1 1
mC—)\—1+>\—2 mD—E‘FE
2_i i 5 1 B 1 1 B 1
(CIRPVRIPT: R L R
2 — A3 4 A3 Cvgzﬁ%_5%52+ﬁg_ﬁlﬁ§
CT (A X0)2 b (81 + B2)?
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Properties of phase type distributions

Example 1) Fix A1 and B1 and find \5*" and B5*" that
minimizes cvZ and cv? :
B1(2 4+ B1)

2—-B1

— the minimal cv? is provided by Erlang(2), but the
minimal cv? is not discrete Erlang(2).

)\2 —_ )\1 ' 2 —_

Example 2) Fix mc and mp, in this case

A
A1 = 2 and 51 = 52 .
mcA2 — 1 mpBz — 1

. y y . . . 2 2 .
Find AZ"" and B2"" that minimizes cvs and cvg

2

mc mp

min __ . min __
AQ — ’ 2 —

— both cvg and cv? are Erlang(2) and the minimal co-
efficient of variations are:
1 , 1 1

2
cvg = — and cvp = — — — .
2 2 mp
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Minimal CV of CPHs

Theorem 1 The squared coefficient of variation of ,
cv?(T), satisfies:

cv? (1) >

(1)

=i

and the only CPH distribution, which satisfies the equal-
ity is the Erlang(N) distribution:
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Minimal CV of DPHs

Theorem 2 The squared coefficient of variation of r,
cv?(7), satisfies the inequality:

( <H>(1M; (1) ifu<N.
cv? (1) > 4 (2)
l — l if uw> N .
. N u

where (x) denotes the fraction part of x.

o for u < N CVyun provided by the mixture of two
deterministic distributions, e.g.:

e for u > N CVy,in provided by the discrete Erlang

distribution:
1 0 0
N N C N C
- O O’
1N 1- N 1- N
H K H
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Special PH classes

A unique and minimal representation of the PH class is
not available yet

— use of simple PH subclasses:
e Acyclic PH distributions
e Hypo-exponential distr. (‘“series”, “cv < 1")

e Hyper-exponential distr. (“parallel”, “cv > 1")
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Acyclic PH distributions

The acyclic PH class allows a minimal representation
with only 2N parameters.

Continuous case: A unique minimal representation of
any ACPH distribution is given in one of the three canon-
ical forms:

The unique representation is based on the elementary
operation:

H
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Acyclic PH distributions

Discrete case: A unique minimal representation of any
ADPH distribution is given in one of the three canonical
forms:

al as an

The unique representation is based on the elementary

operation:
p1 < P2 % : Qp—f@
gm0 — "

P2 D1 D2
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Fitting with PH distributions

Fitting:
given a non-negative distribution find a ‘“similar’ PH
distribution.

Formally:

min {Distance(PH, Original)},

PHparameters

where Distance is a non-negative valued function.

Measures of similarity:

e a function of a given number of moments
(there can be multiple PH distributions with 0 dis-

tance)

e a function of the distributions, e.qg.,
— squared CDF difference: [;“(F(t) — F(t))?%dt

— density difference: [;°[f(t) — f(¢)|d¢

— relative entropy: [;° f(t) log <]f?€3) dt

There are also heuristic fitting methods, which are hard
to formalize.
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Fitting with PH distributions

Moments matching:
Find a PH distribution with the same first K moments.

The PH(N) class has moment limits.
E.g., for an ACPH(2):

o 111 >0
* M2>§M% (CUQ>%)

® /3.

18 T T T T T

16

14

i
12} &0

third power moment

10 <0 B

3m3 ]

1 1 1 1 1
05 0.6 0.7 0.8 0.9 1 11
squared coefficient of variation
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Fitting with PH distributions

Distribution fitting:

Two main approaches:

e EM (expectation maximization) method,

e numerical solution of the non-linear problem:

PHparameters

min {Distance(PH, Ofr‘iginal)}.

General experiences:
e less PH parameters (N? — 2N) — better fitting ,

e ‘‘good’ fitting for smooth, mono-mode distribu-
tions with light tail.

Problems:
e |local minima — dependence on initial guess,

e numerical instabilities: large N (~ 10—), strange
distributions,

e large number of samples.
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Fitting with PH distributions

Approximating distributions with low coefficient of vari-
ation using few phases

— fitting with Discrete PH distributions.

Problems of fitting continuous distributions with dis-
crete PH:

e discretization method

e discrete time step
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Fitting with PH distributions

Fitting continuous distributions:

The r.v. X, with cdf Fx(x), can be discretized over the
discrete set S = {z1,z2,x3,...} using, e.g.:

i =10

i = Fy (xz ‘|‘2513i—|—1) Py (%‘124- $z>

This discretization does not preserve the moments of
the distribution.

A natural requirement of discretization is:
E(X") ~ 6 E(XY), i>1,
where § is the discrete time step.

If it is fulfilled
E(X) ~d0E(Xy) and cv(X) ~ cv(Xy)

— 0 plays significant role in the goodness of fitting.
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Fitting with PH distributions

DPHs with different discrete time steps versus CPH

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

T
L3 pdf
0.1 %
2F 005 - -
0.025 —+—
CPH --- -
— f /X\\ \“ —
1.5 L7 % A
’ X
/x./ TS \\X\
1tk g - N \X\ _
/'/‘ X/
05 I~ /,/ /// -
v P
0 e " ){ 1 1 1 1 1 = o k
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
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Applications of Phase type distributions

Non-Markovian models — Markovian analysis
e queueing models (matrix geometric methods)
e performance, performability models
e stochastic Petri net models

Traditionally continuous time models with CPH were
used.

Recently discrete time models gain importance:
e sSlotted communication protocols
e physical observations at fine time scales
e discrete time stochastic Petri nets

e deterministic or random event time with low vari-
ance

e finite support
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Matrix exponential/geometric distributions

The continuous distribution with density f(¢) is matrix
exponential if the Laplace transform of f(t) (f*(s) =
IS f(t)e~#tdt) is a rational function of s.

ao + a1s + axs?+ ...+ ays?
bo + bis + boxs?2 + ...+ byslN

f(s) =

The discrete distribution on N with probability mass
function p; = Pr(X = i) (i € N) is matrix geomet-
ric if the z transform of the probability mass function
(F(z) =3 ;2 ,%'pi) is a rational function of z.

ao+ a1z + a»z2+ ...+ anzV
bo + b1z + boz2 4+ ...+ by

F(z) =

The order of a matrix exponential/geometric distribu-
tion is the order of the rational function (N).
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Properties of matrix exp./geom. distributions

Constraints on the coefficients:

f*(s)lszo - ]:(Z)lzzl =1

The poles of f*(s) and F(z) are on the left complex half
plane.

Unfortunately, these properties do not ensure a proba-
bility distribution.

The set of matrix exp./geom. distributions of order N
IS a rear subset of the order N rational functions.
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Representation of matrix exp./geom. distr.

Cox’s representation:
Cq Co Cs

Po P P> 1

c;. complex transition rates,
p;. probability of termination.

“Time domain” representation of matrix exp./geom.
distributions:

PDF: f(t) = ae?a
PMF: pp, = Pr(X = k) = aB* b

Where «,a,b are general real valued vectors and A,B
are general real valued square matrices of order N.

Similar to the transform domain representation, only
special cases of {«, A,a} and {«, B, b} result proper PDFs
and PMFs.
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Renewal process

Renewal process:

Point/Counting process with i.i.d. inter-event time

N(t)

N()=2<=>T,<t<T,

Point process. 11,7, 73,...
Counting process: N(t)

Parameters:

e renewal function: M(t) = E(N(t))

e index of dispersion of count: IDC(t) =

o (N (%))
E(N(t))
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Equilibrium distribution

Paradox of random arrival in Poisson process.

Random arrival

Time to the next arrival

T n-1 T n T n+1 n+2 T n+3 T n+4 t
Tn Tn+1 T n+2 T n+3 1 n+4
Paradox:

e 7, (n=1,2,...) is exponentially (\) distributed,

e due to the memoryless property the time to the
next arrival is exponentially (\) distributed as well.

Is ™3 longer or the remaining time is shorter than expo-
nential (A\)777
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Equilibrium distribution

Basic properties:

e the random arrival instance falls in longer intervals
with higher probability,

e inside the selected interval the random arrival in-
stance is uniformly distributed.

Distribution of the length of the selected interval (SI):

tft) _ tf(®)

fs1t) = 1 s @yds — E(r)

Distribution of time to next arrival (T') when the length
of the interval is x:

] 1/ ifO<t<x
fria(t) = { 0 otherwise
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Equilibrium distribution

Equilibrium distribution:

= [ o s do= [ 172 S aa
1o F()
fT(t) - E(T) )

1/s — F*(s) _ 1 — sF*(s) _ 1— f*(s)

fr(s) = E(r) s E(7) s BE(r)

Moments of equilibrium distribution:

[t"(1—F(t))dt  E(r"t1)
E(T) ~ (n+1)E(7)

E(T") =
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Renewal function

Distribution of T;:
Pr(l; <t)=F#)@F() ®...® F(t) = FO(t)

7

Renewal function and inter-arrival time distribution:

oo

M(t) = E(N(t) =) i Pr(N(t) =1i) =

1=0
00 00

Zi Pr(T, <t<Ti41) = ZZ (P’I“(Ti <t) — Pr(Ti4+1 < t))

f:z' (F@(t) ~ F<@'+1>(t>> = iz FO(t) — i(i - 1) FO®@)
1=0 1=0 1=1
— M(t) = i FO(t)
1=1
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Renewal equation

Relation of renewal function and inter-arrival time dis-
tribution:

M(t) = E(N(t)) = F(t) + i FUtD(4) =
1 =1

F(t) + Z/ OF@(t —u) dF (u) =
i=17U=

F(t) + / OZF@(t—u) AF (u)
u=0;—1

— M) =F(t)—|—/ M(t —u) dF(u)
u=0

d
Renewal equation for densities: (m(t) = ﬁM(t))

— () = FO+ [ m—w) f) i

Renewal equation in transform domain:

F(s) ey = M)

M) = 1= F<) 14+ M~(s)
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Initial condition of a renewal process

Depending on the origin of the time access:

e Ordinary renewal process:

Time starts at renewal — the distribution of 71 is
the same.

e Delayed renewal process:

Time starts between renewals — the distribution of
71 is different

Fr(s)
1— F~(s)

M~ (s) =

e Stationary renewal process:

(special case) the distribution of 71 is the equilib-
rium distribution

1-F~(s)

ey I _ TED _ 1
M™(s) = 7 —1F~(s) T 1_F~(s) s E(T)
M) = ﬁT) m(t) = ﬁ
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Behaviour of the renewal function

Taylor expansion of F™~(s):

F(s) =35 F)| =Y (-1 BT
=0 s=0 1=0 |
Series expansion of M™~(s):
. Fs) 1 E(T?) — 2E2(T)
M (8)_1—FN(S)_82 E(T)+ 5 252(T) +o(1/s)

Series expansion of the renewal function:

ot E(T?) — 2E?(T)
M) = E(T) + 2E2(T)

+o(1)

r enewal

0.5 1 1.5 2
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Phase type renewal process

Inter-arrival time is PH distributed.

N(t): number of renewals
J(t): phase of the PH distribution

Logic behaviour:

Tangible behaviour:

i g 0 M g Y g O
§aj 7 §aj ' §aj

0D - S = () o >
—/ F Y% 3 a; ~—_/ 34 0, ~—/ A% g

— {N(t),J(t)} is a Markov chain.
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Phase type renewal process

Structure of the generator matrix:

A | ax

On the block level it is similar to the structure of a
Poisson process.

— "quasi” birth process.
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Phase type renewal process

Phase process (J(t)) is a CTMC:

Logic behaviour: Tangible behaviour:

Generator matrix: Qy = A + ax

Properties:
o fOr s #] QJU = Az'j —I—az-aj > 0,

e QyI=AT+4+aal =Al4+a=0
1
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Phase type renewal process

M) = BV(®), m(t) = = M)

Short time behaviour:

0 1-aA+o(D)
(NE+A)-NOIJ@®) =it =4 1 @’ +o(D)

>1 o(A)
H
E(N(t+A) —N@)|J(@t) =1i) =
{M(A+A)—M@)|J@) =i} = a4+ 0(AD)
H
{m@)[J(t) =i} = a;
N

m(t) =) Pr(J(t) =1i) a; =

1€8
DD aiPr(J(t) =ilJ(0) = j) ai =
jES ieS
>3 [ a=ac®a
jES €S
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Phase type renewal process

The time to the next arrival at an arbitrary time ¢t is PH
distributed with parameters (p(t¢),A),

where p(t) is the transient distribution of the phase pro-
cess (pi(t) = Pr(J(t) =1))

Initial condition of a PH renewal process:

e Ordinary PH renewal process:
p(0) = a,

e Delayed PH renewal process:
p(0) is an arbitrary distribution,

e Stationary PH renewal process:

p(0) = m,
where m is the stationary distribution of the phase
process. (0 =nQy, 71 =1)
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Phase type renewal process

Sojourn time in state 5 in a renewal interval starting
from state i: Tj;.

Mean sojourn time:

5
E(Ty) = ——+ >

O

Aig
1 E(T)

1

k

T=(-A)"1' — ET)=[(-A)"1;
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Phase type renewal process

Sojourn time distribution, i = j:

— Ay a;
t’?’i(s) - s — A. + Z

m b ki

tk@(s)

s th(s) = a; + Z Aty (s)

zk

tii(s) =

k k‘# ’L’L

0= a; —|— Z Aikt;;j(s)
k

in general:

6ij s t;;(s) = a; + ZAikth(S)
k
s Diag(t(s)) = ae + A t*(s),

where e = {1,1,...,1}.
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Phase type renewal process

Mean time spent in 5 in a renewal interval:
T = ZO&ZE(T'@]) — T = a(—A)_l
i

Portion of time spent in 5 in a renewal interval:

_ T > o E(T5) L — a(—A)1
DT 2 2o cE(Tik) a(—A)-11

Vj

Theorem: v = 7 (time average = stationary behaviour)

Proof: »1 =1 by definition, and
a(—A)1 (A -Ala)
a(—A)-11

_ —atala —at« — 0
C a(=A)'T a(-A)-1T

vQ; =v(A+aa) =
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Phase type renewal process

If Q is a generator of an irreducible CTMC then Q is
singular (3Q~1), since 0 is an eigenvalue of Q (0 = 7 Q).

Theorem: (Q — 1) is non-singular.
(I.e. (Q — Iw) ! exists.)

Proof: Assume x # 0 and x(Q — Iw) = 0,
then x(Q — In)I =01 — x1I = 0;

but from x(Q — Iw) = 0 we also have xQ = x1I 7 =0,
0

it is possible only when x is proportional to m, but it is
in contrast with xI = 0.
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Phase type renewal process

Analysis of the renewal function, M(t) = E(N(t)) :

t t
M(t)=/ m(x) d:c=a/ e dr a =
T =0

=0

o0 t2—|—1

/x OZ@' Q' dma_az(wl)'

«
1=

< (i +

“e2 Gy Ut

ti+l

1)1

Q' T (Qy -

QJ (Qy— Im)(Qy — Im)

Ir) ! a

0ifi>0

w(Qs—In) " a

a(e® -D(Qy—Im) 't a—-t alw(Qy - Ir) ' a

-~

1 —Tr

a(eV' —-D(Qy—Inr) tat+twa

since
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Phase type renewal process

Examples:
hyper-exponential: a = {0.5,0.5}, A =

| anbda

0.8}
0.6}
0.4;

0.2¢

renewal

1.2;

0.8
0.6}
0.4;

0.2¢

0.5 1 1.5 2

—10
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Phase type renewal process

Examples:
hypo-exponential: a = {1,0}, A =

| anbda

0.8}
0.6}
0.4;

0.2¢

renewal
0.5¢

0.4;

0.3}

0.2}

0.1




Phase type renewal process

Distribution of the number of renewals
(short term behaviour)
P;j(n,t) = Pr(N(t) =n,J(t) = j),
P(n,t) = {Pj(n,t)} (vector)

The transient behaviour of the (N(t),J(t)) CTMC is

df;it) = P(t)Q, where P(t) = {P(0,t),P(1,t),...}.
For P(0,t) and P(i,t) (i > 0) we have:
M — f’(O,t)A
dt
dP (i, t)

T PG, t)A + PG — 1, t)ac

with initial conditions: P(0,0) = «, P(i,0) = 0.
z-transform:

dP(z,t)

pr P(z,t)A + 2P(z,t)ac = P(z,t) (A + zaa)

with initial condition: P(z,0) = a.
Solution: P(z,t) = a e(Atza00)t
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Phase type renewal process

Distribution of the number of renewals
(renewal theory)

Pij(n,t) = Pr(N(t) =n, J(t) = j|J(0) =)
P(n,t) = {Pjj(n,t)} (matrix)
no renewal in (0,t): P(0,t) = e?

renewal in (0,t) (at time ¢t — u):

t
P(k,t) = / eAt-MaaqP(k — 1,u)du
u=0

z-transform:
t

P(z,t) = e + z/ eAl-aaP (2, u)du

u=0

Solution can be obtained by multiplying with eA* and
calculating derivatives.
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Markov arrival process

A point process characterized by
e N(t): number of arrivals
e J(t): phase of the PH distribution

Restriction in PH renewal process:
the phase distribution is reset at arrivals.

MAP:
the phase distribution after an arrival is arbitrary.

Process behaviour:
i Dlii M Dlii M Dlii
\ D1;; D1; 7 D1;

G/ PLi . \ O/ PLi p \ W/ PLi o,
i i i

— {N(t),J(t)} is still a Markov chain.
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Markov arrival process

Common notation:
e Dy = A — phase transitions without arrival
e D, — phase transitions with one arrival

Structure of the generator matrix:

Do | Dy

Do | Dy

On the block level it is similar to the structure of a
Poisson process.

— ‘"quasi” birth process.
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Properties of Markov arrival process

e the phase distribution at arrival instances form a
DTMC with P = (—Do)_lDl
— correlated initial phase distributions,

e inter-arrival time is PH distributed with representa-
tion (ao,D()), (al,Do), (OzQ,Do),
— correlated inter-arrival times,

e phase process (J(t)) is a CTMC with generator
D = Do+ D1
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Properties of Markov arrival process

e (time) stationary phase distribution « is the solution
of aD = 0,al = 1.

e (embedded) stationary phase distribution after an
arrival « is the solution of tTP =n, 71 = 1.

e stationary inter arrival time (X) is PH distributed
with representation (w,Dg), whose nth moment is
E(X"™) =nlr(—=Dg) "1 .

e the initial and consecutive state dependent density
of the inter arrival time is [f;;(t)] = eP*'Dj.

e the stationary arrival intensity is

 —aDil=— =+
E(X) 7(—Do)'1

e Ssimilar to PH renewal processes
-D -1 -D -1
o — 7'('( 0) — 7T( 0) — )\W(—DO)_l.
m(—Dg) 11 E(X)
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Properties of Markov arrival process

The joint pdf of Xp and Xy is
fxox.(@,y) = meP*D1P*1ePVD, 1.

Due to the Markovian behaviour of MAPs Xy and X
depend only via their initial states !l
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Properties of Markov arrival process

Lag k correlation:

E(XoX:) = / / t 7 weP'D{P* 1P ™D T dr dt
7=0

= w(—Do)2D:1P*1(—Dg) 2 D11

—D,1
1
= 7(=Do) 1P*(—=Dp) 11 = S aP*(—=Dy) 11

Since

/ t ePoldt = [t (Do) e / (Do)~ 1 ePelat
t=0

- 0

and

00 oo 17 41
Dy T+

/ ePoldt = lim § j / tdt = lim 9

t=0 T—ro0 T—o0 — i+ 1

= im0 (&EL 1) = (Do)

T
—00 =0
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Properties of Markov arrival process

Covariance:
Cov(Xo, X;) = E(XoX};) — E?(X) =

1 k ~1 1
Coefficient of correlation:
E(XoX})
Cov(Xo, Xr) _ F(x) 1

Corr(Xo, X)) =

2\ _ 12 T EBE(X?)
B(X?) - BX(X)  EX)
A OéPk(—DO)_l]I —1
2)\ a(—Dg) 11— 1
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Properties of Markov arrival process

In general, forap=0< a1 <as < ... < ag,

the joint density is:
Xy XX, (T0, X1,y oy Tg) =
= mwePoto D Pu—to—1cDomi D Pra—ai—l - oDom I
and the joint moment is:
E(Xp, Xbo, . .., X)) =

= Wio!(—DO)—ioPal—aoil!(_DO)—i1Pa2—a1 o Zk;'(_DO)_Zk]I .
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Batch Markov arrival process

MAP with batch arrivals.

Process behaviour:

: D1; ~ D1; ~ Dl

| | 2|

D1; D1 Z D1

ij ij /
N\

(3 75 X ~
"“V\V‘c oty BT 55 by,
D2
D2,

A
N

— {N(t),J(t)} is still a Markov chain.

105



Batch Markov arrival process

Common notation:
e Dy — phase transitions without arrival
e Dy, — phase transitions with k arrivals

Structure of the generator matrix:

Do D1 D2 D3 D4

Do | Dy | D2 | D3

Properties of matrices Dy:
o Doy: DOZ'j > 0 for ¢ #j, and Dg;; <0

([ J fOFkZlZ Dszo
. Z DI=0 (row-sum=0)
k=0
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Batch Markov arrival process

Properties of batch Markov arrival process:

e the phase distribution at arrival instances form a
DTMC

— correlated initial phase distributions,

e inter-arrival time is PH distributed with representa-
tion (a07D0)1 (a17D0)1 (a27D0):
— correlated inter-arrival times,

e batch arrivals,

e phase process (J(t)) is a CTMC with generator
D= ZZ‘;O Dy

DOij+D1ij+D i
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Batch Markov arrival process

Examples:

e bath PH renewal process:
D() == A, Dk — Pralx.

e MMPP (Markov modulated Poisson process):
Do =Q —diag<A>, D; = diag<A>.

e IPP (Interrupted Poisson process):

Dy = _O‘O_A _aﬁ . Dy =

ol >
oo

e batch MMPP :
Do =Q —diag<A>, Dy = p, diag< A >.

108



Batch Markov arrival process

Examples:

e filtered MAP (arrivals discarded with probability p):
Do = DO +pD1, D;=(1 —p)D1

e cyclicly filtered MAP (every second arrivals are dis-
carded with probability p):

pD1 | Do

e superposition of BMAPs:
Dyx = Dy Dy,

A;1B ... A;,B
Kronecker product: AR B = : :
AaB ... A,B

Kronecker sum: A@B=ARIz+I.XB
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Batch Markov arrival process

e Departure process of an M/M/1/2 queue:
—A A
D() — —)\—,u A D1 | MU
—H p

e Departure process of an MAP/M/1/1 queue:

~ A~

Do D4 e
Do = ~ ~ Dy =
°T [0 [Dg+Dy—pul |’ L=4T(0

e Correlated inter-arrivals (A1 # \2):

=X O _ PA1 (1—p)\1
Do=—"T=21 Dr=ra-pm o

p ~ 1 — positive correlated consecutive inter-arrivals
p ~ 0 — negative correlated consecutive inter-arrivals
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Batch Markov arrival process

Regular BMAPs:
e phase-process (D) is irreducible,

e mean inter-arrival time is positive and finite — Dy
non-singular,

e mean arrival rate, d = ZZ"ZO kD1, is finite.

Properties of regular BMAPs:

e M(t) = E(N(t)) mean number of arrivals,
m(t) = LM (t) arrival rate,

e 7 Stationary phase distribution at arrival,

e « stationary phase distribution (aD =0,al=1)

m(t) = wePid, = tlim m(t) = ad,
— 00

M(t) = /t_o m(z)der = ad t + w(eP' = I)(D — Ia) " 1d
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Batch Markov arrival process

Distribution of the number of arrivals
(short term behaviour):

Pij(n,t) = Pr(N(t) =n,J(t) = j|N(0) =0,J(0) =)
P(n,t) = {P;j(n,t)} (matrix)

The transient behaviour:

d n
—P(n,t) = P(n—k,t)D
7Pt = Y P(— kD

initial conditions:
P(0,0) =1, and P(n,0) =0 for n > 0.

z transform: P(z,t) = Z 2"P(n,t).

n=0

%P(z, t) = i z" Zn: P(n —k,t)Dy

n=0 k=0

— i 2k i zn_kP(n — k,t)Dy = P(Z, t)D(z)

k=0 n=k
Solution: P(z,t) = eP®? since P(z,0) =1
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Batch Markov arrival process

Distribution of the number of arrivals
(regenerative approach):

P(0,t) = P,

t n
P(n,t) =/ e®™> "Dy P(n—k,t—7)dr, n > 1
7=0 k=1

oo

Laplace transform: P*(n,s) :/ e S'P(n, t)dt.
t=0

P*(0,s) = (sI — Do) 7,

P*(n,s) = (sI — Dy) ! ZDk P*(n—k,s), n>1
k=1

z transform: P*(z,s) = Z Z"P*(n, s).

n=0

P*(z,5) = (s — Do) *(I1+ (D(z) — Do)P*(z,5)),

P*(2,5) = (sI — D(z)) 1,

Inverse Laplace transform:
P(z,t) = P2,
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Quasi birth-death process

Continuous time QBD:
{N(t),J(t)} is a CTMC, where

e N(t) is the “level” process (e.g., number of cus-
tomers in a queue),

e J(t) is the “phase” process (e.g., state of the en-
vironment).

{N(t),J(t)} is @ Quasi birth-death process if transitions
are restricted to one level up or down or inside the same

level.
g m m
: Bji M Bii R Bij

Fij | ' Fij ' Fij

Bkk i o Bk i

N/ e L
U—7F - U Fi 3 (i .

T~

Level O is irregular (e.g., no departure).
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Quasi birth-death process

Applied notation:
e F — (forward) transitions one level up (e.g., arrival)
e L — (local) transitions in the same level

e B — (backward) transitions one level down (e.qg.,
departure)

e L' — irregular block at level 0.

(In the L-R book: F = Ay, L=A;, B=A5.)

Structure of the generator matrix:

L' | F
B |L|F
Q= B|L| F

On the block level it has a birth-death structure.

— "quasi”’ birth-death process.
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Quasi birth-death process

Example: PH/M/1 queue

e arrival process: PH renewal process with represen-
tation =, T, (t = —T1)

e Service time: exponentially distributed with param-
eter u.

Structure of the transition probability matrix:

T tT

pl | T—ul | t7

Q= pl | T—ul | tr

ThatisF=tr, L=T—ul, B=ul and L' =T.
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Quasi birth-death process

Example: MAP/PH/1/K queue
e arrival process: MAP Dy, Dy,

e service time: PH(r,T), (t = -T1).

Structure of the transition probability matrix:

L' | F
B | L
Q= B F
L F
B|L

Where

F=D:QRIL, L=DiPT, B=Itr,
F=DiQr, L'’=Dg, B=IQT and
L'=(Do+D1)PT.
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Condition of stability

Phase process in the regular part (n > 1) is a CTMC
with generator matrix:

A=F+L+4+B

Assuming A is irreducible, the stationary solution of A
IS:

aA =0,al=1

The stationary drift of the level process is:
d=oF1I—- aBI1

Condition of stability:
d=aoaFI—-aBlI<O0
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Matrix geometric distribution

Stationary solution: mQ =0, w1 = 1.
Partitioning w: @ = {mo, ™1, 72,...}
Decomposed stationary equations:
ol +mB =0
T F+m, L+ 7,41 B=0 Vn > 1

i T, I1=1
n=0

Conjecture: w, = ®,—1R — 7, = moR"
This conjecture gives:
oL/ 4+ 7w RB =0
ToR"!'F 4+ moR"L + moR"™'B =0 Vn>1

Y mR"M=m(I-R) 'I=1

n=0
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Matrix geometric distribution

The solution is defined by vector o and matrix R:

Matrix R is the solution of the matrix equation:

F+RL+R°B=0

Vector mg is the solution of linear system:
wo(L’+RB) =0
mo(I-R)I=1

Note that L’4+RB (= L'+ FG) is the generator matrix
of the restricted process on level O.
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Matrix geometric distribution

Properties of R:
e the matrix equation has more than one solutions.

o if the QBD is stable there is a solution R whose
eigenvalues (\;(R)) are |[N(R)| < 1 and this is the
relevant R matrix.

e (ifthe QBD is not stable there is a solution R whose
eigenvalues (\;(R)) are |[N(R)| < 1 and this is the
relevant R matrix.)

Stochastic interpretation:

R;; is the ratio of the mean time spent in (n,j) and the
mean time spent in (n—1,7) before the first return to
level n—1 starting from (n—1,1).

In a homogeneous QBD R;; is independent of n.
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Analysis of the level process

Example: busy period of the M/M/1 queue

The busy period of the M/M/1 queue starts when a
customer arrives to an idle system, and it ends when
the system becomes idle again, i.e., “the level process
moves from 1 to 0"

Let T be the time of the busy period and g(s) = E(e~*T)
its Laplace transform.

_p A A Atp )
9(s) A+u>\+u+s+>\+u<>\+u+sg(s)

At the beginning of the busy period the process stays
exp. (A+p) time at level 1. After that it moves to level

O with probability )\_’lf_ and to level 2 with probability
i}
A

A

From level 2, it returns to level O in two steps: from
level 2 to 1 and from level 1 to O.

Due to the homogeneous structure of the chain these
two times are i.i.d.
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Analysis of the level process

v denotes the time of the first visit to level n:
Yo = min(t|t > 0, N(t) = n)
First visit from level n to n — 1:
Gij(t) = Pr(J(yn-1) = j, -1 < t|N(0) = n, J(0) = 1)

d 5 ~
gij(t) = d_Gij(t>, Gii(s) = / e *'g;;(t)dt.
t t=0

Transition from level n to n — 1:
e direct step down,
e transition inside level n,

e transition to level n + 1:

—Lj; B; L;
Gr(s) = ] + Z . Gk;(s)

s — L;
X u kGSkJ#Z z

+ Z Cik Z sz(S)G@(S)>

kesS Lii 0es

that is
0=B4+ (L —-sI)G~(s) + FG™2(s).
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Analysis of the level process

First state visited in level n — 1 starting from level n:

Gij = Pr(J(ym-1) = jIN(0) =n, J(0) =)

Gij = tli—>r?o Gij(t) = Gij == L[}T(\) GZNJ(S) =

0=B+ LG + FG?

124



Restricted process

The state space of the irreducible CTMC with generator
Q is divided into disjoint subset ¢/ and D.

The decomposed generator matrix is

_1Q1 | Qe
Q= Q3 | Q4

Restricted process:

We study the process during its visits to U/. I.e. the clock
is stopped when the CTMC visits D and is resumed when
it returns to U.

The obtained restricted process is a CTMC with gener-
ator

Qu = Q1 + Q2Pp_y
where for : € D and j e U

[Poulij = Pr(X(w) =3 | X(0) =1)
and ~y is the fist time when the process visits U.

From Pp_y = (—Q4)1Q3 we have

Qu = Q1 + Q2(—Q4) Qs

The restricted process is also referred to as stochastic
complement.
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Analysis of the level process

Time spent at level n before visiting level n — 1:

We consider {N(t), J(t)} which starts at level n (N(0) =
n) and terminates when N(t) =n — 1.

Restricted process on level n:
time (clock) increases as long as N(t) = n and it stops
when N(t) > n.

The restricted process is a CTMC with generator

U=L+FG.

The mean time spent in level n is characterized by
(=U)"1, hence

U=L+F(-U)"'B

where L stands for the transitions inside level n and
F(—U) !B describes the effect of transitions to level
n + 1 and the first return to level n.
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Analysis of the level process

E(Ti;) — mean time spent in state {n + 1,j} before the
first jump to level n starting from {n,i} .

7:; is 0, if a transition to level n — 1 or to level n takes
place, hence

BT =Y T oy

k

1

Mean time spent in state {n,i} is

7

The ratio of time spent in {n+ 1,5} and in {n,i} before
a jump to level n is

Fi _
Z —L;; (—U)kjl

R, = -~ T = Zsz (_U)];jl’
—L;; ’
That is
R=F (-U)L
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Matrix geometric distribution

Summary:
Matrices describing a QBD:

Matrix R:

“Ratio of time spent at level n and level n 4+ 1 before
the first return to level n”

F+RL+R°B=0

Matrix G:
“The first state visited at level n—1 starting from n”

Gij = Pr(J(ym-1) = j|No = n, Jo = 1)

FG°4+LG+B=0
Matrix U:
“Generator of the QBD process restricted to level n

before returning to n — 1"

— (=U)~! “mean time spent at level n before
visiting level n — 1"

U=L+F(-U)'B
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Matrix geometric distribution

Relation of matrices describing a QBD:

U=L+FG
—L+RB
G=(-U)"'B
= (-L -RB)'B
R =F(-U)!
= F(-L - FG)1
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Matrix geometric distribution

Properties of R, U and G in a stable QBD:

e R: ‘ratio of mean time spent in level n+ 1 and n”
(0 < Ryj).

The eigenvalues ()\;(R)) are |N(R)| < 1.

e U: is an incomplete generator matrix (for ¢ # j,
0< Uy, 0>U; UILO0).

e G: is a stochastic matrix (0 < G;; <1, GI =T).

The properties of G are easier to check and

R=F(-L-FG)*!
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Transient measure for U

Sojourn probability in level n before moving to level n — 1:

Vij(t) = Pr(N(t) =n, J(¢) = j,m-1 > t|N(0) =n, J(0) = 1)

Vij((|H = h) =
( 0ij h >t

L;
D= Vig(t—h)+

t—h Fz
+22/ b (Vi (t— b — 7)dr <t

\
=
Tt
S
~
<

where g;;(t) = 4G;;(t). Applying the law of total prob-
ability, V;j(t) = fhoio —LiieL“hV;j(ﬂH = h)dh, gives

%j(t) = / —LZ-Z-eL“‘thZ-jdh
h

=t

¢
L;
+ —Ln‘eL”h< E Lk Vij (t — h)+

h=0 ki 21
t=h
+ 35 [ st h ryar Yan
k /¢ =0 — Lu
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Relation of V*(s), U and G™~(s)

Its Laplace transform, Vi(s) = [Z,e Vi (t)dt, gives
~1

V* = I-L-FG~
(s) s G~ (s)

g (s)
The mean time spent in (n,7) is

/OO wj(t)dt_nmv*(s)_( L—-FG); ' = (-U);"
+—0 s—0

By definition
gij(t) = Z Vi (t) By,
k

and consequently
g*(s) = G~ (s) = V*(s)B.

132



Transient measure for R

Sojourn probability in level n 4+ 1 before returning to level n:

1
Ry(t) = lim < Pr (N(t) =m0, =G >
transition in (=A,0)

| N(—A) =n,J(—A) =i> =

= Z Fii: Vi (t).
k

From which Rj;(s) = [ Zoe 5 Ry (t)dt is
R*(s) = FV*(s)

and the mean time spent in (n4+1,5) is

/OO Rij(t)dt = |Im R* (s) =

=0
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Summary of transient measures

From
FV*(s)B = R*(s)B = FG™(s),
we have

V*(s) = (sI— L —FV*(s)B) !,

sR*(s) = F + R*(s)L 4+ R*?(s)B,
and the quadratic equation for G~(s) on page 123.
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Algorithms to compute R/G

e Linear

e Quadratic
— Logarithmic reduction
— Newton's iteration

— Cyclic reduction
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Linear algorithms

Linear progression algorithm to calculate G:

G = 0;
REPEAT

G :=(-L—-FG) 'B;
UNTIL||I - GI|| < ¢

Linear boundary algorithm to calculate G:

G: =1
REPEAT

Goa = G;

G :=(-L—-FG) 'B:;
UNTIL||G — Gyl <€

Linear algorithm to calculate R:

R :=0;
REPEAT
Roaqd = R;

R:=F(-L-RB)*;
UNTIL||R — Rol| <€
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Linear algorithms

Stochastic interpretation of the linear progression algo-
rithm after ¢ iterations:

Go = 0,
G = (—L)_lB,
Gy, = (-L - F(-L)"'B)"'B,
Gsy = ...
where
Ql — ’ Q2 =| B L F 3 Q3 —
B | L
B | L
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Linear algorithms

Stochastic interpretation of the linear boundary algo-
rithm after ¢ iterations:

Go=1,
G, = (—L — F)_lB,

G; = (-L - F(-L - F)"'B)!B,
Gs=...

where

B |L+F
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Discrete time Quasi birth-death process (DTQBD)

{N(t),J(t)} is a DTMC, where

e N(t) is the “level” process (e.g., number of cus-
tomers in a queue),

e J(t) is the “phase” process (e.g., state of the en-
vironment).

Structure of the transition probability matrix:

L' | F

B |L|F

P = B|L| F
B|L | F

B+ L+ F is a stochastic matrix,

L'+ F as well.
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Condition of stability (DTQBD)

Phase process in the regular part (n > 1) is a DTMC
with generator matrix:

P;=F+L+B

Assuming Pj is irreducible, the stationary solution of Pj
is the solution of:

aPj=oa,al=1

The stationary drift of the level process is:
d=aoaFI—- aB1

Condition of stability:
d=aoaFI-aBI<O0
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Matrix geometric distribution (DTQBD)

Stationary solution: wP =m, 71 = 1.
Partitioning w: @ = {mo, ™1, m2,...}
Decomposed stationary equations:
ol 4+ 7B = 7o
1 F+m,L+m41B=m, Vn > 1

i >
Z m, =1
n=0

The solution is m, = woR", where

Matrix R is the solution of the matrix equation
F+RL+R°B=R

that is

F+R(L-I)+R°B=0

Vector mg is the solution of linear system:
mo(L' 4+ RB) = 7o
mo(I-R)1I=1

(L’4+RB =L+ FG is the transition probability matrix
of the restricted process on level 0.)
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Analysis of the level process (DTQBD)

First state visited in level n — 1

starting from level n:

Gij = Pr(J(1a-1) = j,yu-1 < 00| N(0) = n, J(0) = i)

From the stochastic interpretation
Gij = Bij + Z LGy + Z Z Fi.GreGo;
k ko0

from which

0=B+(L-1)G +FG?
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Restricted process (DTQBD)

The state space of the irreducible DTMC with transition
probability matrix P is divided into disjoint subset &/ and
D.

The decomposed generator matrix is

P, | P2
P3| Py

P =

Restricted process:

We study the process during its visits to U/. I.e. the clock
is stopped when the DTMC visits D and is resumed when
it returns to U.

The obtained restricted process is a DTMC with tran-
sition probability matrix

Py =Pi1+ P2Pp_y
where for : € D and j e U

[Ppulij = Pr(X(vw) =3 | X(0) =1)
and ~y is the fist time when the process visits U.
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Restricted process (DTQBD)

The mean time spent in the states of D during a visit
to D is Zz Py = (I — P4)_1.

From Pp_y = (I — P4)~'P3 we have

Py =P; +P2(I1—-Py) 'P3
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Analysis of the level process (DTQBD)

Time spent at level n before visiting level n — 1:

We consider {N(t), J(t)} which starts at level n (N(0) =
n) and terminates when N(t) = n — 1.

Restricted process on level n:
time (clock) increases as long as N(t) = n and it stops
when N(t) > n.

The restricted process is a DTMC with generator

U =L+ FG.

The mean time spent in level n is characterized by (I —
U)~ !, hence

U=L+FOI-U)'B

where L stands for the transitions inside level n and
F(I — U)~ 1B describes the effect of transitions to level
n + 1 and the first return to level n.
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Characteristic matrixes of DTQBDs (DTQBD)

F+RL+R°B=R

FG°+ LG +B =G

U=L+FI-U)'B

Relation of matrices describing a QBD:

U=L+FG
=L+ RB

G=(I-U)"'B
—(I-L-RB) !B

R=F1-U)!
—F(I-L-FG)!

End of discrete time QBDs!!
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LLogarithmic reduction algorithms

Logarithmic reduction algorithm to calculate G:

H:= (-L) 'F;
K := (-L) !B:
G =K:

T = H;
REPEAT

U := HK + KH;
H:=({-U)'H2
K:=({I-U) K>
G := G+ TK;
.= TH;
UNTIL||T - GI|| < ¢

Logarithmic reduction algorithm to calculate R:

H:=F((-L) '

K:=B(-L)*;

R := H,

T := K;

REPEAT
Roq = R;

U := HK + KH,

H:=H2(I-U)"';

K:=K2(I-U)":

R :=R + HT;

T .= KT,
UNTIL||R — Ro|| < e
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Logarithmic reduction algorithms for G

Stochastic interpretation

Embedded discrete time QBD at level changes

B'(0) = (-L)7'B,
F'(0) = (-L)~'F,
L'(0) =0,

and we have G(0) = G from which
G(0) = B’'(0) —|—L’(OZ§(OZ—|—F’(O)G(O)2 :

Approximation of G

148



Logarithmic reduction algorithms for G

Discrete time QBD at entrance of odd (2k+1) levels:
B(1) = B'(0)?,
F(1) =F'(0)?,
L(1) = B'(0)F'(0) + F'(0)B'(0),
for this process
G(1) =B(1)+L(1)G(1) + F(1)G(1)?
and G(1) = G(0)2.

Discrete time QBD process at entrance of odd levels,
where the level is changes:

B'(1) = (I-L(1))'B(1),
F'(1) = (I-L(1)) 'F(1),
/(1) = 0,

for this process
G(1) =B(1)+F(1)G(1)?

That is
G(0) =B(0)+F(©0)G(1) 2
=B'(0)+F (0B (1) +F(O)F (1)G(1)°.

Yo<7Y2 Yo<Yo<Ya Ya<Yo

Approximation of G
G(1) = G(0) + F'(0)B'(1)

Yo<"Va
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Logarithmic reduction algorithms for G

Process at entrance of 2"k + 1 levels:

B(n) =B'(n—1)2,
F(n) =F'(n—1)7,
Ln) =B n-1D)FMn-1)4+F(Mn-1)B'(n-1).

for this process
G(n) =B(n)+Ln)G(n)+F(n)G(n)?
where G(n) = G(n — 1)2.

Discrete time QBD process at entrance of 2"k-+ 1 levels,
where the level is changes:

B'(n) = (I-L(n)) 'B(n),
F'(n) = (I-L(n)) 'F(n),
L/(n) = 0.

for this process
G(n) =B'(n)+F(n)G(n)?

Approximation of G

n—1
G(n) =Gn-1)+][F @B (n)
Yo<yan =1 .
Yorn <Yo<7Yan+1
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Newtons’ iterations

To solve f(x) = 0 start from zo and do

f(xn)

In+1 — Tn

()

f(X)
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Newtons’ iterations

The same approach applicable for operators. Let G :
X - B+ LX 4+ FX?2 and find gX = 0.

The Gateaux derivative of G at point X is also an oper-
ator. It is defined as

G(X):H — lim X +7H) - 6X

7—0 T

According to this definition

G'(X):
H o ”n%Q(XJrTH)—gX
T— T
2 2
H_>”rr(])B—|-L(X—|—TH)—|-F(X—|—TH) (B+ LX + FX*)
T— T
. LTH+ F(X? 4+ X7H + 7HX + 7°H?) — FX?
H— Iim

7—0 T

H - LH + F(XH + HX)
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Newtons’ iterations

The Newtons' iterations for solving gX = 0 is

Go = O for the minimal non-negative solution
GTL+1 = Gn - g/(Gn)_lgGg .
X,

That is G,+1 = G, — X, where X,, is the solution of
G'(Gn)Xn = GGy ,
which is
LX, +F(GuXn + XuGn) =B+ LG, + FG,2 .

In the last expression the unknown matrix, X,, is multi-
plied from both sides.
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Newtons’ iterations

An efficient way to solve

(L+FGp) Xy + FXuGy = B+ LGy + FGy?
B <]

is via the real Schur decomposition of G, = ©’'S,®
where S, is quasi upper-triangular and 0’ = ®'G =1.

Let V, = X,0’ and multiply with ©’ from the right then
EV,+FV,S,=CO’ .

Due to the quasi upper-triangular structure of S, we can
solve the matrix equation column-by-column.

For the first column we have
(E 4+ F[Su]11)[Va]1 = C[O]1 .

Based on [V,]1 we obtain a similar equation for the
second column.

If there are complex eigenvalues S, is not completely
upper triangular, but there might be non-zero element
in the first subdiagonal. In this case a linear system of

two columns ([Vali—1, [Vu]x ) needs to be solved.
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Cyclic reduction

Cyclic reduction algorithm to calculate G:

I/ :=L:
L' :=1L;
F' = F;:
B’ .= B;
G = 0;
REPEAT

L' =L -FL 'B,

L":=L -FL 'B - BL 'F;
F/ = -FL 'F,

B := -B'L'B

L' :=L1",
God = G
G :=-L'"1B;

UNTIL||G — Goa|| < €
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Cyclic reduction

To solve
0 =B+ LG + FG?
look for the solution of

1 2 3 4
L | F G B
B |L|F G2 0

B|L|F G|~ | o
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Cyclic reduction

After an odd-even permutation we have

1 3 5 ... 2 4 6
Lo F G B
L B | F G3 0
L B | F G° 0
B|F L G2 0
B | F L G4 0
B L e 0

where ﬁo = L.
Denoting the parts by Ai, Az, A3z, A4 we have
A]_G‘Odd _I_ AzGeven — Bodd :

A3G0dd+ A4Geven — :
from which

(Al . A2A4_1A3) Godd — Bodd .
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Cyclic reduction

The obtained equation has the form

L1 | Fy G B
B | L | Fy G3 0

B, | L | Fy G| — | o |’
B:| L | Fu G’ 0

where
B:1 = —BoLo 'By ,F1 = —FoLo 'Fo ,
L1 = Lo — FoLo 'Bo — BoLo 'Fo ,

Li = Lo — FoLo !By ,
with BO :B, FO :F, L() = L.
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Cyclic reduction

Iteratively repeating the same shame we have

1 2 3 4
L, | Fu G

B, | Ly | Fu G2't1

B, | L, | Fy G22'+1

B, | L. | Fu G32'+1

where, from the first row,

G =-L'B-L;'F,G>*t! .
G

is the estimated G after n iterations.
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Quasi birth-death process with irregular level O

QBD with general level 0 (e.g., different size):
— irregular part: level O, regular part: level 1,2,...

L | F
B |L" | F
Q= B|L|F

Linear system for g and 71:

L F’
[7olm1] =[0]0]
B'|L" +RB

mol4+mi(I-R)I=1
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Quasi birth-death process with irregular level O

Example: M/PH/1 queue
e arrival process: Poisson process with parameter \,

e service time: PH distributed with representation
7, T. (t=-T1)

Structure of the transition probability matrix:

—A AT

t | T-AI| Al

Q= tr | T-AI| AI

tr | T-AI| A

ThatisF=A, L=L" =T -, B=+tr and F/ = \r,
L'=-) B =t.
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Quasi birth-death process with irregular level O

Example: MAP/PH/1 queue
e arrival process: MAP with representation Dy, D1,

e service time: PH distributed with representation
,T. (t=-T1)

Structure of the transition probability matrix:

Do Di®T

I®t| DodpT | D1 ®I1

Q= Itr | DegdT | D1®I

IRtr DT | Di®I

ThatisF =Di1®RI, L=D¢RI+IT =Dg®dT, B=I1Ixtr
and FF=D;7, L'’=Dg, B=1Ixt.
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Finite quasi birth-death process

When the level process has an upper bound at level m
the generator matrix takes the form:

L' | F
B | L
Q= B F
L F
B|L

Stationary equations:
7TOL’ —|— 7T1B =0
T F +m, L+ 7,1 B=20 1<n<m-1

wm—1F + ., L =0

m
Z m,I=1
n=0
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Finite quasi birth-death process

Due to the finite structure the stationary solution is not
geometric.

Conjecture:

We assume that the solution is a linear combination of
two geometric series starting from the two bounds of
the level process. I.e.,

m, = aR" 4+ 8S™™", VO <n<m,

where matrix R and S are the solution of the matrix
equations:

F+RL+R°B=0
B+ SL+SF=0

If in the homogeneous part the drift is
e negative: |Ni(R)| <1 and |N(S)| <1,
e positive: |A(R)| <1 and [N(S)| < 1,

e zero: [N(R)| <1 and [N(S)| < 1.
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Finite quasi birth-death process

The conjecture satisfies the equations:

w1 F+m, L4+ 7,41 B=0 1<n<m-1

The unknown vectors, a and 3, are obtained from the
remaining equations as the solution of the linear system:

L'4+RB |R™!(F+RL')
la | B] = [0 | 0]
sm-1(SL’ 4+ B) SF+ L'

aZm:R”]I—FBiS”]I: 1
n=0 n=0
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Finite quasi birth-death process

Computation of » "R* (and ) ~s%):
k=0 k=0

o if M(R) <1, Vie(l,...,n):
iRk =I-R"HI-R)™!
k=0

o if |INi(R)| <1, such that \1(R) =1
and [NM(R)| <1, Vie (2,...,n):

m -1
> RF= (I—(R—H)m+1) (I—(R—H)) + mIl
k=0

where
uv
IIH=—,
U
column vector u is a non-zero solution of
Ru=u
and row vector v is a non-zero solution of
vDR=wv.

Note that (R —IDII =II(R —II) =0, II' = II and

R*= (R -1I) + )" = (R-IDF+ R — IDII... +IT°
0
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Piecewise constant infinite QBD with 2 parts

The process behaviour changes at level m:

0 1 -~ m1 m mtl ---
L/
B L
B F
L F
Q=
B |L'| F
B| L | F

Stationary equations:

ol +7mB =0 n =20
T F +m, L+ 7,41 B=0 1<n<m-1
w1 F 4+ w, L + 7Tm+1B =0 n=—m
wn_lf‘+wnﬁ+wn+1]§=0 m+1<n

i T, I=1
n=0
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Piecewise constant infinite QBD with 2 parts

Conjecture:

From levels O to m the solution is a linear combination
of two geometric series and from level m on it is matrix
geometric.

™, = aR" 4+ B8S"™", 0<n<m,

w, =, R"™ = (aR™ 4+ ,B)f{"_m, m < n,

where matrices R, S and R are the solution of the matrix
equations:

F+RL+R?’B=0
B+ SL+S?F =0
F+RL+R’B=0

The conjecture satisfies the regular equations:

T F+m, L4+ 7,41 B=0 1<n<m-1

mn1F+mL+7m1B=0 m+1<n
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Piecewise constant infinite QBD with 2 parts

The unknown vectors, a and 3, are obtained from the
irregular equations (for level O and m) as the solution of

the linear system:

e [ B] -

L'+RB | R"(F+R(L +RB))

Sm—-1(SL/ 4+ B) SF+L"+RB

= [0 | 0]

m—1 m—1
a) R'I+B8) S"I+(aR™+pB)I-R)'I=1
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Piecewise constant finite QBD with 2 parts

0] 1 - m1 m m+1 --- M-1 M
L/
B L
B F
L F
Q= B |L | F
B | L
B F
L | F
5 |1
Stationary equations:
7ToL/ —|— 7T1B =0 n —
T F+m, L4+ 741 B=0 O<n<m
wm 1 F+ m,L + 71'm_|_1]§ =0 n=—m
Wn_1F+anJ+Wn+1B:O m<n<M
wm_1F + 7, L* + 7Tm+1B =0 n=M

i T, I1=1
n=0
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Piecewise constant finite QBD with 2 parts

Conjecture:

T, = aR"4+ 88" 0<n<m,

o =~aR"™ +6SM " m<n<M,

where matrices R, S and R, S are the solution of the
matrix equations:

F+RL+R?°B=0, B+ SL+ S°F =0,

F+RL+R°B=0, B+SL+S%F=0.
The conjecture satisfies the regular equations:

w1 F+m, L+ 7,41 B=0 O<n<m

wn_lf‘+wnﬁ+wn+1]§:0 m<n<M
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Piecewise constant finite QBD with 2 parts

The unknown vectors, a, 3, v and §, are obtained from
the set of linear equations composed by the irregular
equations (for level O, m, m, M), where the two bound-
ary equations for level m utilizes the two different forms
of m,,.

[ | B |~ | d]-
L. +RB R™1 (F+RL”) R™1F 0
Sm-1(SL'+B) SF+L SF ) 0
0 RB L' +RB RM-m-1 (F+RL*)
0 SM-m-1f3  §M-m-1 (B+SL”) Sk + L*

=[0[0]0]0]

m—1 m—1 M—m M—m
ad R'I+B) S'I+~ ) R'I+6) S'1=1
n=0 n=0 n=0 n=0
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QBD with closed form solution

M/PH/1 queue:

Structure of the generator matrix:

A | A
a | A=)l Al
Q= acx | A1 A

aa | A pN |

Stationary solution: wQ =0, 71 =1,

where m = {7‘(‘0,7‘&'1,7‘&'2, .. }

Utilization: p=1—m =X E(PH) = X a(—A)~'1
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QBD with closed form solution

M/PH/1 queue balance equations:
— oA+ ma=20 (x1)
moAa + w1 (A-A]) + moaax = 0 (x2)
Tp_ 1Al + 7, (A-A]) + a0 =0  Vn>2 (x3)

First we show that
A, I=m,41a Vn>1. (x4)

Substituting (x1) it into (x2) gives:
mi(aac+ A —AI) +maac =0

Multiplying this with T from the right gives w1 A1 = m»a.
Recursively substituting the result of the previous step
and multiplying (x3) with T results in (x4).

Substituting (x4) into (x3) gives:
A1+ (A=) + A, Ia =0 VYn >2
and consequently
=1 MAL— A — Mla)™'  ¥n > 2.
R
From (x2) we also have w1 = mpaR.

— matrix geometric distribution:
7, = (1 — p)aR" Vn > 1.
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QBD with “closed” form solution

PH/M/1 queue:

Structure of the generator matrix:

A ao
pul | A—ul | ac
pl | A—ul | aa
ul | A-X1| ax
Stationary solution: wQ =0, 71 =1,
where w = {mo, w1, 2, ...}.
1 1

Utilization: p=1 — w1l =

i E(PH)  pa(—A)-'T
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QBD with “closed” form solution

PH/M/1 queue balance equations:
oA +miul =0 (*)

Tp—1a0 + T (A—pl) + 7 pl =0 VYn > 1 (xx)
From (x) we have mg = pmwi1(—A)~1,

The form of the stationary matrix geometric solution is
, = moR"™ where matrix R satisfies the matrix equation:

ac + R(A—uI) + R%u = 0.

Due to the fact that the first term, aa, is a diad matrix
R is a diad as well in the form R = ar, where r is an
unknown row vector. This diadic form results that r is
proportional with m,,Vn > 1.

From (%) and mp = pumwi1(—A)~! we also have

7oA = —umoar
—/,L7T1 ,uTl'lI
and
1
r =
,LL7T1]I
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QBD with “closed” form solution

Substituting these into (x*) with n = 1 gives:

pmila + w1 (A—ul) + pmiar =0
and

—7T1Qa

T (pla+ A —pul) = —pmwiar = 1.

7T1]I

That is, w1 is the left eigenvector of (pula+ A — ul)
whose associated eigenvalue is the coefficient on the
right hand side.

From 7, = m1R"1 we have

o 1 71 and m,=c"" 7,
1

where ¢ = wia/um1 1.

o = TM1ar =

From Zn 7,1 = 1 the normalizing condition for 71 is

™1 (M(—A)_lll—l— 1 ]I) =1.
l1-—c¢
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QBD with “closed” form solution

On the other hand, multiplying () with T from the right
results

mwoa — 71'1,u]I.
Recursively multiplying (%) with T and substituting the
previous result gives

Tn—1a="myul Vn > 1.

Substituting this into (x*x) we have:
Topla + 7o (A—pl) + 7m0l =0 VYVn>1
hence
7rn+1=7rn£I—A/p—]Ia2 Vn > 1.
this is not R!

This relation does not hold for n = 0, but allows to
compute, e.g.

p = Z 71(I—A/p—Ta)" T =7m1(A/u+ Ia) 1

n=1

in closed form based on 1.
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Inhomogeneous Quasi birth-death process

The transition rates (as well as level sizes) are level
dependent:

e F, — (forward) transitions from level n to n+ 1
e L, — (local) transitions in level n
e B, — (backward) transitions from level n to n — 1.

Structure of the generator matrix:

Lo | Fo
B, | L | Fy
Q= By | Ly | Fs
B; | Ls | Fs

On the block level it still has a birth-death structure,
but with level dependent rates.

The stationary equations are
0 = moLo + m1B1
0= 7Tn_1Fn_1 —|— 7TnLn —|— 7Tn+1Bn+1 for n Z 1
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Inhomogeneous Quasi birth-death process

The level dependent characteristic matrices are:
e R, — ‘“ratio of time spent in level n and n + 1"
o &, — “return probability from level n to level n —1"

e U, — ‘“generator of the restricted process on level
n'.

The stationary distribution has the form: m,4+1 = m,Rn

With this form the stationary equations become
0 = 7o (Lo + RoB1)
0 =mp—1 (Fn—l + Rn—an + Rn—anBn+1) for n > 1

The level dependent analysis of the characteristic ma-
trices gives

0=Fu1+ Rn1Ln + Rn—anBn—l—l
0 =B, + LnGn + FnGn—l—lGn

Up =Ly 4+ Fu(—Upy1) 'Bups
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Inhomogeneous Quasi birth-death process

Relation of the level dependent characteristic matrices

Un — Ln + Ran—l—l
=L, + FnGn—I—l

Gn — (_Un>_1Bn
— (_Ln - Ran-l—l)_an

Rn—l - Fn—l(_Un)_l
— Fn—l(_Ln - Fn+1Gn+1)_1
Numerical solution:

e start from a high level N,
assuming Ry = Rn_1 (or Gy = GN41),
and solve the quadratic equation for Ry (or Gn),

e iteratively compute R, from Rn_1 to Ry,

e Obtain ™0 from 7T0(L0 -+ R()Bl) =0
and mo Y ,_o [[io Ril = 1.
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G/M/1-type process

{N(t),J(t)} is a CTMC, where

e N(t) is the “level” process (e.g., number of cus-
tomers in a queue),

e J(t) is the “phase” process (e.g., state of the en-
vironment).

{N(t),J(t)} is a G/M/1-type process if upward transi-
tions are restricted to one level up and there is no limit
on downward transitions.

’ Fi Fij Fij ?
oS 0 Ny S

Level O is irregular (e.g., no departure).
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G/M/1-type process

Notation

e F — transitions one level up (e.g., arrival)

e L — transitions in the same level

e B, — transitions n level down (e.g., departure)

e F' — irregular block from level O to level 1.
e I’ — irregular block at level 0.
e B/ — irregular blocks down to level O

Structure of the transition probability matrix:

L | F

B |L|F
Q=| B, |B;| L

B, | B, | B;

On the block level it has a G/M/1-type structure.
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Condition of stability (G/M/1-type)

Asymptotically (n — o) the phase process is a CTMC
with generator matrix:

A=F—|—L—I—iBi
i=1

Assuming A is irreducible, the stationary solution of A
iS:

aA =0,al=1

The stationary drift of the level process is:

dzaF]I—aZi B; 1
=1

Condition of stability:

d:aFI[—aZz'Bi I<0
1=1
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Matrix geometric distribution (G/M/1-type)

Stationary solution: wQ =0, w1 = 1.
Partitioning w: @ = {mo, ™1, 72,...}

Decomposed stationary equations:

moLl' + Zﬂ'iBg =0
i=1

71'0F/ —I— 7T1L —|— Z 7TZ'_|_1Bi =0
=1

maF+mL+ ) myBi=0 Vn>?2

=1 B
o0
Z m,1=1
n=0
Conjecture: m, =m,-1R, Vn>1 — 7w, = m R 1
where, matrix R is the solution of the matrix equation:

F+RL+ZR@'+1Bi=0

1=1
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Matrix geometric distribution (G/M/1-type)

The conjecture satisfies the equations:

wn_1¥F + 7w, L + Zﬂ'n_H'Bi =0 YVn>2
i=1

The remaining unknowns, mgo and 71, are the solution
of the linear system:

L/ F’

i R™B! | L+ i R'B;
=1 i=1

[7o[m1] =[0]|0]

mol+m(I-R)I=1
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Matrix geometric distribution (G/M/1-type)

Linear algorithm to calculate R:

R :=0;
REPEAT
Roa =R,

R _F<—L ZR’ )1;

UNTIL||R — Ry <

Linear algorithm to calculate R:

R :=0;
REPEAT
Roq = R;

R = (—F — iRiHBi) L1

=1
UNTIL||R — Roy|| < e
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Matrix geometric distribution (G/M/1-type)

Properties of R:
e the matrix equation has more than one solution.

e if the G/M/1-type process is stable there is a so-
lution R whose eigenvalues (\;(R)) are |[NM(R)| < 1
and this is the relevant R matrix.

e (if the G/M/1-type process is not stable there is a
solution R whose eigenvalues (A\;(R)) are [N(R)| <
1 and this is the relevant R matrix.)

Stochastic interpretation:

R;; is the ratio of the mean time spent in (n,j) and the
mean time spent in (n—1,7) before the first return to
level n—1 starting from (n—1,1).

In a homogeneous G/M/1-type process R;; is indepen-
dent of n.
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Matrix geometric distribution (G/M/1-type)

Properties of the level crossing process:

e Matrix G cannot be used, because it is level depen-
dent.

e Matrix U, remains level independent.

Interpretation of U :

The transient generator of the Markov chain restricted
to level n before the first visit to level n — 1.

Consequently —U~1 is the mean time spent in level n
before the first visit to level n — 1.

U satisfies:

U=L+ i (F(-U))'Bi=L+ f:RZ’Bi.
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M/G/1-type process

{N(t),J(t)} is a CTMC, where

e N(t) is the “level" process (e.g., number of cus-
tomers in a queue),

e J(t) is the “phase” process (e.g., state of the en-
vironment).

{N(t),J(t)} isan M/G/1-type process if downward tran-
sitions are restricted to one level down and there is no
limit on upward transitions.

—

IIJ
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M/G/1-type process

Notation
e L — transitions in the same level
e B — transitions one level down (e.g., departure)
e F,, — transitions n level up (e.qg., arrival)
e L' — irregular block at level 0.
e B’ — irregular block from level 1 to level O.
e F. — irregular blocks starting from level O

Structure of the transition probability matrix:

L' |F,|F,| F,|F,

B | L |Fi|F2| F3

Q= B|L|F|F,

B | L |F;

On the block level it has an M/G/1-type structure.
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Condition of stability (M/G/1-type)

Asymptotically (n — oo) the phase process is a CTMC
with generator matrix:

A=B—|—L—|—§:Fi
i=1

Assuming A is irreducible, the stationary solution of A
iS:

aA =0,al=1

The stationary drift of the level process is:

d=a2i F;1—aB 1
=1
Condition of stability:
d <0
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Stationary solution of M/G/1-type process

Stationary solution: wQ =0, 71 = 1.
Decomposed stationary equations:

7TOL/ —|— 7T1B/ =0

n—1
moF, + ) miFu i+ mL + 701 B =0
1=1

i T, I1=1
n=0

Inhomogeneous dependency structure
— non-geometric solution

Invariant metric of the level process:
matrix G (fundamental matrix)

B+LG+ZFiGi+1 =0

1=1

Vn > 1
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Stationary solution of M/G/1-type process

Properties of G:
e the matrix equation has more than one solution.

e if the M/G/1-type process is stable G is a stochas-
tic matrix,

o (if the M/G/1-type process is transient G is a sub-
stochastic matrix.)

Stochastic interpretation:

G;; is the probability that starting from (n,i) the first
state visited in level n — 1 is (n—1,7).

In a homogeneous M/G/1-type process Gj; is indepen-
dent of n.

(Matrix R cannot be used.)
(If B=~"-v, wherevI=1, then G=1-v.)
Matrix U satisfies

U= L—l—iFi((—U)lB)l

=1 G
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Stationary solution of M/G/1-type process

Linear algorithm to calculate G:

G =1
REPEAT

Goa :=G;
1

(—L ZF G’) B;

UNTIL||G — Gold|| <e

Linear algorithm to calculate G:
G =1
REPEAT
Goa = G,
G:=L1!|-B- ZFG“rl

UNTIL||G — G| < €
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Stationary solution of M/G/1-type process

Non-geometric solution — iterative computation of w;:

Ramaswami proposed the following one:

i—1
T = — (Wosg + ZwkSik> So_l , Vi>1,
k=1
where for ¢ > 1

Si=> FG*' S;=) FG“' and So=L+S:G.
k=1 k=1

The initial o vector is the solution of the linear system:

o - (L/ — Sll(S())_lB/) =0

—1
00 e

ﬂoﬂ—ﬂozsg ZSj I=1
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Stationary solution of M/G/1-type process

Let us consider the restricted process on level O and 1:

L' | S]
QoL =

B’ | So

where S| contains all possible transitions from level O to
level 1, Sll = 220:1 Fi{Gk_l, and So = U= L+Z;}i1 FiGZ.

Further restricting the process to level O,
Q¥ =L+ S1(-So) "B’ ,
from which

mo(L' 4+ Si(—Se)~'B’) = 0.

From (7o, 71)Q(1) = 0 we have

T = ﬂoSll(—So)_l .
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Stationary solution of M/G/1-type process

Similarly, let us consider the restricted process on level
0, 1 and 2:

L' |F,|S,

QO =B |L|S;

B | So

where

e Sy describes the first transition from level £ (£ > 1)
to level ¢ 4+ k without visiting levels ¢ + 1 through
i+ k—1.

e S| describes the first transition from level O to level
k without visiting levels 1 through k£ — 1.

From (o, w1, 72)Q%:12) = 0 we have

Ty = (71'08/2 + 71'181) (—So)_l .

Level by level increasing the size of the restricted process
we obtain the Ramaswami formula.
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Stationary solution of M/G/1-type process

We introduce an artificial infinite block structure of each
levels to compose a QBD process.

level O 1 2

QL’ L B
block O O B’ B
Fi)
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Stationary solution of M/G/1-type process

Block structure of the infinite phase QBD process

L' | F
B | L | F
Q = B|L|F Fe |t
|
B | L ¥
L' |F,|F,|--- B’
L,: _I B/:
—1
L |Fi| Fs B
—1
]L: , IB:
|
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Stationary solution of M/G/1-type process

At level O we have the stationary equation

0 = mpll' 4+ 7 B.

The partitioned form of this equation is
0= 71'6701/ + 7r’1’OB’, block 0, (0%*)

0= —mh I+ 7 F}, blocki. (0%*)
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Stationary solution of M/G/1-type process

Form the transition structure of the QBD process we
have

G
G2
G3

Restricting the QBD proces to the first n levels gives

L' | F
B | L
Q, = B F ,
L| F
B | L+FG
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Stationary solution of M/G/1-type process

where

FG = ,

and

L—I—FG — )

from which

0=, F+=n (L+FG).
The partitioned form of this equation is

O=ml_ 1+ oL+ > «,,GF block 0, (%)
k=1
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Stationary solution of M/G/1-type process

From (**) we have
/ - / /
7Tn,i - 7Tn—l,i—l—l _I_ 7I-n,OFi'

into (*) we have

?

Substituting

0 0
— / / 2 : / k 2 : / k
0 = T‘-'I’L—l,l + ﬂ-n,OL + 7T7’L—1,k‘+1G + Wn,oFkG' 3

.0 (L + Z Fka> + Z W;L—l,ki'l‘le?

k=1 k=0

from which

00 00 -1
k=0 .

1=1

7

~~

So "
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Stationary solution of M/G/1-type process

Now, we look for a recursive evaluation of 7}, _, ...

Applying (**) for block i 4+ 1 and level n — 1 we have

/ _ ! / .
Tn—1,i+1 — Tp—2,i42 + 7Tn—1,oF1+1 3

and similarly

/ _ ! / .
Tn—2,i+2 — Tn—3,i+3 + 7Tn—z,oFl+2 3

Repeatedly applying this up to level O we have:
n—1

/ Y /
Tn—1,i+1 — T0,i4+n + E :Wn—j,OFi-l-j .
Jj=1

and using mg ;. = o oFiy; from (0**) we have

n—1
i =7y oFiL, + 7w oFiLs
n—1,+1 — 0,0+ i+n n—j3,0+ i+j -
j=1
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Stationary solution of M/G/1-type process

Substituting this into (***) we have

00
/ ) -1 __
77;1,0 o (Z 7I-nl,i-l-lG'Z> So " =

=0

(Z 70,0Fi4nG ) ST

oo n—1

) -1
Zzﬁfw—j,oFiHGz So T =
1=0

— (m0Sh) S0t — Zw;uos Sp !

Finally, considering that the QBD process restricted to
block 0 is equivalent with the M/G/1 type process we
can establish the relation of their stationary probabili-
ties:

7Tn,0

pr— v .
/
g 777;,0]1
i=0
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Computation of =

Let Qo be the generator of restricted CTMC of the
original M/G/1-type process on level 0.

Q=L+ Z F1. Py 0,
k=1
where

Pio = Pr(J(v) | X(0) =k, J(0)).

From the regular structure of the £ > 1 levels we have
Py, 0 = G* 1P, and similar to the equation defining
matrix G matrix P1_ satisfies

B'+LPiso+ ) FiG'P10 =0,
k=1

from which

Piso=—-(L+ Z F.GF)™'B' = -S 'B’
k=1
and
Qo =L+ ) FGF(—Sp)'B' =L+ 8/(—So) 'B"
k=1
o satisfies mpQoe = 0.
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Normalizing mg

From
1—1
T = (ﬂ'gsg + Zﬂ'ksik> (—So)_l , Vi>1,
k=1

assuming S, =0, §'(z) = 3.°°, 8!z and S(z) = 3.2, Sz’
we have

w(z) =) 2wzt =
70 + 08/ (2) (—S0) L + (F(2) — 70)(S(2) — S0)(—So) !

and than

#(2) = 7o (I _ §'(z)§(z)—1> .
The normalizing equation is

1= imn = 7#(1)I = wol — oS (1)(S(1)) ! 1

=0
-1

:71'0]1—71'0( S;) ZSJ 1.
=1
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Normalizing mg

Without introducing the transforms we have

oo 1—1

Y om o= ZWOS< So) M+ D > miSik(—So) Y,
=1

1=1 k=1

= Wozsi(—so)_l + (Z 7Tk:> (Z Si> (—=So) ™,
=1 k=1 =1
Multiplying with —Sg from the left gives

iﬂ'i (—So—isi> = Woisg
=1 =1 =1

from which we obtain the same normalizing equation
—1

1:71'0]1—71'0 (iSi) f:SJ 1.
1=1 7=0
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MAP/G/1 queue

(based on " Lucantoni: New results ..."” paper )

Special case:
the M/G/1-type structure is resulted by a BMAP/G/1
queue with:

e BMARP arrival process: Dg,Dq1,Do,...

e (general) service time distribution: H(t)

Notations:

e number of arrivals in (0,t): N(t)
e D=) D; D(2) =) Dy
1=0 1=0

e arrival intensity: \ = 'yf:ka]I, where ~ is the
solution of vyD = 0,1 = kl:1
e utilization: p=X/up (1/p is the mean service time)
e Pyj(n,t) = Pr(N() =n,J() =7 | J(O) =1)
f’(z,t) — Pt
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MAP/G/1 queue

Stationary queue length at departure

Embedded DTMC:

Bo | B:1 | B2 | Bs

Ap | A1 | Az | A3

Pr(phase moves from i to j and there are n arrivals
during a service)

e [B.]i; =

Pr(phase moves from ¢ to j and there are n+1
arrivals during an arrival and a service)
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MAP/G/1 queue

Av= [ PO, Bi=-DyY Dipahn
t

=0 k=0

oo

A(z) =) 2" Ap= z_%z” /:Op(n,t)dﬂ(t)

n=0
= P(z,t)dH(t) = / ePDtIH (1)
t

B(z) = —Do !} [D(z) — Do] z 1A(2).
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MAP/G/1 queue

Stationary equation of the embedded process:
i+1
7 = woB; + Z A1k, ©2>0
k=1

Multiplying the ith equation with 2z and summing up
gives.

7(z) = woB(2) + 2z (7 (2) — o) A(2).
and the queue length distribution at departure is:

7(2) (zI — A(z)) = 7o (ZB(Z) — A(z)) (%)
= mo(—=Do) "D (2)A(2),

Let G(z) = 3.°°, 2"G(n) where
Gij(n) = Pr(Jy,=j,yvo=n| Jo=14,No=1)
Transition from level i (¢ > 1) to level 1—1:
G(2) =2Y AGHz), G=) AGH
k=0 k=0

Transition from level O to level O:

K(z) =2) BiG"(z), K=) BiG"
k=0 k=0
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MAP/G/1 queue

The unknown vector, mg, is calculated based on the
stationary solution of the restricted process on level O
(k) and the mean time to return to level 0 (k*):

K

o =
KK*

where k is the solution of kK = Kk, kI = 1, and the
normalizing constant is computed from the mean time
to return to level O,
d
k'= —K(2)1I
dz =1

7o c€an also be normalized based on z — 1 in ().
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MAP/G/1 queue

Computation of k*

d d <& ~
*= —“K(2)1 = B.G* ()1
K= (2) dzz; K GF(2)

z=1 z=1

o oo d R
=3 Bi G*1+ > BkEGk(Z)mzzl
k=0

1 ., k=0

=9

o

0 k-1
Bkw+ZBkZGJa(1> Gk_j_lg.
0 y 1 k=0 '=(o*> 1

(x) closed form expression is given at finite QBDs.

(>
|
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MAP/G/1 queue

Computation of the last term, @(1)]1

~ d ~ d ~
G(DI=—G()1|,=1 = — ALGF(T
(1) - (2)1|.=1 dzzkz:% KG"(z) _

o0 o0 d .
— k k —_
=> AG'T+ ) A——G (2)1)=1 =

k=0 k=1

1
00 k—1

=1+ ) Ay GGG 1=
k=1  j=0
00 k—1

=1+ ) AY GGQA)I=
k=1 1=0

——

(*)
(%) closed form expression.
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MAP/G/1 queue

Stationary queue length distribution at arbitrary time:

The (N(t),J(t)) process of a MAP/G/1 queue is a
Markov regenerative process with embedded points at
departures.

The stationary distribution (¢/(z)) can be computed based
on the embedded distribution (7w(z)) and the mean time
spent in different state in a regenerative period.

E(time in (£,7) in a reg. period | N(0) =k, J(0) = 1)
For k</¢, k>0

T(k,0) = /;OOP(E—k,t) (1— H(t)) dt .

For¢=k=20

T(0,0) =/ ePol dt = (=Dg) 7t .
t=0
For k=0, ¢>0

l o0
T(0,£) =Y (Do) 'Dy P({—k,t) (1—H(t)) dt .
~ t=0

k=1 1st arrival
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MAP/G/1 queue

From Markov regenerative theory

12
> mT(k, L) ,
= =) mT(k,0)
> me Yy T(k,n)I k=0
k=0 =k

where the denominator is the mean time of a regenera-
tive period, i.e., mean inter-departure time. When the

system is stable it equals to the mean inter-arrival time,
1/

For ¢ = 0 we have

o = Amo(—=Do)*

which satisfies 19,1 = 1 — p, since mo(—Dyo) 11 is the
mean idle time in a regeneration period.
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MAP/G/1 queue

For ¢ > 0 we multiply with zf and sum up from 1 to oo

Y(z) — Yo = B
Amo(—Do) 1 (D(z)—Do) | P(z) (1-H(t)) dt +
N =0
A (2) —m0) [ P(2) (1—H(t)) dt =

t=0

A(wo<—Do>1D<z> +w<z>) / P 1—H@®)) dt |

=0
where

/OO P(2)(1 — H(t)) dt =

=0

/ Pt gy / ePTH (4) dt =
t=0 t=0

/ ePDt gy / (—D(2)) PPt gH () =
t t

=0 =0

(-D(2))"'(1 - A(2)) .

Note that, D(z) and A(z) commutes.
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MAP/G/1 queue

Y(z) — Yo =
/\<7ro<—Do>-1D<z> 4 w<z>) (-D())"1(1 — A(2)) =
A( ~ o~ Do) +w<z><—D<z>>1) (1 A®) =

N ~- y
— o + Amo(—=Do) tA(z) + Ar(2)(—D(2))" ' - A(z))

Simplifying with 19 and substituting mwo(—Dg) D (2)A(2)
according to (%), using that D(z) and A(z) commutes,
gives

W(z) = An(z2) (21 — A(z))(D(Z))—l +
Am(2)(—=D(2)) (I - A(z)),

and we finally get

Y (2)D(z) = Az — 1)7w(2).

The inverse transformation gives

¢
Yep1 = (Z YrDoy1-x — A(me — 7T£+1)> (—Do)~ 1.

k=0
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Fluid models

A simple function of the current state of a discrete state
stochastic process, S(t), governs the evolution of a con-

tinuous variable X (t).

When the discrete state stochastic process is a CTMC

e {S(t),X(t)} is a Markov process = Markov fluid
model.

Fluid models: bounded evolution of the continuous vari-
able.

X 3
B i %
: : r e
rk ]
i :
0 : :
SUN i t
K| SRS S
[ SR —
|
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Classes of fluid models

e finite buffer — infinite buffer,
e first order — second order,
e homogeneous — fluid level dependent,

e barrier behaviour in second order case

— reflecting — absorbing.
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Buffer size

Infinite buffer: X (¢) is only lower bounded at zero.

Finite buffer: X (t) is lower bounded at zero and upper
bounded at B.

X . : : X(1)
B :
3 r r :
M : ! k M " "k
r : I :
0 : : 0 -
SN 3 : t S ? i t
| f— i —
t t
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Fluid evolution

First order: the continuous quantity is a deterministic
function of a CTMC.

Second order: the continuous quantity is a stochastic
function of a CTMC.

X() ‘
| | °
B I : fluid level
‘ ‘ 8l uid level
. . r 7F
. . r
r i k
3 ke 6
N :
0 : : 5r
O : t
SO : : 4r
. : 3r
L ol 25—
_ T
0
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Interpretation of second order fluid models

Random walk with decreasing time and fluid granularity.

Fluid
level

.

< >
CTMC dtate
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Dependence on fluid level

Homogeneous: the evolution of the CTMC is indepen-
dent of the fluid level.

Fluid level dependent: the generator of the CTMC is a
function of the fluid level.

S()
\ X(t)
[ — _>
S(t) ? =1 4y X ()
" A x()
- - - Al

QX(®)

226



Boundary behaviour of second order fluid models

Reflecting: the fluid level is immediately reflected at the
boundary.

Absorbing: the fluid level remains at the boundary up to
a state transition of the Markov chain.

B STy B
=0 r, <0 Gi=0 r, <0
: t : t
SONE SONE
K | A SR K | A SO
I e I e
B (TS R T S
t t
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Interpretation of the boundary behaviours

) ~=——  Upper boundary
%) A
e
<

Fluid
level

|
|

Y

< >
CTMC state
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Transient behaviour of fluid models

First order, infinite buffer, homogeneous case

During a sojourn of the CTMC in state ¢ (S(t) = 1) the
fluid level (X (¢)) increases at rate r; when X (t) > O:

Xt+AD)—-X@) =r if S(t) =1, X&) > 0.
that is
d

aX(t) =r, if S(t) =1,X() > 0.

When X (t) = 0 the fluid level can not decrease:

d
EX (1) = max(,0)  if S@) =4, X(1) = 0.
That is
d . TS(t) if X(t) > 0,
)= { max(rg,0)  if X(¢) = 0.
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Transient behaviour with finite buffer

When X (¢t) = B the fluid level can not increase:

d
SX(1) =min(r,0), if S(4) =4, X(t) = B.
That is
d TS(t)s if X(t) > 0,
£X(t) = max(rs(t), 0), if X(t) =0,
miﬂ(’l“g(t),O), if X(t) = B.
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3.2 Transient behaviour of fluid models

Second order, infinite buffer, homogeneous Markov fluid
models with reflecting barrier

During a sojourn of the CTMC in state: (S(t) = 7) in the
sufficiently small (¢,t+ A) interval the distribution of the
fluid increment (X(t 4+ A) — X(t)) is normal distributed
with mean r,A and variance o?A:

X+ A)— X (@) =NrA, o2D),
if S(uw) =1i,ue (t,t+A),X(t)>O0.

At X (t) = 0 the fluid process is reflected immediately,
— Pr(X(t) =0) =0.
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3.2 Transient behaviour of fluid models

Second order, infinite buffer, homogeneous Markov fluid
models with absorbing barrier

Between the boundaries the evolution of the process is
the same as before.

First time when the fluid level decreases to zero the fluid
process stops,

— Pr(X(t) =0) > 0.

Due to the absorbing property of the boundary the prob-
ability that the fluid level is close to it is very low,

Pr(0<X()<A) —0
A .

— limMa_o
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3.2 Transient behaviour of fluid models

Inhomogeneous (fluid level dependent), first order, infi-
nite buffer Markov fluid models

The evolution of the fluid level is the same:

a _ 5t (X (1)), if X(t) >0,
() = { max(reey (X(9),0),  Iif X(8) =0,

But the evolution of the CTMC depends on the fluid
level:
_Pr(S(t+2) =4IS®) =) _

lim A = q;;(X (1)) .

The generator of the CTMC is Q(X(t)) and the rate
matrix is R(X(t)).
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3.3 Transient description of fluid models

Notations:

mi(t) = Pr(S(t) = i) — state probability,
ui(t) = Pr(X(t) = B, S(t) = 1) — buffer full probability,
;(t) = Pr(X(t) = 0,S(t) =) — buffer empty probability,

pi(t,z) = KTO %P’r(a: < X@t)<z+A,S({) =1)

— fluid density.

= m(t) = 4:(t) + wi(t) + [ pi(t, x)de.
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3.3 Transient description of fluid models

First order, infinite buffer, homogeneous behaviour.

Forward argument:

If S(t+ A) =1, then between t and ¢t + A the CTMC
e stays in ¢ with probability 1 + ¢;; 4,
e moves from k to ¢ with probability g, A,

e has more than 1 state transition with probability
o(A).

235



3.3 Transient description of fluid models

Fluid density:
pit+A,z2) = 1+ qud) pi(t,z —r; D)+
> aud pr(t,e — O(A)+
kS, ki
o(A)

where lima_oo(A)/A =0 and lima_,0O(A) = 0.
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3.3 Transient description of fluid models

pi(t+ A, x) —pi(t,z —riA) =
Y au pr(t,z — O(A)) + (D),

keS
pi(t+ A, z) — pi(t, ) n Dt 2) —pilt,z — i)
A ' riA A
> ai pr(t,z — O(A)) + U(A )

keS

0 8]
—p; (T, i—pi (T, = i t, X
5" (t,z) +r o (t,x) k:eZSQk pr(t, z)
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3.3 Transient description of fluid models

Empty buffer probability:

If r, > 0,
— the fluid level increases in state 1,

s 0,(t) = Pr(X(t) =0,5(t) = i) = 0.
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3.3 Transient description of fluid models

If r; < 0:
G4 A) =
—r, A
(14 qudD) <€i(t) + / pi(t, x)da:) +
<0 ,,

Ve

*
O(A)
> aud <ek<t>+ / pk<t,w>dx>+
J0 P

keS ki

o(n)
o(AD) .
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3.3 Transient description of fluid models

When » < —r; A, then

pi(t7 CE) — pi(ta O) _I_ xp;(ta O) + O-(A) )
and

-1 A
* = / pi(t, z)dx
0

—TriA —rA —r; A
=/ pq;(t,O)d:v—I—/ a:p;;(t,O)d:r;—I—/ o(A)dzx
0 0 0

(—riA)?

= —’r‘iA pi(t, O) ‘l‘ p;;(ta O) +\(_TZA) O-(A)J :

(D)

\ .

o(A)
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3.3 Transient description of fluid models

From which the empty buffer probability:
L+8) = (+ad) (GO —rldpt0) +0(A) )+
Y aud ((t) +0(A) + (D),

kES ki
L+ A) —4(1@) = qud 4i(t) —riApi(t,0)+

Y aud ((t) +0(A) +a(D)

kES ki
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3.3 Transient description of fluid models

and

Ci(t+ A) — 4;(t) _

A
i p(0) + Y an (4(0) +0(a) + T
keS
Co) = —rin(t0)+ Y aw L)
¢ keS
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3.3 Transient description of fluid models

Set of governing equations:

Fluid density:

O o
Epi(t’ x) + Tiapi(t, x) = Z qki Pe(t, ) ,

keS

Empty buffer probability:
if r, <= 0:

d

—4;(t) = —ri pi(t,0) + > ari & (1),

dt

keS

if r; > 0:

;(t) =0.
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3.3 Transient description of fluid models

By the definition of fluid density and empty buffer prob-
ability:

/Ooopz'(t,l‘)dx + 4 (t) = mi(t) .

In the homogeneous case:

%m‘(t) = Z%i (1), — mi(t) = m(0)e?t
keS
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3.3 Transient description of fluid models

First order, finite buffer, homogeneous behaviour.
If there is also an upper boundary:

if r; < O:
uz(t) =0,

if r; > 0:

%uz(t) = 7 pi(t,B) + qu' uk:(t)

keS

245



3.3 Transient description of fluid models

Second order , infinite buffer, homogeneous behaviour.

Fluid density:

pi(t + A? 37) — o
(14 qud) / pi(t, % — ) fr(an. o (u)du +

-~

* %k

Y aul pr(t,z — O(A)+
keS, k#i
o(A)
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3.3 Transient description of fluid models

Using
u2
we have:
kk

pi(t, ) / I ean a0 (w)du —p(t, 2) / Wi (oo (W) du +

~~

1 A,
oou2 o0
P60 [ D hanam@dut [ 0@ anam@du.

A2 Ag? 2= Ao? 240 (D) O(A)Y=0(D)
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3.3 Transient description of fluid models

From which:
pi(t+ A, z) =
(14 qid) (pi(t,z) — pi(t, ) Ari + p}/ (¢, ) Ao?/2) +
> @kl pi(t,z —O(A) + (D),

keS ki

pi(t + A, z) —pi(t,z) =
qiApi(t,x) — pi(t,x) Ar; + p!(t,z) Ac? 2+

Y awl pp(t,z—0(A) + (D),

kES ki

9 9 52 o2
5Pi(t2) + —-pit, 2)ri — oo pilt, ) — =) aqu pr(t, @)

keS
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3.3 Transient description of fluid models

Second order , infinite buffer, reflecting barrier , homo-
geneous behaviour.

Boundary condition:

Reflecting barrier — £,(t) = 0.

Fluid density at O:

> 0
i(t,x)dxr = m;(t —
| wttoae=mey )5

249



3.3 Transient description of fluid models

> 13,
/ gpz(t,a:) B = Om)
x=0 \_t — \—t A,—/

\\

— = c <
—Mm 4+ 07pi(t, z) 0% + 5 s milt, x) > qrimi(t)

T T
0 o0x? P kcS

o fpe)| 4% )|+ / i

o
”I“ipi(t, O) - Elpf/é(ta O) =0
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3.3 Transient description of fluid models

First order, infinite buffer, inhomogeneous behaviour .

Fluid density:

3] 0
pi(t7x) + ’I"Z(ZU) pi(t7a7) — q Z(:C) p (t,CB)
ot ox kezs & &

Empty buffer probability:

if 7,(0) <0 (and r;(x) is continuous):

%Zl(t) = —r;(0) pi(t,O)"‘Z qki(0) £1(1),

keS

if 7,(0) >0 (and r;(x) is continuous):
;(t) =0.
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3.3 Transient description of fluid models

General case:

Second order, finite buffer, inhomogeneous behaviour .

Differential equations:

op(t, x) n op(t, x) 0?p(t, z)

ot oz 5a @) =p(t2) Q)
p(t,0) R(0) — p/(t,0) S(0) = £(t) Q(0) ,

R(x) —

—p(t, B) R(B) + p'(t,B) S(B) =u(t) Q(B) ,

where R(x) = Diag{r;(x)) and S(x) = Diag(@).
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3.3 Transient description of fluid models

General case:
Second order, finite buffer, inhomogeneous behaviour .

Bounding behaviour:

o; = 0 and positive/negative drift: ¢;(t)=0/u;(t) =0.

o; >0, reflecting lower/upper barrier: ¢;(t) = 0/u;(t) =
0.

o; >0, absor. lower/upper barrier: p;(t,0)=0/p;(t, B) =
0.

Normalizing condition:

B
/ p(t,z) del 4+ £4() T+ w(®)I = 1.
0
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3.4 Stationary description of fluid models

Condition of ergodicity:

For Vx,y € RT,Vi,j € S the transition time
T'=min(X({) =y,5(t) = j1X(0) = z,5(0) = 1)

has a finite mean (i.e., E(T) < c0).
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3.4 Stationary description of fluid models

Notations:

T = tlim Pr(S(t) = 1) — state probability,
—00

u; = tlim Pr(X(t) = B, S(t) = i) — buffer full probability,
— 00

b = tlim Pr(X(t) =0,5(t) = 1) — buffer empty probabil-
—00
ity,

pi(x) = lim lim %Pr(w < X(1) <z 4 A, S(t) =)

t—oo A—0

— fluid density,

Fy(z) = lim Pr(X(1) < z,5(t) = i)

— fluid distribution.
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3.4 Stationary description of fluid models

First order, infinite buffer, homogeneous behaviour.

Fluid density:

0
rim —pi(e) = > ari pr(x)
v keS

Empty buffer probability:

if r; <= 0:

0 = —ri pi(0) + D ani b

keS

if r;, > O:
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3.4 Stationary description of fluid models

First order, finite buffer, homogeneous behaviour.

Fluid density:

0
rig pi(e) = > ari pr(x)
v keS

Boundary equations:

r; pi(0) = Z%z‘ by, ifr; <0,
keS

—ri pi(B) =) _qni ug, if i >0,
keS
u; = 0, if r; <O.
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3.4 Stationary description of fluid models

Second order , infinite buffer, reflecting boundary , ho-
mogeneous behaviour.

Fluid density:

o 52 o2
rie—pi(@) — o —5pi(z) o =) qu pr(x) -
Oz Oz kes

Empty buffer probability:
¢; = 0.

Boundary equation:

2
szz(o) _sz(o) — qu ¢, = 0.
keS
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3.4 Stationary description of fluid models

Second order , infinite buffer, absorbing boundary , ho-
mogeneous behaviour.

Fluid density:

o 52 o2
rie—pi(@) — o —5pi(z) - =) qu pr().
Oz Oz keS

Empty buffer probability:
pi(O) = O.

Boundary equation:

7% 11(0) = /
—Epi( )—Z%z k-

keS
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3.4 Stationary description of fluid models

General case:

Second order, finite buffer, inhomogeneous behaviour .

p'(z) R(z) — p'(z) S(z) = p(z) Q(z),

p(0) R(0) — p'(0) S(0) =+¢Q(0),

—p(B) R(B) + p'(B) S(B) =uQ(B) ,
o; =0 and positive/negative drift: ¢; = 0/u; = 0.

o; >0, reflecting lower/upper barrier: ¢; = 0/u; = 0.

o; >0, absorbing lower/upper barrier: p;(0) = 0/p;(B) =
0.
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4 Solution methods

Numerical techniques:

reward | fluid

differential equations (+) -+
spectral decomposition (+) +
randomization + +
transform domain + +
matrix exponent -+ +
moments + -
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4 Solution methods

Transient analysis:

e initial condition ,
e sSet of differential equations,
e bounding behaviour.

Stationary analysis:

e set of differential equations,
e bounding behaviour,

e normalizing condition .

262



4.1 Transient solution methods

e Numerical solution of differential equations,
e Randomization,
e Markov regenerative approach,

e Transform domain.
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4.1 Transient solution methods

Numerical solution of differential equations (Chen et al.)

All cases.

The approach
e starts from the initial condition, and

e follows the evolution of the fluid distribution in the
(t,t + A) interval at some fluid levels based on the
differential equations and the boundary condition.

This is the only approach for inhomogeneous models.
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4.1 Transient solution methods

Randomization (Sericola)

First order, infinite buffer, homogeneous behaviour.

Ff(t,z) = i _’\t()\t) Z ( ) ?(1 — acj)"_kbgj)(n,k),

n=0

where F¢(t,z) = Pr(X(t) > z,S(t) = 1),

z—rt t

x;, = —5— ifx € [T;‘__lt,?“jt), and

rit—r,t

b,fj)(n,k) is defined by initial value and a simple recur-
sion.
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4.1 Transient solution methods

Properties of the randomization based solution method:

e the expression with the given recursive formulas is
a solution of the differential equation,

the initial value of b’ (n, k) is set to fulfill the bound-
ary condition,

[ ] O S xj S 1
—— convex combination of non-negative numbers
— numerical stability,

e the initial fluid level is X(0) = 0.

(extension to X(0) > 0 and to finite buffer is not
available.)
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4.1 Transient solution methods First order, in-
finite buffer, homogeneous case.

Markov regenerative approach (Ahn-Ramaswami)

Busy/idle period:
interval when the buffer is non-empty/empty.

T; . the beginning of the 7th busy period.
—(S(t;),T;) is a Markov renewal sequence.

The idle period is PH distributed.

Analysis of a single busy period:

similar analysis as in Matrix geometric models.
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4.1 Transient solution methods

First order, infinite/finite buffer, homogeneous case.

Transform domain description (Ren-Kobayashi)

The Laplace transform of

op(t,z) . Op(t,x) 0%p(t, x)
SN AILPA - S NI P Ay G——e
o + o 502 p(t,z) Q ,

IS
P (s,v) = ( E*(O’U) + E*(S,O) R)(sI +vR - Q) 1.

initial condition unknown

p*(s,0) eliminates the roots of det(sI +vR — Q).
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4.2 Stationary solution methods

Condition of stability of infinite buffer first /second order
homogeneous fluid models.

Suppose S(t) is a finite state irreducible CTMC with
stationary distribution .

The fluid model is stable if the overall drift is negative:

d= ZWZ' < 0.

1€ES

—— the variance does not play role.
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4.2 Stationary solution methods

e Spectral decomposition,
e Matrix exponent,
e Numerical solution of differential equations,

e Randomization.
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4.2 Stationary solution methods

State space partitioning:

e S7%: 1€ 87 iff o > 0,
second order states,

e SO &SV iff , =0 and o; = 0,
zero states,

e St: &St iff r; >0 and o; = O,
positive first order states,

e S .18 iffr; <0 and o; = 0,
negative first order states,

o ST=8"|ST,
first order states.
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4.2 Stationary solution methods

First order, infinite/finite buffer, homogeneous case.

Spectral decomposition (Kulkarni)

Differential equation: p'(x) R = p(x) Q

Form of the solution vector: p(z) = ¢,

Substituting this solution we get the characteristic equa-
tion:

whose solutions are obtained at det(AR— Q) = 0.

272



4.2 Stationary solution methods

Spectral decomposition

The characteristic equation of a stable model has |Si| =
|ST| 4+ |S~| solutions, with

ST negative eigenvalue,
1 zero eigenvalue,
|IS7| — 1 positive eigenvalue.
|S*|
From which the solution is:  p(z) = ) a;e™"¢;,
j=1

and the a; coefficients are set to fulfill the boundary and
normalizing conditions.

273



4.2 Stationary solution methods

Spectral decomposition

In the infinite buffer case these conditions are:
e p(O)R =4Q,
e ;=20 if r, >0, and
o [ pi(x)+bi=m.

From which a; =0 for A\; >0
and the rest of the coefficients are obtained from a linear
system of equations.
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4.2 Stationary solution methods

Spectral decomposition

In the finite buffer case these conditions are:
e pO)R =¢Q, p(B)R =uQ,
e /;,=0ifr; >0, u; =0 if r, <0, and
o |5 pi(x)+4i+u=m.

From which the a; coefficients are obtained from a linear
system of equations.
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4.2 Stationary solution methods

Consequences:

o I |S7|=1
— all eigenvalues are non-positive.

e If |S7| > 1 and the buffer is infinite
—— special treatment of the positive eigenvalues
— spectral decomposition is necessary.

e If the buffer is finite

—— no need for special treatment of the positive
eigenvalues.
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4.2 Stationary solution methods

First order, finite buffer, homogeneous case.

Matrix exponent: (Gribaudo)

Assume that |S°| = 0 and S = S*.

Introduce v =¢+u, Q~, QT,
where q; = 4ij if 2 € S~ and otherwise q;; = 0.

The set of equations becomes:

Op(x)
ox

p(O)R=vQ~ — p(0) =vQ R,

R=px)Q — p(B)=p(0) QBB =yp0) ®,

—p(BIR=vQT — |[v(Q R ®R+Q")=0|
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4.2 Stationary solution methods

Matrix exponent:

And the normalizing condition is

B .
E]I—I—u]I—I—p(O)/ R g, 1 =
Jo

7

W
v(I+Q R 1II=1|
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4.2 Stationary solution methods

Relation of spectral decomposition and matrix exponent:

Assume that |S°| =0 and S = S*.

The characteristic equation is; ¢(\] — QR™!) = 0,

S|
The spectral solution is: p(x) = ZajeAj%j,
j=1

where A; and ¢; are the eigenvalues and the left eigen-
vector of matrix QR 1.
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4.2 Stationary solution methods

Relation of spectral decomposition and matrix exponent:

@1
Introducing a = {a,;} and B = gbf ,
?|s2|
the spectral solution can be rewritten as:
S|
p(x) = Zajemqu = o Diag(e®) B
j=1
_ -1 : AT
=a B B Dlzig<<e_l ) B
= p(0) QR =
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4.2 Stationary solution methods

Second order, infinite/finite buffer, homogeneous case.

Spectral decomposition (Karandikar-Kulkarni)

Differential equation: p(z) R — p'(x) § =plx) Q,

Form of the solution vector:  p(x) = e,

Substituting this solution we get the characteristic equa-
tion:

¢(AR —X?S — Q) =0,

whose solutions are obtained at  det(AR— X285 -Q) =
0.
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4.2 Stationary solution methods

Spectral decomposition

The characteristic equation of a stable model has 2|57 |+
|S*| solutions, with

S| + | ST negative eigenvalue,
1 zero eigenvalue,
|S?| +|S7|—1 positive eigenvalue.
2|87 |+|S*]
From which the solution is:  p(z) = ) a;e™"¢;,
j=1

and the a; coefficients are set to fulfill the boundary and
normalizing conditions.
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4.2 Stationary solution methods

Second order, infinite/infinite buffer, homogeneous case.

A transformation of the quadratic equation to a linear one

Assume that |S° = |S*| =0 and § = &°.

LR - p@ S = p@)Q,
Lo I = P T,
L@ @] e =@ @] [

A —

— H@R =5 Q — 5(B)=p0) IR 7.
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4.2 Stationary solution methods

Numerical solution of differential equations (Gribaudo et

al.)

All cases with finite buffer.

Numerically solve the matrix function M (z) with initial
condition M (0) = I based on

M'(z) R(z) — M"(z) S(z) = M(z) Q(z)

and calculate the unknown boundary conditions based
on

p(B) = p(0) M(B)

This is the only approach for inhomogeneous models.
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4.2 Stationary solution methods

First order, infinite/finite buffer, homogeneous case.

Randomization (Sericola)

Randomization with simple coefficients:

Fi(z) =) e_At/r(At#)” bi(n)

n=0

where r = min(r;|r; > 0) and
bi(n) is defined by initial value and a simple recursion.

Applicable only when |S~| = 1.
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Matrix analytic solution for infinite buffer

A model transformation is proposed by Soares and La-
touche:

e
o

@r ~ {@=q aaal)r=g0

|74

X | X(t)

| | K
o fi |
ol 0
SONES - S() ‘
K | —_— Kol —_
Jole e, o
| | —
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Matrix analytic solution

The partitioned form of the differential equation and the
boundary conditions are

I|o Q.. Qi
L@@ = 4+ @lp- @] .
0|1 Q+|Q-

£+(0) =0,

p-(0)+£-(0)Q-_ =0,

and
p+(0) =£-(0)Q_+.
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Busy-idle periods of the buffer

X(t) : .

| | -

. 0 1 {

: X | {

: X | (

: M i : : 'k

r : | (

I: | E
O X Ie {

(1) : ! t
K | I

e SRR ———
il L

: | l

X | {

X | (
| EREEEEE [Fr

X 1 {

X | (

Busy Idle t

Idle period:
We have S(t) € S~ while X(t) = 0.
Length of the idle period: Q2 =sup(t: X(¢t) = 0),
PH distributed.
State transition during the idle period:
Pr(S(Q)=jeS8TS(0) =ie S ,X(0) =0)
=[(—Q ) 'Q~ ;.
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Analysis of the busy period

Busy period:
Length of the busy period: © = min(t: X(¢t) = 0)
State transition during the busy period:

W, =Pr(S(@)=;¢cS|S(0) =ic ST, X(0) =0).
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Analysis of the busy period

Theorem:

p(z) = £ QT N(x),
where

Nij(x) =
BE(#t* : t*<©, X(t) =, S(t*) = 4| X (0) =0, S(0) =1)

IS the mean number of level crossings at level x in state
7 during a busy period.

Proof:

Peo= Y |

t
icS- kes+/T7=0

+ ) Pr(S(0) =i)P)(x,t)

1€ST

Py(t—7,0)[Q PP (z, 7)dr

where Pj(t,x) = Pr(X(t) < z,S(t) = j) and

PO(t, ) = Pr(X(t)<w, S(t) = j, t<©|X (0) =0, S(0) =1).

290



Analysis of the busy period

Proof (cont.):

The derivative of P;(t,z) with respect to z is

—P ta)y= ) > / ﬁ(t—T,O)[Q_+]ik%P]%(x,T)dT

€S keST

+) 4 (0>— HEADOR

As t — oo it gets

pi(z) = Z Z 6GQ™ ik /OOO 88 Ppi(x, T)dr

€S- keSt T=

since PJ(t,z) — 0 as t — oo.

)
/ £Pkoj(x,7')d7' =

=0

o Pl(z+ A, 1) — P2 (z,7)
[im J J dr =
=0 A—0 A
T Prae<X(n)<a4+A, S(r) =4, 71<O|X(0)=0,5(0)=k) ,_ _
=0 A—0 A
= E(1 T T)<x T)=J,T
im Zesx(m<etas@)=ir<0x(=0,50=)) , _
=0 A—0 A
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Analysis of the busy period

T heorem:

N(z) = B2[1 0],

Proof:

Due to level independency

Nt (z4+y) = NTT(2) NTH(y),

consequently
Nt (x) = eK‘T,

and from

Nt (z+y) =N (z)N*(y),

by y — 0 we have

Nt (z) = NTT(2)W.
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Analysis of the busy period

We still need to find K and W.

Let y be the first 4+ — — transition in the busy period,
then

|\ — / 6Q++yQ+_€(Q__+Q_+lP)y dy
:O\ g d
i F(y)

where (Q~~ 4+ Q~TW¥) is the generator of the censored
process for the negative states.

For F(y) we have

d

d—yF(y) =Q"F(y)+ Fy)(Q ™ +Q "¥)

and
| 2Py =F() - FO) = -Q*~ =

y=0 dy
i QT F(y)dy + Fy)(Q ~ 4+ Q "¥)dy
=

=)

= QY+ ¥(Q T+ Q)

which is a Ricatti equation for W.
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Analysis of the busy period

0
pd;(z,t) = gpg(x,t) satisfies the same PDE as p;;(z,t)
for x > 0O, that is

0 0
_p3—+($7 t)+a_xp(—)|-+(x7 t) — p9|——|—($7 t)Q+++p(_)|__(CB, t)Q_+'

ot
Integrating it from t = 0 to oo we have
0
V(@) = Nit(@)QT  + Ny (2)Q™ ™.

Substituting N4 (z) = 7 and N4_(z) = =W gives
K=Q +%vQ .
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Analysis of the busy period

Additionally, let z be the fluid level at the last + — —
transition in the busy period, then

P = / §K2Q+_6Q_—'idz :
z=0 ~
V()

Consequently K and W satisfy
— QT =KV +9Q .
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Process restricted to empty buffer

Restricting the fluid buffer for the time when the buffer
is idle we have a CTMC with generator

Q+Q .

The stationary distribution of this restricted process is
proportional with ¢— that is

@+ Y=o
The related normalizing condition is
1 =€_]I—|—/p(ac)]Ida: =

=€—I[—|—/£_Q‘+6K‘”[I U] 1dz

= (" (]I 4+ Q H(—K) I \11]1[>.
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QBD based solution of the Ricatti equation

The Ricatti equation

0=Q" +QT ¥ +¥Q~ +WQ ¥

of size |ST| x |S~| can be transformed into a quadratic
matrix equation of size |S| x |S|

Let ¢ = maX;es |Qii| and define matrix P =1+ Q/c which
is identically partitioned as Q. Let

- 210 L P -1]0 5_|” 1P,

0|0 P, |-I 0| P__

¥ = G4_ is obtained from the minimal non-negative
solution of B+ LG + FG2 = 0.
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Notations: Queues

m number of servers

B(t) | service time distribution

S, Tg | service time r.v.

A(t) | inter-arrival time distribution

T'A inter-arrival time r.v.

%74 waiting time r.v.

T system timer.v. (T =S+ W)

Q queue length r.v.

K number of customers (queue-servers) r.v.

X mean of r.v. X
o) utilization
c§( squared coefficient of variation of r.v. X
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Notations: Markov chains

Q | generator matrix of a CTMC

7 | stationary probability vector of a CTMC

P | state transition probability matrix of a DTMC
v | stationary probability vector of a DTMC
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Textbooks

Non-Markovian queues:

e L. Kleinrock: Queueing systems, vol. I., John Wiley
& Sons, 1975.

o @G. Bolch, S. Greiner,H. de Meer, K. Trivedi: Queue-
ing Networks and Markov Chains, John Wiley &
Sons, 1998.

Matrix geometric methods:

e (3. Latouche, V. Ramaswami: Introduction to ma-
trix analytic methods in stochastic modeling, ASA-
SIAM, 19909.

o M. Neuts: Matrix-geometric solutions in stochas-

tic models. An algorithmic approach. The Johns
Hopkins University Press, Baltimore, MD, 1981.

Both:
e L. Lakatos, L. Szeidl, and M. Telek, Introduction
to Queueing Systems with Telecommunication Ap-
plications. Springer, 2013.
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